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Abstract

We stidy scattering of [ branes in eleven dimensional supergrav-
ity (SUGRA) using the tree level four point amplitwde. The range of
validity of SUGHA allows us to make relialle caleulations of rela-
tivistie brame seattering, inaccessible in steing theory bocause of halo
effocts. We also compare the rate of annihilation of 00— D0 branes to
the rate of elastic D— D0 scattering and Gnd that the former is always
smaller than the latter, We alse find & pole in opg_ g We caploit
the analogy with the positronivm &0 argue that the brase anti-brans
prairs form branium atoms bn 3 spatial dimenstons. We also derive a
long range effective potentinl for interacting branes which explicitly
depends on ther polarizations, We compare two approaches (o large
impact parameter brane scattering: in GR, polarizations of the branes
are kept constant |:|.||ri|1|q the interaction, while tn QF'T'., QEE SURES GVer
all posaible polarizations. We show that the GR and QFT approaches
give the same answer.

1 Introduction

The purpose of this paper is threefold: Firstly, we use Witten's idea [1]
that 00 brames are just Kaloza-Klein gravitons of the eleven dimensional
siperpravity to study the brape interaction as a problem of tree level quantum
gravity, We explicitly inelude brane polarizations in our calewlations.
Secondly, we scatter D0 = 00 for different values of momenta. At small
momentum we probe distances much larger than the Plank scale and cross
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sections vanish, As we inerease the momentum the brane annihilation eatehes
upr with elastic scattering and we expect it to become dominant near the
Planck scale where SUGRA deseniption breaks down, Thirdly we study long
range brane scattering and find that the functional form of the amplitude
reandaing the same for I — TN beane scattering for small and for large in-
coming transverse momenta, As expected, the D0 = DO interaction levels off
with the fH) = M) interaction for large momenta,

2 Historical digression on Quantum Gravity.

Oar task is greatly simplificd by Sannan’s [2] calculation of four-point ampli-
tucde in quantum gravity which is independent of the number of dimensions.
Since the suocess of any given guantum gravity calealation s limited, it 18
hard to trace carlier atbempts to quantize gravity, The father of " modern®
quantum gravity, Richard Feynman, [3] refused to publish his results for 10
vears. It had been 7 years and 30 citations after Bryee DeWitt [4] published
three and four graviton vertex functions when Berends and Gastmans [5]
found an error in his 360 term four praviton vertex function. Berends and
Castmans, as well as Feynman, used computers to make algebraie ealeula-
thops. It is curious to pote that Sigurd Sannan, 20 years and 200 citations
later, found one more mistake in DeWitt's original calculation. Sannan's
graviton - graviton scattering amplitude (calculated by hand) contains 160
terms (it would take four pages siee of Physical Review to write it down)
Before we undertake the study of graviton scattering, we should try to
understand how 1t may depend on the polanzation. The graviton polarization
itself is not very well defined in the literature, Killing symmetry becomes a
gange symmetry for linearized GR. Graviton self interaction terms are not
gauge invariant, Also the whole concept of perturbation theory is oot defined
since the Minkowski metric around which we perturks 15 a pure gauge from
the point of view of gauge theory. However a good argument can be made
froiom the GR polnt of view, Let us copsider an approximate solution to the
Einstein’s equation
gul-" = |,|'|||.- + ":'lﬂ'tml [l:l
where
Cat?’ << ] (2]
The energy density of this configuration is Tye ~ E**/I5. Now let us impose
a self-consistency condition on (2]: we want this energy density when put
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on the right hand side of the Eipstein’s equation to create gravitons with
pelarization of the same magnitude as the original one. The “mean field”
eepEation is

e ~ ¢ f(Er)’ (@)

Froon which it follows that rE =2 1. The limit of linearized GR where any
graviton interactions, including that of the spin flip , are suppressed is just
Born's approximation.

3 Long Range Brane Interactions.

In this section we find physical limits of Sannan®s 150 term amplitude which
recliace I8 to 6 terms. A way to procesd i85 to remember that the completeness
relation for polarizations of the photon in QED pets drastically simplified
oo wie choose its space momentum along one of the coordinate axes., Since
the completeness relation is proportional to o photon propagator, one finds
great simplifications in the photon scattering amplitudes as well, A natural
way to single out a space direction is to consider scattering of branes with
small transverse momentum . In this limit the patueal dimensionless param-
eter is qftjg. For small gltyy, we are dealing with forward scatiening in the
compact direction, For small uFI-'_n it is a forward scatiering in a non-compact
direction. Since in both limits the momentum exchange is infinitesimal, it is
ned surprising that we get the same finctional form for the amplitude. The
details of the construction are as follows:

The praviton has did — 31,2 different polarizations in o dimensions. In
d dimensions 11 s exactly the number of independent components in the
traceless symmetric matrix = 2 by d = 2, For a 20 or £0 brane " moving”
anly in the compact 10-th direction, the |l-momentum is

k™ = (E,0,0,.0,+1/Rq) (4)

We can choose the polarization as the following matrix

oo ...00
] 1]
: : (5)
i 0
oo ... 010



, whoree all the empiy spaces inside of (5) correspond to some arbitrary nom-
bers, At this stage, il we have four different gravitons, they may all bave dif-
ferent polarizations, corresponding to different matrix elements of [3). How-
ever, the 1l-momentum (4} of i-th graviton is transverse to the polarization
of the j-th graviton.

kel =0 (6)

This observation is technically very important since it reduces Sannan's am-
plitude (formula (3.16) of [2]) to only six terms, Now we can make a rotation
in the zprs plane and allow "a little bit of momentum” in the non-compact
directions. The matrix (5) will receive corrections of order ~ fpq where g
is the magnitude of pon-compact momentum, As long as gfp 15 small the
leading order terms of the amplitude expansion in terms of gl will contain
only six terms as mentioned alsve, Tn other words, for small gfp, we can
approximately take the 11-momentum of i-th graviton to be trensverse to the
polarization of the j-th graviton. This corresponds to non-relativistic brane
scattering. Just before we list the advertised G-term amplitude, we should
mention vet another possibility, Lot us start with four gravitons which have
momentum in some non-compact direction and none in the compact. These
gravitons will have polarization matrices of the form (5), satisfving mutual
transversality condition [6). Mow, let us make & rotation to allow a little
bit of compact momentum 1/ Ryp. It corresponds to having small corrections
to the amplitude of order 1/{gRg). Our branes are now fully relativistic,
The convenient choice of polarization has allowed us to get the following
amplitude for small and large values of nop-compact momenta;

T =—1/4x* {?[“Iﬁ-][“!fi] + ?{flfl:l{ﬁfﬂ + r;u[fli‘?]ffal‘-i]} -
126 (s{eyeqeses) + Hepeaeges) + ulegeaesey))  (7)

We use Sannan's notation with
'y
g = —erl'”_t-.,-"—_gﬂ (8)
K

The reason why for obtainipg the same functional form of the amplitude for
ultra relativistic and non-relativistic is a simple one: Choice of polarization
(5] allows us to treat gravitons as particles of mass 1/ Ry i one limit and
ol mass ¢ in the other.



For the large impact parameter seattering, the ¢ channel dominates and
in the limit ¢ — 0, we get the the following amplitude

Tiomgrange = = 1[4 2 (ere)(e2¢s) (9)

For large impact parameter, the 8-deflection angle, is small and the ampli-
tudes becomse

Thi-pa = '4;.;::‘ (eyeq)(eze) (10)
1,2
Too-po = =i (eieeaes) m)

For small momenta g the 20 — D0 scattering dominates that of D0 — D0
and for large momenta they are equal. This is what we could have expected
ginee fast moving branes which have an impact parameter so large that they
almiost do nod deflect are charge blind, As discussed o previous chapters,
from GR point of view, polarizations of a brane should be set equal before and
alter the seattering. Alterpatively, one can think that polarizations of brapes
might change during the interaction but our picture of their interaction is
a bt fuzey which corresponds to averaging over all polarizations. In this
slightly rotated reference frame, the completeness relation is very simple:

4l | 7
el = ag s + Sty — £idu) (12)
p=i

, where indices 1,7 = 1,2,..9 run over the "inside™ of the matrix (3). The
averaging is done with the aid of the following formula

{[e1€4)[ezE2)} = f{flfl}li{fuf:}i.ﬂ (13)

where factor of two appears to compensate for over counting, sinoe nothing is
changed il we interchange polarizations of first and fourth branes with that
of the second and third, With the use of (12] we find that the rght hand
side of (13) is 1. Therefore averaging over polarizations gives the same result
a8 keeping the pelarization of a given brape the same before and after the
interaction.

Let us note that one can easily derive higher order corrections to the
effective potential from the all-channe] amplitude which would give, in gen-
eral, higher powers of 1/r with appropoate powers of momenta, Lot us stress
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Figure 1 w versus g for g =1

again that loop corrections Lo the effective potential are suppressed as long
a5 r is larger than the Planck scale. To be more precise let us consider the
quantum gravity action

§~ [d'ey=g(R+ER +...) (14)

For long distance interactions, the ¢ chanoel dominates and the amplitode
from the first term goes ag T o~ ;'; where k= 2gsin®/2 is (a very small)
mhzmged mamentum, Simee loop corrections to the GR actions go roughly
s [% the quantum correction to the amplitude is 3+ & + O(k'). ..
Therefore in the limit of forward scattering Er =3 1, £ << mp , quantom
gravity corrections are totally negligible.

4 Conclusion

Let us give an averview of our results. We started the paper by studying
large impact parameter brane scattering. The amplitude for the arbitrary
polarization is extremely complicated and we limited owurselves to almost for-
ward scattering which 15 the only It where quantom gravity can be treated
perturbatively. 'We found that in the limits of very fast and very slow moving
branes the amplitude took the same functional form. We also explained why
plarization of the branes shoald not change during the interaction, at least to
leading arder in the large impoet parameter expansion. On the other hand
oe can geb the same answer by considering repeated brane scattering for
different polarizations and then taking the average, We derived an effective
potential for brane interactions with the aid of the retarded Green's function
and matehing of the QFT and Quantum Mechanical scattering amplitudes.
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We also discussed the possibility for the formation of the brane -anti-brane
atom and by analogy with positronium we suggested that it might be possible
anly in 3 spatial dimensions, We lave desived eross sections for brane -anti-
brane pair creation from two gravitons as well as for the aonibilation of the
brane anti-brane pair. Consistent with the understanding that supergravity
i= a long distance limit of M theory, the cross-section for brane creation is
of the same order of magnitude as that for elastic brane scattering, which
essentially means that we are in the regime of mostly elastic scattering.
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