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In short

Solution of the supergravity theory
— Killing vectors and spinors — supergroup

gives rigid symmetries

local GCT and sk-symmetry.

gauge fixing leads to
a conformal world-sheet theory.

Application:

d= 4, N = 2 supergravity solution

(near horizon Reissner-Nordstrém black hole)

leads to world-line theory which is
‘relativistic superconformal mechanics'.
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Plan

1. Bosonic theory
e Brane solutions
e Killing vector adS algebra
o world-volume action
e conformal algebra

2. Supersymmetric world-volume theory

e solutions of supergravity and
Killing vectors/spinors

e SuUpergroups
e world-volume action
e K-Symmetry
e gauge fixing leads to
superconformal symmetry
3. Conclusions

‘relativistic superconformal mechanics’:
example developped in parallel to the general
presentation.



1. Brane solutions with adS Killing vector
algebra

(m=0,1,...p; m'=1,...d—p—1): d=4,100r 11

E 2
2 d—p—3 2
ds® = Hbranedﬂ:m_l_Hbrapne dX o
Hprane = 1+ k?) , 2 _ xm' xm'
[ R d—p—-3 Ryd=p=3
= lim |1+ (2 = (=
Hhor r=0 | +('r) ] (T‘)

e brane solution interpolates beween
asymptotically flat and
near horizon anti-de Sitter geometry
Gibbons, Townsend

e large N (many branes solution) (R* < N)
Maldacena

e there is a special duality transformation that
removes the constant
Hyun
Boonstra, Peeters, Skenderis
Cremmer, Lavrinenko, Li, Pope, Stelle, Tran




anti-de Sitter Killing vector algebra

:gd—_g—zg '
d 2 . (T‘) ) R
Shor — E

2
Y de2 + (?) dr? + R2d?Q

is adS,4p x S97P=2 metric.
Killing vectors SO(p+ 1,2) x SO(d —p — 1)

Example: p=0, d=4. Rename R— M

2 -2 2 2 2
ds® = _Ht:ur.'zuru\:,-":‘lt +Hbranedxm’

M
Hprane = 1+?

Is Reissner-Nordstrom (RN) black hole.
Near horizon geometry

2 2
ds?, = — (ﬁ) dt? + (g) dr? + M242Q

which is the Bertotti—Robinson (BR) metric.
adSy x S2.

0t = a+ bt +Et2+E(bf4fr2) ; dr = —r (846t)
SO(1,2) and SO(3) isometries of d29).



T his scheme works in various theories:

d
M5 11
M2 11
D3 10

Self-dual string (D1+4D5) 6
Magnetic string 5
Tangerlini black hole o
Reissner-Nordstrom black hole | 4

oo P H WK D

All have adS,42 x S%"P~2 geometry.

E.g. self-dual string can also be obtained from
10 dimensions with D1 4 D5, having

adS3 x S3 x Egq.

More generalizations, with products of spheres,

Boonstra, Peeters, Skenderis, hep-th/9803231




Bosonic world-volume theory

Sei = SBorn—Infeld T S + S}f{-"ess—gumim
Spi f~fdﬁ+1cr\/—detgpy

G .';?and + Tp.v

g::Ld = H“XME?FXNGM
with
f;; ) Ty =0 $'=0
D3 Tyw = Fu S'=0
M5 Ty = iH, §'= [ o HH,,
a. au:-e:ilie]ry field of Pasti-Sorokin-Tonin
appears in
uy, = Gua ; Huwp = 35[;‘5_;.-;:_]
u” uf
Huw = ﬁ?{wp ' My = T?H;m



Geometric input:

e Gy, solution of supergravity

e Wess-Zumino term

BR metric:

ds? = — (%)Edtz + (%)? (dr® + r?d*Q)

r = 0 is coordinate singularity. Define p

r (2M\?
M\ p

4 2

ds® = — (ﬁ) dt? + (ﬁ) dp® + M?d*Q
P P

Bosonic part of WZ:

Swg=fﬂi A= —tdr



World-line action

S = mSpr+eSwz

i a0 [

i1 2M * oy 2 P 2
960" (T) [— (1) + (ﬁﬂ) ]
+ M2 [9:2 + sin? aq{&]

Gauge of time reparametrizations: ¢t = 1.
In Hamiltonian language

2M\? | | 5  pPp2+4L?
H=|— TTL +
o 4 M2

— q ;

(L? = pj +sin™2 6p2)
is H = —pp|solving

(pg e qA)EGDD —|—pm;Gm!“’pﬂ_- + ’!"-"‘.'.2 =0.
charged particle in BR background.




—
|H—p‘“ QJ

I _.f_ I
f =3 [\,/mz + (p°p5 + 4L%) /4M? + g
mg = 2M?3(m? — ¢°) + 2L?
Limit
M—o0;  (m—q)—»0;  M?(m—q) fixed

gives f — m, and is cnnf_ormal mechanics of
de Alfaro, Fubini and Furlan, 1976.

‘non-relativistic conformal mechaniﬂﬁ'[ (large black
hole mass).

The full solution we get from the ‘brane-like’
procedure: |[relativistic conformal mechanics’. |

With L = 0, force vanishes when m = gq.
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Combination of symmetries —

conformal symmetry
o Rigid symmetries

e SO(3) rotations on 8, ¢

e anti-de Sitter
M*q-
ot = a+bt+ct’+c—
- _' T
or = —r(b+ 2ct)

o Local symmetry: time reparametrizations

6t = £(T)i or = £(7)7 ;
Gauge fixingt =171

ME
0=a+br+cr?+c 5 +&(7)

translations
b= dilatations

= special conformal transformations

a

S50(2,1) finite conformal group in 1 dimension
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PS: Notes about infinite dimensional groups in
casep=1

1. Brown and Henneaux, 1986:

consider also other geometries which have adSs
as near-horizon limit. Symmetries between such
asymptotic geometries form Virasoro algebra
of which S0O(2,2) = SU(1,1) x SU(1,1)

is finite dimensional subgroup.

2. F. Brandt, J. Gomis and J. Simdn,
hep-th /9707063 and 9803196:

There are extra symmetries of
[ d2c/— det(guy + Fuv)

ixM = pM(X)NF)
Vy = “NEWGQA+F)ew (ﬁ”XM) has(X)
where
RM(X) : Killing vectors of the metric Gy
_F _ _E#pry
2\/9

The arbitrary function A thus provides a sort of
Kat-Moody extension of the isometry group.

12




2. Supersymmetric theory

In terms of ZA = {XM ¢4},
superspace coordinates in d = 11, 10,4, ...
and possibly other forms.

o = (0uZ"ENM) (0,2 B mupx

(underline is flat index)

d=4, p=1 example:
comes from N = 2, d = 4 supergravity.
A+ (ad) ;1 =1,2, & spinor index

Swz = fd'r Z"‘An

E.g. flat superspace

By = 8™ Eoi™ = 4 (vM96;) .
Ay =0, Ani = %E.ijﬂa
leads to

gnd = (XM 1grMe) (XN - LorN6) nasn

Swz = ?],'Efdv'#s,;jﬂj <+ h.c.
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_Start from solutions of supergravity

ds? as BR with mass M (near-horizon)

Soln. with electric charge Q and magnetic P :

Q .

with P2 4 Q2 = M2,

For Killing spinors, define 2 x 4 real spinors

1 1 _ .
(P)o 2 =2 (65 £ = (Q +ivsP) e’
2 M
Killing spinors are

P = ()

P = (5)" (st - Lo,

where nf,: are Killing spinors of sphere m =4,¢

) 1 ,
Vani(6,6) = Fo—11ani (6, 6)

4 solutions for each sign.
Lii, Pope, Rahmfeld, hep-th /9805151
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Algebra of Killing spinors and vectors: SU(1,1|2)

Commutators give adS and SO(3) of sphere.

n4,n4] = P
[m4,n-] = D+ SO(3)
[n—,m-] K

or
(£U<1=1_) i:t__)
n.  SU(2)
Should always he?a similar form, with

1. SO(p+1,2) should appear as factor in bosonic
part of the superalgebra.

2. fermionic generators in a spinorial represen-
tation of that group.

— more bosonic symmetries (R)
should appear as symmetries of non-adS part
of the target space (here S2)
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First see isomorphisms of conformal groups

p=0 S50(1,2) SU(1,1) ~ Sp(2)
p=1 50(2,2) S0(1,2) x SO(1,2) ~ SU(1,1) x SU(1,1) -

'S A

p= 2 SG(E, 2] Sp{d.}

p=3 50(4,2) SU(2,2)

Results for p > 2:
p Ssuperalgebra _R_ nr.ferm.
2 0Sp(N[4) SO(N) 4N
3 SU(2,2|N) U(N) for N = 4 8N

SU(4) for N =4

4 F(4) SU(2) 16
5 O08Sp(6,2|12N) USp(2N) 16N

p =0 (or 2 factors for p=1)

_superalg. A nr.ferm,
0Sp(N|2) O(N) 2N
SU(N|1,1) (N #2) U(N) 4N
SU(2]1,1) SU(2) 8
OSp(4*|2N) SU(2) x USp(2N) 8N
G(3) Ga 14
F(4) SO(T) 16

D(2,1,a) SU(2) x SU(2) 8

16



Examples

sAlg. G
M5 0Sp(6,2|4) | SO(5) | adS7 x 8%
M2 OSp(8l4) | SO(8) | adS4 x ST
D3 SU(2,2/4) | SO(6) | adSs x S°
D14D5 | (SU(1,1]2))2 | SO(4) | adS3 x S3
BR SU(1,1|2) | SO(3) | adSs x 52
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wWorld-volume (world-line) action

Bl-term, based on supervielbéins, ...

can be obtained from ‘Gauge completion’

MNath, Arnowitt, PL 65B(76)73

Cremmer, Ferrara, PL 91B(80)61

Castellani, van Nieuwenhuizen, Gates, PRD22(80)2364
de Wit, Peeters, Plefka, hep-th/9803209

WZ-term starts now from solution A, = W,
supergravity solution

Wo Wy = Pcosé

=2

Other way: supercosets: here
SU(1,1|2)
U(1) x U(1)

Castellani, Ceresole, D'Auria, Ferrara, Fre, Trigiante
hep-th/9803039

Matsaev, Tseytlin, hep-th/9805028 and 06095
Kallosh, Rajaraman, hep-th/9805041
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K-5YM metry

World-volume theory has the rigid symmetries

N = 4, d = 2 has 8 real supersymmetries, and
the solutions which we considered have 8 real
Killing spinors (2 complex doublets of SU(2)).

But also k symmetry. This imposes g = m
1 ” M
=14+ Nk; = g0~ pg M=

" v—=g00

I is complicated matrix, but M = 1.

At ‘classical values’
t=r71, r=rg, 8 =40y, =gy, fermions=0

Fra=¢eJy;  1+Ty=2P-
if P =0 (only electr. charged Q = M)
zero force if P=20, thus Q=M

Irreducible Kk symmetry: P_x = 0.

50 = Pir+ ..
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Local symmetries

¢ world-volume diffeomorphisms
e Kappa symmetry

Broken by gauge choice:
reformulation asfadS, 42 = Conf,41

Remember bosonic:
dadsT = —r(b+ 2ct) ; dgetT = 5(1‘]?’*

Gauge choice: §t =a+br + c72 -|-cM + £(T)=0
r transforms as a scalar with Weyl wenght 1.

Fermionic:
. 1/2 .
dP4 6" = (E) ']".I‘Ei_—{'-‘ﬁ..t-l‘
6P-0 = (32) (vt - 2r0rmi) + .
Gauge fixing
'P+E = {J

Conformal supersymmetry: where
n- takes role of @-supersymmetry
n4 of S-supersymmetry.
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sSummary

We establish superconformal symmetry of the
gauge-fixed non-gravitational brane actions

Starting from solution of supergravity with
background adS,, x S97P=2 geometry.

Non-relativistic superconformal mechanics was
done by

Akulov and Pashnev, 1983.

Fubini and Rabinovici, 1984.

We obtain

‘relativistic superconformal mechanics’

having as limit M — oo non-relativistic super-
conformal mechanics.

PS: there is still a simplification, keeping only the radial
mode. Based on OS5p(1|2) C SU(2|1,1).
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We gualified for the case
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