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1 Introduction

T-duality symmetry first came about in the context of string theory [1],
but a proof of its existence can be given directly from sigma model path
integral considerations [2, 3],

A study was initiated concerning the possibility of having T-dnality as
a symmetry of the quantum sigma model away from the (conformal) RG
fixed points, when the target manifold admits an Abelian isometry. It
was observed that the interplay between T-duality and the RG translates
to consistency conditions to be verified by the RG fows of the model:
and that indeed they were verified by, and only by, the correct RG flows
of the bosonic sigma model. Such a study was carried ont up to two
loops, order (o™ ). in references [4, 3. 6. 7).

What happens for supersvinmetric extensions of such models? Let us
study the heterotic sigma model [8]. One extra feature is that one now
has a target gange fiecld. We shall work to one loop, order (Na'), and
wee will see that T-dunality is again a good guantum symmetry of this
sigma model. This shall be done by deriving consistency conditions for
the RG Hows of the model under T-duality and observing that they are
satisfied by, and only by, the correct RG Hows of the heterotic sigma
model, Moreover, the measure of integration over the guantum felds
involves chiral fermions, Such fermions produce potential anomalies, and
we therelore have a fisst example where we can analyze the interplay of
T-duality and the RG How in the presence of anomalies.

Following [4. 3. G. 7], let us begin with a theory with an arbitrary



uumber of couplings, ¢', i = 1,...,n, and consider a duality symmetry,
T, acting as a map between equivalent points in the parameter space,
such that,

Ty' = § = i'(n). (1.1)
Let us also assume that our system has a renormalization group flow, 1,
encoded by a set of beta functions, and acting on the parameter space
b,

. ; iy’
Ry = fi(g) = p=L, (1.2)

il
where g is some appropriate subtraction scale. Given any function on
the parameter space of the theory, F(g), the previous operations act as

foollovwes:
g - I?:IF af a
TF(g) = Flglg)) RF(g) = E,-ﬁ.u] - 3 g). (1.3)

For a finite number of couplings the derivatives above should be un-
derstood as ordinary derivatives, whereas in the case of the sigma model
these will be functional derivatives, and the dot will imply an integration
over the target manifold.

The consistency requirements governing the interplay of the doality

symmetry and the RG can now be stated simply as,

[T, R =0, (1.4)
or in words: duality transformations and RG Hows commute as motions

in the parameter space of the theory, This amonnts to a set of consistency

conditions on the beta functions of our system:
=

o .
#a) = ,afr." - #g). (1.3)
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2  Duality in the Heterotic Sigma Model

We shall start by reviewing the construction of the heterotic sigma maodel,
illll]. TI:I":' Ft':l.:l':!ﬂrl.l EJI";J‘.'!.“{I'I.II".‘ U-f lI'L'I.EI.]i.i'.-i.]ll.'" !-i-'.“']:l 1I1‘I.H|.|Z‘I..

We consider the target manifold endowed with a metric g, anti-
syimunetric tensor field by, and a gauge connection Ay, associated to the

gauge group . The Lagrangian density of such model is given by [8, 10]:

1
£ = (g + )@, X0 XY 4 igu (DX + (T o 5 H o) XPA)4

+ig (Do’ + A, 2. XM ) + %.F},”Jh"l.*'a.""{"" . {2.1)

weliierie,

Hpo = by, + by, + dby,.  and Fopo =84, — 8,4, + [A,. 4,].
(2.2)
We need to assume that the sigma model bas an Abelian isometry in
the target manifold, which will enable duality transformations [9, 10, 11].
Let £ be the I{illillg vector that renerates the Abelian isometry, The
diffecanorphism generated by £ transforms the scalar superfields, and the
total action is invariant under the isometry only if we can compensate this
transformation in the scalar superfields by a gange transformation in the
spinor superfields [9, 10]. This introduces a target gauge transformation
parameter 5, such that &4, = L4, = D5,
Choose adapted coordinates to the Rilling vector, £4d, = dy. and split
the coordinates as g, = 0,1, ...,d = 0, i, so that the g = 0 component
15 singled out. In these adapted coordinates the sometry is manifest

through independence of the backgronnd felds on the coordinate XV,



Moreover, in these coordinates the target gange transformation parame-
ter will satisfy [9, 10].

'E';.H — a,.,h: + l'-t.lf" H] = (1. (2.3)
The :lu'rllilj..' transformations are then [1[], ]1]:
. T P fhoi
!ﬂur—yﬂ—“ b Hﬂr—ﬁ . 'IJ'nu—f 1
e — B e i W N
I:'Jj — ﬂr'_l' _ .U'.FIHU_I {.l:lrl'l:h_.l : E-".I — 'hp'_f _ U[:'I 'h.h EI'{I_.- -.I:Ir.' f?_4}
L] oo
= 1
A = ——yy, (2.5
01 Pl )
~ dii + by
Aipy = Airy = Ju—lﬂu- (2.6}
i

where we have used gy = (8 = £7A, ) following [9, 10], and which in
adapted coordinates becomes pupr = (6 = Ay

Equations (2.4} are well known sinee [2, 3], and their interplay with
the RG has been studied in [4, 5, 6, 7). They shall not be dealt with in
here, as to onr one loop order there is nothing new to be found relative to
the work in [4]. We shall rather concentrate on the new additions (2.5)
and [2.6) vielding the duality transformations for the gange connection.

As is well known, in a curved world-sheet we have to include one

further conpling in our action,

4%}'{:?: VR X)), (2.7)

S X) is the background dilaton field in M. Taking into account the
one loop Jacobian from integrating ont :nl.:iilizlr}' fields in the dualization

procedure, one finds as usual the dilaton shift [3. l-l!:

1
f=ch— Elngm. (2.8)



3 Renormalization and Consistency Conditions

The one loap, order D{a’), beta functions can be computed to be [15, 16]:

#, = Ry, - iﬂ,ﬁpﬂm + (o). (3.1)
3, = —%‘F’“H;,m. + a"), (3.2)

1 1
Bl = E‘DAF‘“‘ + EH,.**'F;,,] + O(a'), (3.3)

where f,. is the Riceci tensor of the target manifold, ¥V, is the metric
covariant derivative, and D,, i5 the covariant derivative in".'nl'l.'illg hoth
the gauge and the metric connections.

The advantage of using Weyl anomaly coefficients () in our studies
is due to the fact that while both 3 and 3 satisly the consistency con-
ditions (1.3), the F-functions satisfy them exactly, while the d-functions
satisfy them up to a target reparameterization [4, 5], Since both encode
essentially the same RG information, in the following we shall simply
consider RG motions as generated by the 3-functions. For the heterotic
sigma model [17, 13], and for the loop orders considered in this work:

'i::*' = '%r-' + 2V, 8.6 + O{d'), {3.4)
']:;a-'= ﬂ;P-I-Hi'”*a*ﬂ""ﬂ{“J}- {3.5)
A = 8 + F \dye + Ofa'). (3.6

The consistency conditions {1.5) can now be derived. The couplings are
q = {_r;m,.-r;‘mu .-li,--r_‘:']-. amd the tI'llEIJH:I.‘ operation (1.1) 15 defined through
(2.4-6) and (2.8). The RG How operation is defined in {(1.2), for our

conplings, with the only difference that we shall consider 3-generated RG
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motions as previously explained. The consistency conditions associated
to (2.4} and (2.8) have been studied before [4, 5, 6] and are known to be
satisfied by, and only by, (3.1-2) or (3.4-53). The consistency conditions

associated to the gange field coupling are:
A= lﬂ; + .ii{x - Ap) 3%, (3.7)

L] 950

3=l ;;.1"'.““ — Ao 38+ = (gui+ hm:-?a‘l+ﬁ{sm-+fm.-un—-4n}ﬂﬁn.
{3.8)

where we have used the notation ,FI;} = 3. b, A, 4],

These are the main eguations to be studied in this paper. The task
now at hand is to see if these two conditions on the gange field 3-fanctions
are satisfied by - and only by - expressions (3.3), (3.6); and if so under

what conditions are they satisfied.

4 Duality, the Gauge Beta Function and Heterotic

Anomalies

:"Lﬁ []TIZ"".'E”I]!-F'.I\-' Jt]l‘]l.fi-lll]!‘l:l. L]'I.E’ 'I:I'I.I:“Il"l IIH.“-i- 1'hir.al rl"]'lll:iﬂl]!i t]l..'-l.".. "|‘|']I["[t Ti-
tated, introduce potential anomalies into the theory, These anomalies
need to be canceled if the dualization is to be consistent at the quantum
level. However, our strategy in here is to see if we can get any informa-
tion on this anomaly cancelation from the consistency conditions (3.7-8).
So, we will set this question aside for & moment and direetly ask: are the
consistency conditions (3.7-8) verified by (3.3), (3.6)7

We choose to start with torsionless backgrounds. Such choice can be



seen to extremely :::i:ll]plif}‘ equation (3.8), as the metric is I:il.rmtwh!ri:-'.[hrl

(n 0 ) (4.1)
fup = _ L e
VT

and we take b, = 0. Therefore, there is also no torsion in the dual

b

background [5, 6], Equations (3.7-8) become,
=124 l.j{ﬁ — Ag) B, (4.2)
il £r

Al =3 (4.3}
Now, use the Kalnza-Klein tensor decomposition of (3.3), (3.6), under
{4.1), and compute ;uq arel ,F.i.; By this we mean the following. One
should start with (3.3), (3.6), and decompose it according to the pa-
rameterization (4.1). We will obtain expressions for 3 and 3. Then,
dualize these two expressions by dualizing the felds according to the
miles (2.4-6) and (2.8). This vields expressions for .'?l';-l anid _n'?,:i. Finallv,
one should manipulate the obtained expressions so that the result looks
as much as possible as a “covariant vector transformation”™ (1.5), Hope-
fully one would obtain (4.2-3), if the gauge beta functions are to satisfy

tlue l.'t:liu-iiﬁt:*tll.'}' comditions, However, the result obtained 1s:

o1 1 _
Jinni = Eit‘]“ + ?{H = Aod(—35), {d4.4)
Bt = B, (4.5)

What (4.4} is sayving is that, in order for duality to survive as a quan-

tum svmmetry of the heterotic sigma model. we need to have,

(k — Ag) 3 = 0. (4.6

)



We shall see that this is just the requirement of anomaly cancelation.

As was mentioned before, equations (2.5-6) were oltained using clas-
sical manipulations alone, In general, however, there will be anomalies
and in this case the original theory and its dual will not be eguivalent.
If we want the two theories to be equivalent one must find the reguired
conditions on the target fields that make these anomalics cancel. The
simplest way to do so is to assnme that the spin and gauge connections
match in the original theory, fe. w = A [8 10, 11, 12]. Under this
assumption, the duality transformation then guarantees that in the dual
theory spin and gange connections also match, & = A. In the following
we choose to cancel the anomalies according to such preseription.

lII||||'Il.' HiNk lJ:Il'I] n'[lllin’[l L) Iiﬂ‘h'l.' FI = ﬂ “"EII"FI.' W llE"EiItl":
1
+H.uu' = E{?HEF - ?#'Ep." |:'i=7]'

with £ the Killing vector generating the Abelian isometry and ¥V, the
metric covariant derivative, ln particular for our adapted coordinates
£ = Gun. and as the afline connection is metric compatible, £ = 0. But
then,

Hrr = {H - .'I||}|I,I =1, |:'I‘8}

and we are back to (4.6), Then, the consistency conditions are satisfied
as long as the anomalies are canceled,

Putting together the information in (4.6) and (4.8). let us address a
few questions, The first thing we notice is that %! = 0 as & = Ay (recall
that in adapted coordinates k satisfies (2.3), and so Fy; = 0), which is

vconsistent with the fact that the target gange transformation parameter

Fd



15 not renormalized. Then, the consistency conditions become,
A A _ 34
3 =0 . 35 = A, {4.9)

stating that the gauge beta function is self-dual wnder {2.5-6). DBut so,
by {.4-5) with (4.G) satisfied, this proves that {(3.6) explicitly satisfies
the consistency conditions (4.9) - to the one loop, order ({a'), we are
working to.

Given that the gauge field G-function satisfies the consistency condi-
tions, the question that follows is whether scaling arguments joined with
the consistency conditions (4.9) are enongh imformation to uniguely de-
termine (3.3). This would mean that (4.9} is verified by, and only by, the
correct gange BG flows of the heterotic sigma model, Replacing {3.6) in
(4.9) and using the duality transformations, we obtain the beta function
constraint:

At =gt 4 %E*’ﬂ* In a. {4.10)
On the other hand, according to scaling arguments the possible tensor
structures appearing in the one loop, order (Ma'), gauge beta function
are:

Al = oy D*Fy + e HVF,, {4.11)

where the notation is as in (3.3). Dealing with torsionless backgrounds
(4.1} we set oy = 0, and are left with o alone. Inserting (4.11) in {4.10)

then vields,

(g — %]I.F‘,-fﬂ;,. lna =1, (4.12)
and as the backgronnd is general (though torsionless), we obtain ¢ = %

which is the correct result (3.3). Therefore, our consistency conditions

a



were able to uniguely determine the one loop gange field beta funection,
in this particular case of vanishing torsion. We shall later see that the
same situation happens when one deals with torsionfull backgrounds.

A final point to observe is that the proof of pyy = 0 through (4.6)
(anl so, also the proofl of validity of the consistency conditions) is telling
us that only if the sigma model is consistent at the quantum level (oo
anomalies) can the duality svmmetry be consistent at the quantum level
(by having the consistency conditions verified). Still, one could argue
that strictly speaking (4.6) requires either pgy = 0 or 3, = 0. But we
'rli'.'i-" III‘["I.I L l'illlli"l.'] ill] il.lluulillil.'-?i j.l:l. [Jl'[“'l' Tt ].lil"|":' el RG H'l:l'"-";. Eﬂ'.. i.[
one wants to flow away from the fixed point along all directions in the
parameter space, one needs to caneel the apomalies in such a way that
gty = 0 in the adapted coordinates to the Abelian isometry, Otherwise,
if we were to choose an anomaly cancelation procedure vielding non-
vanishing peyr. it wonld seem that in order to preserve T-duality at the
gquantum level away from eriticality, expression (4.6) would reguire that
one could only How away from the fixed point along specific regions of
the parameter space (i.e., regions with 3, = 0). As we shall see next
when we deal with torsionfull backgrounds, this is actually net a good

option: the only reasonable choive one can make is peg; = 0.

5 Torsionfull Backgrounds

To complete onr analvsis, we are left with the inclusion of torsion to

the previons resalts. We shall see that even though the ealeulations are

L



ather involved, the results are basically the same (see the paper).
Thus. the consistency conditions are verified by, and only by, the

correct RG flows of the heterotic sigma model, In other words, classical

target space duality symmetry survives as a valid gquantum symmetry of

the heterotic sigma model,

6 Conclusions

We have studied the consistency between RG Hows and Teduality in the
d = 2 heterotic sigma model. The basic statement [T, B] = 0 that Lad
been previously studied in bosonic sigma models was shown to keep its
full validity in this new situation, with the added bonus of giving us extra
information on how one should cancel the anomalies (arising from chiral
fermion rotations) of the heterotic sigma model, Moreover, contrary to
previously considered cases [4, 5, 6], the requirement [T, ] = 0 enabled
ns to uniguely determine the (gauge field) beta fupction at one loop
order, withont any overall global constant left to he determined.

Such a basic statement [T, f] = 0 has now been shown to he alive and
well in a wide variety of situations, lm'.-ﬂ-i:ilrl:'.' 'l.'i-lli{li!.[:iI]].'!. the claim o [5 T]
that it should be a more fundamental feature of the models in gquestion

than the invariance of the Htriug IJi-l-l:'I{HI.‘l:HHl[] elbective action.
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