
名古屋大学集中講義，2021年4月5日

4次元チャーン=サイモンズ理論 

と  可積分系

山崎雅人　（東大IPMU）



単位が必要な 
履修学生の方のための連絡事項： 

レポート：講義内容に関係したことについて考
え・調べてNUCTにpdfで提出 

（締め切り 8/11 (木曜日)：24時 
（11日いっぱい）） 

講義の途中にもいくつか 
例題を出す「予定」です 



最初のコマは 
スライドで四方山話 

次のコマからは板書です 
（blackboards mostly in English  

from next hour） 

質問は随時受け付けます



可積分系



可積分系： 
数学と物理学の交錯する場所



可積分系：”解ける”模型

保存量が自由度の数と同じだけ存在



可積分系の一つの特徴づけ： 
Yang - Baxter方程式



Yang - Baxter方程式



Yang - Baxter方程式



6-vertex model： 
三角関数解

8-vertex model： 
楕円関数解

R.J. Baxter

E.H. Lieb

McGuire-Yang： 
有理関数解



可積分系が存在すること 
自体が奇跡？

興味深いパターン 
例：種数が高いリーマン面に付随した解は

（ほとんど）知られていない



数学 = 論理 ?



Yang-Baxter方程式の 
解であることは直接計算すれば 

確認できる

しかし，「自分なりに」 
別の方法でスッキリと 
理解できないか？





8-vertex model は 
ファインマンにも難しかった 



無限次元の対称性： 
Yangian

V.G. Drinfeld



無限次元の対称性： 
Yangian

V.G. Drinfeld



6-vertex model： 
三角関数解

8-vertex model： 
楕円関数解

McGuire-Yang： 
有理関数解



場の理論

可積分系



Communications in
Commun. Math. Phys. 121, 351-399 (1989) Mathematical

Physics
© Springer-Verlag 1989

Quantum Field Theory and the Jones Polynomial
Edward Witten **
School of Natural Sciences, Institute for Advanced Study, Olden Lane, Princeton,
NJ 08540, USA

Abstract. It is shown that 2 + 1 dimensional quantum Yang-Mills theory, with
an action consisting purely of the Chern-Simons term, is exactly soluble and
gives a natural framework for understanding the Jones polynomial of knot
theory in three dimensional terms. In this version, the Jones polynomial can be
generalized from S3 to arbitrary three manifolds, giving invariants of three
manifolds that are computable from a surgery presentation. These results shed
a surprising new light on conformal field theory in 1 -f-1 dimensions.

In a lecture at the Hermann Weyl Symposium last year [1], Michael Atiyah
proposed two problems for quantum field theorists. The first problem was to give
a physical interpretation to Donaldson theory. The second problem was to find an
intrinsically three dimensional definition of the Jones polynomial of knot theory.
These two problems might roughly be described as follows.

Donaldson theory is a key to understanding geometry in four dimensions.
Four is the physical dimension at least macroscopically, so one may take a slight
liberty and say that Donaldson theory is a key to understanding the geometry of
space-time. Geometers have long known that (via de Rham theory) the self-dual
and anti-self-dual Maxwell equations are related to natural topological invariants
of a four manifold, namely the second homology group and its intersection form.
For a simply connected four manifold, these are essentially the only classical
invariants, but they leave many basic questions out of reach. Donaldson's great
insight [2] was to realize that moduli spaces of solutions of the self-dual Yang-
Mills equations can be powerful tools for addressing these questions.

Donaldson theory has always been an intrinsically four dimensional theory,
and it has always been clear that it was connected with mathematical physics at
least at the level of classical nonlinear equations. The puzzle about Donaldson
theory was whether this theory was tied to more central ideas in physics, whether it
could be interpreted in terms of quantum field theory. The most important

* An expanded version of a lecture at the IAMP Congress, Swansea, July,
** Research supported in part by NSF Grant No. 86-20266, and NSF Waterman Grant 88-17521

お手本：Wittenによる 
Jones多項式の説明
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対称性：量子群

Communications in
Commun. Math. Phys. 127, 1-26 (1990) Mathematical

Physics
© Springer-Verlag 1990

Ribbon Graphs and Their Invariants Derived
from Quantum Groups
N. Yu. Reshetikhin and V. G. Turaev
L.O.M.T., Fontanka 27, SU-191011 Leningrad, USSR

Abstract. The generalization of Jones polynomial of links to the case of graphs
in R3 is presented. It is constructed as the functor from the category of graphs to
the category of representations of the quantum group.

1. Introduction
The present paper is intended to generalize the Jones polynomial of links and the
related Jones-Conway and Kauffman polynomials to the case of graphs in R3.

Originally the Jones polynomial was defined for links of circles in R3 via an
astonishing use of von Neumann algebras (see [Jo]). Later on it was understood
that this and related polynomials may be constructed using the quantum
K-matrices (see, for instance, [TuJ). This approach enables one to construct
similar invariants for coloured links, i.e. links each of whose components is
provided with a module over a fixed algebra (see [ReJ, where the role of the
algebra is played by the quantized universal enveloping algebra Uq(G) of a
semisimple Lie algebra G).

The Jones polynomial has been also generalized in another direction: in
generalization of links of circles one considers the so-called tangles which are links
of circles and segments in the 3-ball, where it is assumed that ends of segments lie
on the boundary of the ball. Technically it is convenient to replace the ball by the
strip R2 x [0,1], which enables one to distinguish the top and bottom endpoints of
the tangle. The corresponding "Jones polynomial" of a coloured tanlge is a linear
operator V1®...®Vk-^V1®...®V€ where V�,...,Vk (respectively V�®...®V*)
are the modules associated with the segments incident to bottom (respectively top)
endpoints of the tangle. Here the language of categories turns out to be very
fruitful. The tangles considered up to isotopy are treated as morphisms of the
"category of tangles." The generalized Jones polynomial is a covariant functor
from this category to the category of modules (see [Tu2, Re2])

Definitions of Jones�type polynomials for embedded graphs in R3 have been
given by several authors [KV, Ye] but the subject still remains open. It was clear
from the very beginning that the graph should be provided with thickening, i.e.





Wittenは可積分系の説明には 
成功しなかった



長年の謎





長年の謎



1990年数学セミナーでのインタビュー



2014











Costello氏の2013年の論文は 
まだ「ブラックボックス」 

を含んでいた

しかし，既に場の理論はあるのだから， 
それを標準的な場の理論の方法で調べれば， 

自動的に可積分性が従うはず







鍵：3次元のtopological 
invarianceを諦める

4次元理論で， 
２次元部分：topological 

残りの２次元：holomorphic











次の講義からは，板書でこれらの 
内容をゆっくり（？）講義します

進度についてのフィードバックは 
歓迎します


