8 ububnoboogd

8.1 UUuUOobobodd

o0 e000Oooooooono

cosf) —sinf
9(0) =1 . (8.1)
sinf  cos@
go0oooooooooao:
|[v] = |g7] (8.2)
gooooboono
T5T g0 = 070 (8.3)
gog
Tgg=1. (8.4)

0000 detg=+100000detg=—-100000

g= (1 1) (8.5)

0000000000000 000detg=10000 BEMOOOOO

goboobobboob3ax3bood

Tgg=1 (8.6)

O00D0Odetg=1000000000000

goooooooogoo eObOOOODOOODOOODOOODOOODOOODOOOO
O0z,y,2000000000000 ¢,y,Z7 00000000020 0000000000
g D000ODO0ODOODOOZ,y 000000000 U0OD0OO0OODZ OUOUODOUOUOOOOO
go00DbOo0o00obD 0000000 DOOO0O00ODOOOO0O0ODO0OOOD 3000000000
000 Euler 00OOO

goooobooooooooobooboobbooobooooooboooooooboooobDbbOoobo
gbooooboooobooboooobobo

82 0D0OU0OOOO0ODOOODO

¢’ 000000000000000 ¢00000000000000000000000¢%=
a+bi=r¢® 0000000000000 r000 ¢0000000000r=12/000000
000000006 =2/|z/000000

O000z=a+bi0000z=a—-bi00000

|2 = 2z (8.7)
ggood
212" = |22] (8.8)
gogboobo ooo
(a® +b*)(a® + V?) = (ad’ — bV')* + (ab’ + a'b)? (8.9)

gbobooooooooog
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83 00U

gboobooooooobooboobobobobobobooooobobobobobobon
gboboooboooobooooooboooboooboobooboooboobooooobooooaoon
gbooooog

00000000 (e,b) 00000000 OOO0OOOOOUOOOOOOOOOOOOOOO
00000o0oooUoUooUooOooO Z2=(e,b) 0 Z=(,¥)0000000000O0O0O0O0ODO
0000 ZoZ D0OOO0ODDOUDOODOODOOUOOOOOUD

(Z+Z)owW=ZowW+ 7 oW (8.10)
ggboobobobooboaoboaboadan
|Z0 2| = |Z]|7]. (8.11)

00000000000C0C0C000000000000000000000000000000
00 #=(a,b,c), 7 =(d,¥,d) 000000 707 00000000000000000O

70 2| = |27 (8.12)

00000000000000000(@U0O000000 ZxzZ 000000000000O) O
000000000000000D0000000000000O0OoO ™

Every morning in the early part of the above cited month, on my coming down to
breakfast, your (then) little brother, William Edwin, and yourself, used to ask me,
“Well, papa, can you multiply triplets?” Whereto I was always obliged to reply, with
a sad shake of the head: “No, I can only add and subtract them”.

000000000000004000000000000000000000000000
00000000000000 (000000)000 (quaternion) 100000000000
7= (a,bc,d 0000000000000 G, 4, k00000000

q=a+bi+cj+dk (8.13)
0oooooood
i =42 =k =1, ij=—ji=k  jk=—kj=1i, ki=—ik=j (8.14)

000000000000000¢¢' 0 ¢¢qU000000000000000000O0O0O0O

g=a—bi—cj—dk (8.15)
goooon
@@ =q4q=a*+ b+ +d* =|q]. (8.16)
goboooooooboog
lqlld’| = lad'| (8.17)

Lhttp://books.google.co.ip/books?id=9i8MAQAAIAAJ&pe=PA46 0000000000000 DOO0OOOOD
00000o0o0D Y0oooooooouoooooon
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00000(U0o0o0o00oo0o0o0oUoU0U0oO)0000OOOO0Oo

ab = ba

0000000 a00000 o' 0000

(ab)T = bTal

gboooooobooobooooboo
gbooobooboobooooobooboooboobooboobooboooboon 15,2480

00000o0o000oo0ooooo(@uooooooon)

oo
ooo
oon
oono

R

C
H
O

a=a
z=a+bi
qg=a+bi+cj+dk

0 = ag + ayi1 + axiz + - - + ariy

22>00000
¢ =q¢'q0000
0(0'0") = (00" OO OO

8.4 LUUOOO0OODOOOO

(8.18)

(8.19)

gobooooooobOooboooobOoobobobOobOboobOOobOoobOOo0bOo0ong =

a+bi+cj+dk0000¢=—-g000000000000

v=uxi+yj+ zk

gboooobooboooboobooooobo
ob 10000 ¢gOobobobooboobooon

ogooo

v v = qug

o] =

lqllvllg] = ||

v = qug = qvg = —qug = =V’

oo0DoO0o00ooooO0oDoO0o00DO0 g=a+bi+cj+dk O

A4+ +E+d?=1

(8.20)

(8.21)

(8.22)

(8.23)

(8.24)

gbooooooboobooboboboboooooboooooboboboooobooobooobooo
gboooobooon
0000000000¢g=¢e?=cosf+isind 000000000000

oo

oo

qQiq =1

qjq = (cos @ + isinf)j(cos @ —isinfh) = jcos 26 + k sin 20
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qkq = (cos 0 +isin@)k(cosf —isinf) = —jsin 260 + k cos 20

(8.25)

(8.26)

(8.27)



0000000 440000 2000000000006e°0 k<000 2000060 4-500

0020000000
0000s?2+#?4+w?2=1003000000000
(si+tj +uk)> =—1
gogoooo
q = e THIHUR0 — cog 0 4 (si+ tj + uk)sinf

ggoobnb ¢gboogd
v — quq

(8.28)

(8.29)

(8.30)

00#r=(st,w) 000 2000000000000 10000 ¢0OO0D00O00 BR™ OOOO
000000000l¢=1000000000000000000000000000DO0O0O
00000000 Ewer 00000000 10000 ¢gO0OODOODOODOODOOA

cGUOOOUOooOoUooooOoUo (Dooooo)
85 UJUuoouooong

0 1 0 —2 1 0
Or = y Oy = | . y Oz =
1 0 i 0 0 -1

gooobooooboooboo

ggogn

i=i0,, j=io,, k=io,
0ooooo
iP==K>=-1, ij=—ji=k, jk=-kj=1i, ki=-ik=]j
0000000

di ¢+ bi
q:a+m+d+dk:<a+Z C+’>

c—bi a—di
doooodooooboooooooooa
a=q'
000000 '00000000000000000
lq* = a® + b* + ¢ + d* = det q.

Ooooo
lad'| = |ql|q’]

(8.31)

(8.32)

(8.33)

(8.34)

(8.35)

(8.36)

(8.37)

0000000000000 00000000 det(qq) D0 DO0OOODO detgdetq DOOO
gbooobooobooobooobbooooboobbooboobobboob 2x2000000000

gboobooooboobooboobo

()
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(8.38)



0j?=-10000000z2=e+b6 00000000000

b
Z_a+bj_<ab >
—b a

(8.39)

0000000000 DDO000000000 |z?=detz000000000000000O0OO
gboboooboooooooooobobbooboooboooobooooooooooooooboooaon
goooooboobobooboboobooboboboboboooooobobooboooboooo

goboobobooboobooboobooboboboobooonoo

gbooobobooooboobooooobooobobooboboooooooboooboooboboooon

gboooobooboooooboooooboobooog

86 L4UUO

gbooooobooboooboobobooobooobooooooooobooobooboboooon

oboooooog:
g=1+eM +0(?)

Tegg=1000000000 e0000000OODO
™M =-M
O000o0ooooooooooooooooooooooooo
§ —sind 0 -6

Cf)S sin 14 N 0(92)

sinf  cosf 6 0
O000000000000000o
g0b00o0o0oOobooooooooooooon

0 —c b
M = c 0 -—a
-b a 0

uboooobobooobooboooobdebOUObOb0z-yOOOODOOOODO:

cosf —sinf 0 0 -6 0
sinf  cos® 0| =1+16 0 0]+0(@0)>~
0 0 1 0 0 O

0000, b0 yz2 0002 0000000000000D00 MO

M = aM, 4+ bM, + cM,

000
00 0 0 0 1 0 -1 0

M,=[0 0 —-1]|, M,= 00|, M.=|1 o0

01 0 -1.0 0 0 0 0

oooooM,,. 00000 z,y, 0000000000
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(8.40)

(8.41)

(8.42)

(8.43)

(8.44)

(8.45)

(8.46)



000OM, M 0000000000000000 (commutator)
[M, M'] := MM’ — M'M (8.47)

0000oo[M,M0000000000O0O0OO0O0OO0O0OUOOOOOOOOO0

g=1+eM+e*P+---, h=14eN+&Q+ -, (8.48)

ooooo
gh=1+e¢(M+N)+&(P+MN+Q)+- (8.49)
hg=1+eM+N)+E&(P+NM+Q)+--- (8.50)

0000ghO RgO0ODOODODOOOODOOOODODO
gh(hg) ™' =1+ (MN -~ NM) +--- (8.51)

00000 AQO0OOOCD BOOOOODOOUOO BOODODOUODO ADOOooooooo
00000000000 (0oo0o0o0)0b000000000000 M,,.00000

[M,,M,] = M., [M,,M.,]=M,, [M,M,]=M,. (8.52)

gooooooooooooooooooo
g Ug g =
1+eM+--- 0000
((1+ €M) )(®) = F((1 - eM)7) (8.53)

00o0oU0o0oooUo(ooooUo0ooUo0DooUoOOooOoUoOoDoOoUoOoooUo
000000)000 e000DDOOODOOODO

0 0 0 0 0 0
= _— _— - - - e . . 4
f+elaly Zaff+mﬂn x82f+dgw Yg )+ (8.54)
gooooo 5 P 5 5 9 9
Tz=y&—28fy, Ty:Z%_xau TZ:xa—y—y% (8.55)
gboooobboooooobooooooo
0 0 0 0
0 0 0 0
T,T.f = (Z% - I&)(y& - Z@)f (8.57)
gbooooooobooood
gboooooooooa
[TI,Ty] =T, [Tvaz] =T,, [T.,T:]= Ty. (8.59)
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8.7 LDOODOOODO

gooo3oogao (DDDDDDD)Aw,Ay,AZD
[AxaAy] = AZ7 [AyaAz] = sz [AmAac] = Ay~ (8'60)

ooooooo(@ooo)oboo0o0o0o00O0obOOob0O0D 3x300 M,,.0000000
T,,.0000000000000000000000000O000000000O0O0O00000
gooboooooooo

Ay 0 NxNOOOOOOOOO NOOOOOODOOOOOOOOOOOO00O00000
oo0ooOo0o0ooDoOoOo0ooOo0ONxNOODOODOO POOOOODO

Bay,: = PAgy P (8.61)

oooooB,,.d0 NOOOOODOOOOOOOOOooOOoOoOoooOooooooo0o0o000
gboooooboo
O0OONxNDOOOA,,.O0 N xN OOO A4 oooooooooogoo

ZT,Y,z
Co=A, ®A, Cy=A,0A, C.=A A (8.62)

000000000000000000e0 NxNOOO N'xN' 000000000000
0000 (N+N)e(N+N)0OD0O0O0DODOOOOO:

)
XoY = . (8.63)
0|Y

(Cy,Cy)=C,00000000)00000000000
NxNOOOOOOOOBO Gy, 000000 POOOOOO

PC,,.P'=A,,.0A (8.64)

z,Y,2

0000000 Ag,. 0 A booobooooboobooooboooooogo

T,Y,2

oooooooooooooooooM,,., 0000000000 0000000000O0
K.,.=000000000000000
00000000000 0O000O000O00000O0000O0O0oU0DO0D EIWooooo
1

Toyz = 50%%2 (8.65)

gbooogo

[Ty Tyl = T2y [Ty T2l =Ty [Ty =7y (8.66)

gogboobobobooboobooboobooboboboboobooboon

Tewuz | O
Up yr = St AL 8.67
e () o

gbooooogao
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8.8 LUUuuoboboooon

gooooobobobbooooooooobooodooddooooooooooo
07T,,.E53)000000000000000000000000O0O0OO00O00O0OOOOOnR

gobogoooooo
fix,y,2),..., falz,y, 2) (8.68)

oooooT,,.00000000000000000000000:

T fi(z,y, 2 ij .Y, %) Ag jis (8.69)
T, fi(z,y, 2 ij ,y,2) Ay ji, (8.70)
T.fi(w,y, 2 ij ,y,2) Az ji. (8.71)

O000A, Ay, A, 0 nxn00000000(T,,T,)=7.0 ;0000000000000
obooo

[Az, Ay = A (8.72)
00000
[Aya Az] = sz [AZ7 Az] = Ay (873)
00000000~ 00000000
00000
fi=z, fao=y, fy==z (8.74)

ooooO0ooooooooO0oo0o0o0o0on A,,.0000000000 M,,.000000
0o0o0o0ooooooooo (x,y,2) 00000000 fOO0 Af=000000000000
gbobooooobooooooo

10 ,0 Ag
A= —p2 = .
r2 5‘7’T or + r2 (8.75)

0000As: 000000000000 (@@)0000f=3,,, Fim(r)Yim(0¢) 00000
O0F,,(r)00000000

10 ,0 I(1+1)
2o ot =0

F(r) =0 (8.76)

0000000000F,,(r)=r00000000000000000000000000 Af=0
gbooooooboooon

fim(r,0,0) := rlYl’m(9,¢) =r em¢P( )(cos ) (8.77)

0000000000000 0000000000000000000000000000000
0000 (?)0a,y,20 10000000000

00000!=100000m=-1,010000 z—iy, 2z, z2+iy 000!l =200000
m=-2-1,0,1,2000

2

(o= i), (o —iy), = 3+, 2+ iy), (ot iv), (5.75)
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opood
oooo0z2+10000

fim(z,y,2) = rlYl’m(r,@,qb), m=—l,—1+1,...,+l (8.79)
ooT,,.00000000000000000
T,A = AT,, T,A =AT,, T.A = AT,, (8.80)

000000000000000000 Af=000 A(T,f)=000000007, 00000
00007,010001!000000000007,f,001000000A00000000
oooooo0o0O0O00O0000O0O0O0000 f,, 0000000000000000OO0000
00O

T2+ T2+ T2 = Age (8.81)

0000000000000000000000000000000
(T2 + Ty +T2) frm =~ +1) frm (8.82)

ooooo

00D000ER 000 fom (m=-2,-1,0,1,2)000000000 5x500 A,,. 00
0000000 [4,,4,]=A4,000000000000000000000000000000
ooo

89 LuUuuboboboooon

000000000 »n 0000000000000 0OOO0O0O00000000000000
000000 /0000000000000 20+100000000000000000000
000000000000000000000000000000000000000
000-,000000000000000000000000000,000000 A,,.0
ooooooooo

J.=iA,, Jy=A,+iA, J_=A, —iA, (8.83)

gooo
T i =Jp, [T J)=—J_, [Js,J]=—2J. (8.84)

o00bov0 J,00000000000:

J.v = muo. (8.85)
good
JZ(JJr’l)) = (J+JZ + [Jz, J+])’U = mJ+v + J+U = (m + 1)(J+’U) (886)
ggoogon
J.(J_v) = (m —1)(J_v). (8.87)

ooooJy)w 0O (JO)» 000000000000 00000000ooooooooooo
DDDDDDDDDDDDJTFlv:ODD w=JWw#00000000000000
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Jow=jwO0O00DO00DO0O0O0O0O0J w0, Jfw=00000

0=J J"w (8.88)
= JyJ_(J" ) (8.89)
= (J_Jy —2J.)(J ) (8.90)
= (J_Jy —2(j — k+1)(J" w) (8.91)
= (8.92)
=20 —k+D)+G—k+2)+... 5T w (8.93)
Oo0J*w#00000000000 [--]00000000 k=2j+10 [---]00
—j+(j+ D)+ (-1 +5=0 (8.94)

0ooooooo
000000w, Jow, J2w, ..., J*"'w00000000O000J_,J,,J, 00000000
0000000000000000J,0

Jz:dlag(]ajfl,afj)a Azzfzdla'g(]ajflaafj) (895)

goooooOoooo0oO0o0 kOOo0000Oo0O00 nOOO0ODODOOODOOOO0O0ONR=k.
oon

D=A2+ A2+ A2 (8.96)
ooooo
[D,A,] = [D,A,] = [D,A,] =0 (8.97)
000000000000
D=J_J.+J2+J, (8.98)
oooQ
Dw=jG+ 1w (8.99)
0000000 sO00000000
D(J_)w=j(j +1)(J_)*w (8.100)

000000D0O0O00U0O0O0OU0LOO0O0O0OUODOOOOOO j(+1).

000000000000 o0oo0o0o0o0oo0ooooo0o(@o0ooo0ooooUooon
0000000o0oo0oo0oooU0oU0oO0o0o0o0Do0Do0oooooUOUO)0DOUoDOUD
oo M., My, M, 000000000000O0M, 00000 k=3,7=1000 —4,0,+00
gobooooobooooooboo

M7 + M, + M? = diag(2,2,2). (8.101)

oooooobooooon »,.000000y=1/20000

333

2 2 2 _ 71
Tx +Ty +Tz - dlag(17 Za Z)

(8.102)

0j(+1) 0000000
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810 DOOUOUOobObOoOoOoUobn

0000000000000000000000000000000000000000000
000000000000000000000000000000000000 Age 00000
(l+1) 00000000000 »000000000000000000000000000
000000000000 00000000000000000000000000000000
00000000000000000000000000000000000000000000
00 (l+1)000000000000000000000

0000000000000 00000000000 ((I+1)0000000000 20+10
00000D00000oooon

000000 224+42+22=10000000 f(0,¢) 0000000 22+¢y?+22<1000
AF(r,0,¢)=0000000000000

F(1,8,¢) = f(0,9) (8.103)

000000o0O0U00oo0O0U0o(Oo000oO0o0U0DO00OO0O0DUOO0O0OUOOOUOOoOoOOoOn
0oooooooooon)
gooooooooooooooboobe,y,z000000000O000O0OOCOODOOOOO
0o000z,y,z 0000 POO AP=00000000C0O0O0OOOOOOOOODODODOO
O00x,y,2 00000 AP=00000000000000O0/O00QO0OOOOO0O0OOOO
vooooooooooooo z,y,200l00000D0C0OO0OO

(122) _ % (8.104)

OJ00D0ADO VOV .,000000000000000D00000000AODOODODOO
gooo
(+2)1+1) 11+1)

dimV; — dimVj_y = 5 g =2+l (8.105)

J00o0ooOooO0lodo0 ADODODODODODOO 20+100000

0000 z,z+iy, z—4y 000000000z =rcosh, z+iy=rsinfe’* D000 A D 10¢
00000000241 0000000 40,0000 mO000000x+4 0000 1,2z—1y
0000 -100z+w 0 z—gy 000000 !00000OO0O00 m0O —l0O00000QOO
20+10000m=10000 (z+iy),m=—-10000 (z—iy) 000000000000
ood

0000000/ 0b000 AODOOO4W, 00000 mOD000000000 fim(z,y,2),
m=-l,—-0l+1,...,/]00000000000O0 £, 0000000000CO0O0COOOOGCOO

ooo

Frm @y, 2) = Y1 (6, ¢) = rle™™? P™ (cos b) (8.106)
0000 Yi.(6,¢) 000 PM™(:) 000000000
10,9 Ag
“ 2o or 72 (8.107)
0Af=000000000000
Ag2Yi (0, ¢) = =1+ 1), (6, ¢) (8.108)

gooono
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