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| would like give you an overview of the use of the Master Space F” and
the Hilbert Series H(q; ...) to analyse SUSY field theories. | will use the
example of D3 branes at N’ = 1 singularities .

» Natural subclass of d.o.f: gauge invariant operators O killed by half of
the supercharges DO = 0: the BPS operators. Non-renormalization
properties, useful to study strong coupling dynamics and dualities.

» Low energy dynamics: vacuum structure. In SUSY field theory a high
degeneracy of vacua ( moduli space M) is a typical phenomenon. M
is defined by the set of F-flat, D-flat conditions modulo gauge
invariance.
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> Global symmetries: U(1)*. We want to count the number of BPS
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E : Ciy,.. ’kql
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M=~F//Gp

it individuates a “parent” space F”: the Master Space.
» Vacuum structure — Moduli Space M «— Master Space: F”

> Global symmetries: U(1)*. We want to count the number of BPS
operators with a given set of U(1)s charges.

E : Ciy,.. ’kql

150k

|

i, independent operators with {i1,...ir} U(1) charges.

» Spectrum — BPS operators « Hilbert Series: H(g; M)

Cii,,..

> There exist a nice interplay between F” and H(g; M).
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» SQCD, MSSM
» M2 branes, Instantons

» Why Branes at Singularities ?

» Local models, geometric intuitions
» Phenomenology: U(N)/SU(N) gauge groups, chiral matter
> AdS/CFT setup
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Introduction

Some properties of Hilbert Series

For a generic N' =1 4d field theory

> limg, oo H(g; M) — statistical properties es: entropy
» PE~'[H(g; M)] = generators - relations + ...
> lim: o H(g = e ", M) ~ P(q)/(1 — q)dimM + o

» The symmetries G of the variety M can be encoded into the Hilbert
Series: H(q; M) = ZTXTG(q)
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» H(g; M) contains part of the KK spectrum

» It contains the volumes of H and of the susy three cycles.

» a=73/(4Voly):
» Volu(b) = 7 limy_o t>H(e "t; &)

> Ré = 7TVO|C3§/3V01HZ
> lim; o gl’é(e_bt)/gl)o(e_bt) ~ 14 trVolz(b)/2Volu(b) + ...
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D3 branes at Singularities
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D3 branes at singularities

Generic features: Quiver Gauge Theories

D3 branes at X = C(H) conical, CY 3 dim toric singularity: an infinite
class of examples of AdSs x H «++ N =1 CFT dualities

> gauge group: H,G:1 U(N;), bifundamental matter Xj;

» IR conformal fixed “point”: H,G:l U(N;) — H,G:1 SU(N;)
> global symmetries: U(1)2 x U(1)g x U(1)¢~!

> 51’.' — Tr(...) — Mesonic Operators

> €,..iy — det(...) — Baryonic Operators

» examples: C3, C3/I, C(TY1), C(YP9), C(L*P<),...
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D3 branes at singularities

Generalities

» Part of the moduli space is the transverse singularity X’

» Two branches of the moduli space merged together: Mesonic and
Baryonic

» To every 1/2 BPS local operator in field theory is associated a D3
brane state in the gravity side

» Two main ways to compute H(g;...): in field theory: counting
operators; in the gravity side: counting susy three cycles

» The brane construction naturally divides the study in: N =1 Vs.

N>1
» Use the PE function: PE,[f(t)] := exp (Ziozl kalftk)>’ to pass from
N=1toN>1
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The conifold xy = C(Th1)

Bj

N =1 SU(N) x SU(N) < AdSs x T*!
W ="Tr (AlBlAsz — AlBQAQBl)

» N =1 Abelian case == W =0
> A1, Ay, By, By — x1,x2, X3, x4 coordinates of C* = F,
» C(TYYH) =C*//(1,1,-1,-1)

» Symmetries N = 1:
» D3 branes at C have SU(2)? x U(1)? symmetries;
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The conifold xy = C(Th1)

Bj

N =1 SU(N) x SU(N) < AdSs x T*!
W ="Tr (AlBlAsz — A182A2Bl)

» N =1 Abelian case = W =0
> A1, Ay, By, By — x1,x2, X3, x4 coordinates of C* = F,
> C( Tl’l) = (C4//(1v 17 _17 _1)
» Symmetries N = 1:
» D3 branes at C have SU(2)? x U(1)? symmetries;
> F% has U(4) symmetry
» Operators: Tr(A;B;) Mesons; det A;, det B; Baryons
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» N =1 BPS spectrum: Mesonic + Baryonic

» A — ti, Bj — tp, symmetric rep of SU(2)?, dim (n+1)(m+1)
> H(t, t2; F2) = 3 ,(14 n)(1+ m) ety

1
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» N =1 BPS spectrum: Mesonic + Baryonic

» A — ti, Bj — tp, symmetric rep of SU(2)?, dim (n+1)(m+1)
> H(ty, t; F2) = >, (1+ n)(1 4+ m)efey :

(].—t’l)i(].—i’z)§
» N =1 Mesonic Operators
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An easy example

» N =1 BPS spectrum: Mesonic + Baryonic

» A — ti, Bj — tp, symmetric rep of SU(2)?, dim (n+1)(m+1)
> H(t, t2; F2) = 3 ,(14 n)(1+ m) ety

1
(].—1’1)7(].—1’2)§
» N =1 Mesonic Operators

> x =A1B1, y = ABy, w = A1B5, z=AxBy: xy = wz;
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» N =1 BPS spectrum: Mesonic + Baryonic

» A — ti, Bj — tp, symmetric rep of SU(2)?, dim (n+1)(m+1)
> H(ty, t2; 72) = 3 ,(L+ n)(1 + m)tPey
» N =1 Mesonic Operators

1
(].—1’1)7(].—1’2)§
> X,y,w,z —t

> x =A1B1, y = ABy, w = A1B5, z=AxBy: xy = wz;
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An easy example

» N =1 BPS spectrum: Mesonic + Baryonic
» A; — t1, Bj — ta, symmetric rep of SU(2)?, dim (n+1)(m+1)

> H(t, 2, 7) = X, (L+ n)(1+ mtt] = qvagy
» N =1 Mesonic Operators
> x =A1B1, y = ABy, w = A1B5, z=AxBy: xy = wz;

> X, y,w,z—t

2
> H(t:C) =3, (1+n)t" = =
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> H(ty, t; F2) = >, (1+ n)(1 4+ m) et = '(1_t1)71(1—t2)§

» N =1 Mesonic Operators
> x =A1B1, y = ABy, w = A1B5, z=AxBy: xy = wz;

> X, y,w,z—t )
1—-t

> H(EC) = X, (1+ e = =5

» Lessons:

» two branches: Mesonic, Baryonic
> the transverse singularity C(T11) is just a subset of the full moduli
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» N =1 BPS spectrum: Mesonic + Baryonic
» A; — t1, Bj — ta, symmetric rep of SU(2)?, dim (n+1)(m+1)

> H(ty, t; F2) = >, (1+ n)(1 4+ m) et = '(1_t1)71(1—t2)§

» N =1 Mesonic Operators
> x =A1B1, y = ABy, w = A1B5, z=AxBy: xy = wz;

> X,y,w,z —t ,

> H(tC) = 30,1+ nft" = 1=

» Lessons:

» two branches: Mesonic, Baryonic
> the transverse singularity C(T11) is just a subset of the full moduli

space C*
> SU(2)2 x U(1)? — U(4): HIDDEN SYMMETRIES 777

» form of the Hilbert Series: H(q; M) ~ Eﬁfg?gf‘s
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E

N=1:F =M

Davide Forcella (ENS Paris)

Master Space and Hilbert Series

? and H(g; .




N=1:F =M

F’ and H(g; ...)

> X =7/ /U(1)¢ 1

Davide Forcella (ENS Paris)

Master Space and Hilbert Series



N=1:F =M

F’ and H(g; ...)

> X =7/ /U(1)¢ 1

» F°is a TORIC variety G+2 dim, generically REDUCIBLE
]:b _ Irr]:b UL,

Davide Forcella (ENS Paris)

Master Space and Hilbert Series



F’ and H(g; ...)

N=1:F =M

> X =7/ /U(1)¢ 1

» F°is a TORIC variety G+2 dim, generically REDUCIBLE
}‘b _ Irr]:b UL,

» "7 is TORIC, CY, cone, G+2 dim

Davide Forcella (ENS Paris) Master Space and Hilbert Series _



F’ and H(g; ...)

N=1:F =M

> X =7/ /U(1)¢ 1

» F°is a TORIC variety G+2 dim, generically REDUCIBLE
Fr = Irr]:b UL,

» "7 is TORIC, CY, cone, G+2 dim

» L; LINEAR lower dimensional components

Davide Forcella (ENS Paris) Master Space and Hilbert Series STRINGS 2009 13 /28



F’ and H(g; ...)

N=1:F =M

> X =7/ /U(1)¢ 1

» F°is a TORIC variety G+2 dim, generically REDUCIBLE
Fr = Irr]:b UL,

» "7 is TORIC, CY, cone, G+2 dim
» L; LINEAR lower dimensional components

» " F* has some HIDDEN GLOBAL SYMMETRIES
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F’ and H(g; ...)

N>1:Mpy=F,//TI%, SUN)

> MMy = Mpy//U(1)CT = SymNx
> My~ (C)6 1 — SymNx
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F° and H(g; ...)
N>1: My=F,// 1%, SUN,)
> MMy = Mpy//U(L) = SymN X
> MN ~ (C*)G_l — SymNX

> dim My =3N+G—1
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F’ and H(g; ...)

N>1:Mpy=F,//TI%, SUN)

> MMy = Mpy//U(1)CT = SymNx
> My ~ (C*)6-1 — SymNx

> dim My =3N+G -1

» Mpy NON toric, NON CY
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F’ and H(g; ...)

N>1:Mpy=F,//TI%, SUN)

> MMy = Mpy//U(1)CT = SymNx
> My ~ (C*)6-1 — SymNx

> dim My =3N+G -1

» Mpy NON toric, NON CY

» " F? for N = 1 contains the information for the complete spectrum
of BPS operators, for generic N
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F’ and H(qg; ...)

N>1:My=ZF//T1%, SUN)

> MMy = Mpy//U(1)CT = SymNx
> My ~ (€61 = SymNx

> dim My =3N+G -1

» Mpy NON toric, NON CY

» ' F> for N = 1 contains the information for the complete spectrum
of BPS operators, for generic N

> Symmetries for ' F” sometimes extend to hidden symmetries for My
for generic N:
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F’ and H(qg; ...)

N>1:My=ZF//T1%, SUN)

> MMy = Mpy//U(1)CT = SymNx
> My ~ (€61 = SymNx

> dim My =3N+G -1

» Mpy NON toric, NON CY

» ' F> for N = 1 contains the information for the complete spectrum
of BPS operators, for generic N

> Symmetries for ' F” sometimes extend to hidden symmetries for My
for generic N:

> H(g; Mn) = X 7x4(q)
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F° and H(g; ...)
H(g; My)

» N =1 D3 brane: the Abelian Theory:

—

B

H(q: 7)) = m(B)g, 5(q: X)
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F° and H(g; ...)
H(g; My)

» N =1 D3 brane: the Abelian Theory:

B
» N > 1 D3 branes: the NON-Abelian Theory:

H(q: 7)) = m(B)g, 5(q: X)

—

B

Z vNH(g; Mp) = Z m(é)PEy[gLé(q: X)]
v=0

Davide Forcella (ENS Paris)

Master Space and Hilbert Series



H(g; My)

» N =1 D3 brane: the Abelian Theory:

H(q: ") = >_ m(B)g, 5(q: X)

B
» N > 1 D3 branes: the NON-Abelian Theory:

> _vMH(g: Mn) = Y m(B)PE,[g, 5(q; ¥)]

—

v=0 B

» Symmetries of the moduli space:

H(g: M) =D x1(q)

-

/
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The complex cone over [
Ce(Fp) = C@(Pl x P1)

3
W = €jiepgAiBpC;Dy
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The complex cone over [

Ce(Fp) = C(c(IF’l x P1)

W = €jiepgAiBpC;Dy

» Explicit symmetries: SU(2) x SU(2) x U(1)r x U(1)g
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» F terms:
AlB,'C2 = AQB,‘Cl

C:D;A; = C;DjA;

bl

bl

B,C;D, = B,C;D;

D;A;B, = D,A;B;
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» F terms:

A;B;C; = A;B;C; , B;C;D> =B.C;D;
CiD;A; =C;D;A; , D;A;B; =DyA;B;

» for N=1 we can factorize:

(A1C2 — A2C1) =0 s C (BlD2 — Ble) =
0

0
D;(C1A2 —C2A;)=0 , A;(D;B,—-D3B;)=0
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» F terms:

A;B;C; = A;B;C; , B;C;D> =B.C;D;
CiD;A; =C;D;A; , D;A;B; =DyA;B;

» for N=1 we can factorize:

(A1C2 — A2C1) =0 s C (BlD2 — Ble) =
0

0
D;(C1A2 —C2A;)=0 , A;(D;B,—-D3B;)=0

» PP =M R UL UL =CxCcuCtuCt

> '™ 73, has some hidden symmetries: SU(2)* x U(1)?
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» N =1 BPS op in rep of the hidden symmetries:

oo
H <t17t27xay7 31732;lrrf]1b<‘0> - Z [Balglaﬂ?ﬁ,]t]_ﬁtg
B,8'=0
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» N =1 BPS op in rep of the hidden symmetries:

00
H <t17t27xaya 31732;Irrfﬂb4‘0> - Z [67/6/7/875,]1:151-?
B,8'=0

» For generic N BPS operators and the moduli space My have
SU(2)* x U(1)? symmetry

S
ZVNH(t]-? t2»X7y731732;MN) =

v=0
Z [0,0, 3, 8] (PE Z[2n+ﬂ,2n+ﬁ 0,062 ¢ 2”“’]
B,8'= n=0
—PE, |> [2n+ 8,20+ 3,0, O]tf”ﬁtg”ﬁ’])
n=1
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Seiberg duality
We were almost classical
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> A check of quantum consistency could be Seiberg duality.
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“Quantum’”, Dualities and M2

Seiberg duality

We were almost classical

> A check of quantum consistency could be Seiberg duality.

» I F? is different for Seiberg dual theories:
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“Quantum’”, Dualities and M2

Seiberg duality
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> A check of quantum consistency could be Seiberg duality.

» I F? is different for Seiberg dual theories:
» the anomalous charges parametrize the differences.
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Seiberg duality
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> A check of quantum consistency could be Seiberg duality.

» " F is different for Seiberg dual theories:

» the anomalous charges parametrize the differences.
» H(g"7°) |qan=0 is the same.
» The finite N counting is invariant under Seiberg duality
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“Quantum’”, Dualities and M2

Seiberg duality

We were almost classical

> A check of quantum consistency could be Seiberg duality.

» " F is different for Seiberg dual theories:

» the anomalous charges parametrize the differences.
» H(g"7°) |qan=0 is the same.
» The finite N counting is invariant under Seiberg duality

» Example Fy
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M2 branes
similar way as D3 branes CFT.

» M2 branes CFT are described by a quiver and a superpotential in a
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“Quantum’”, Dualities and M2

M2 branes

» M2 branes CFT are described by a quiver and a superpotential in a
similar way as D3 branes CFT.

» For every D3 NV =1 there is a family of candidates for M2 N = 2
parametrized by the CS levels k;
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M2 branes

» M2 branes CFT are described by a quiver and a superpotential in a
similar way as D3 branes CFT.

» For every D3 NV =1 there is a family of candidates for M2 N = 2
parametrized by the CS levels k;

» We can use " F* and H (g;...) to study M2 branes:

» the moduli space

» the BPS spectrum
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“Quantum’”, Dualities and M2

M2 branes

» M2 branes CFT are described by a quiver and a superpotential in a
similar way as D3 branes CFT.

» For every D3 NV =1 there is a family of candidates for M2 N = 2
parametrized by the CS levels k;

» We can use " F* and H (g;...) to study M2 branes:

» the moduli space
» the BPS spectrum

» dualities
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“Quantum’”, Dualities and M2

The two three dimensional quiver CS theories

k1+k2

BN

-k1-k2-k3 —k1-k2-k3 k2+k3

(@ (b)

with superpotentials

Wa) = €ijepgAiBpC;Dg
Wiw) = e Xi5Xan X3y — ejeX{5X3 Xe

probe the same CYj singularities for specific values of k;.

Davide Forcella (ENS Paris) Master Space and Hilbert Series STRINGS 2009

21 /28



Conclusions and Outlooks

» H(g;...) and F” contain nice information about the geometry, the
dynamics, the symmetries and the spectrum of N’ =1 field theories.
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Conclusions and Outlooks

Thanks for your Attention
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> N =4, SU(N) < AdSs x S°
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Conclusions and Outlooks
Examples

> N =4, SU(N) < AdSs x S°

> W =Tr (¢102¢3 — p163¢2)

?,
s SO
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Examples

Conclusions and Outlooks

> N =4, SU(N) < AdSs x S°

> W =Tr (¢102¢3 — p163¢2)

?,
s SO

» N =1, KW, SU(N) x SU(N) < AdSs x T11
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Conclusions and Outlooks
Examples

> N =4, SU(N) < AdSs x S°

> W =Tr (¢102¢3 — p163¢2)

?,
s SO

> N =1, KW, SU(N) x SU(N) < AdSs x T
» W ="Tr (A151A282 — AlBQAzBl)

Aj
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B =0, ex C3= C(5°)

Davide Forcella (ENS Paris)

Master Space and Hilbert Series



B =0, ex C3= C(5°)
» NN =1 Abelian case = W =0
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B =0, ex C3= C(5°)
» NN =1 Abelian case = W =0

> ¢1,¢2, p3 — X, y, z coordinates of C3 = F2,
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B =0, ex C3= C(5°)
» NN =1 Abelian case = W =0

> ¢1,¢2, p3 — X, y, z coordinates of C3 = .7-'(":3
» N > 1 Non-Abelian case = [¢;,¢;] =0
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B =0, ex C3= C(5°)
» NN =1 Abelian case = W =0

> ¢1,¢2, p3 — X, y, z coordinates of C3 = .7-'(":3
» N > 1 Non-Abelian case = [¢;,¢;] =0
> My = SymN(C
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B =0, ex C3= C(5°)

» NN =1 Abelian case = W =0

> $1,¢2,¢3 — X, Y,z coordinates of C* = 72,
» N > 1 Non-Abelian case = [¢;, ¢;] =0
» My = Sym"C3

» N =1 BPS spectrum: ¢i¢£¢l3(
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B =0, ex C3= C(5°)

» NN =1 Abelian case = W =0

> ¢1,p2, p3 — X, y, z coordinates of C3

= Fls
» N > 1 Non-Abelian case = [¢;, ¢;] = 0
» My = Sym"C3

» N =1 BPS spectrum: ¢i¢£¢3
> ¢1,¢2,¢3 — 11,2, 83
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B =0, ex C3= (C(S°

» N =1 Abelian case = W =0

> ¢1,¢2, p3 — X, y,z coordinates of C3 = .7:((|’:3
» N > 1 Non-Abelian case = [¢;, ¢;] =0

» My = Sym"C3
» N =1 BPS spectrum: ¢’i¢£q§’3‘

> 01,092,053 — ti, b, B3

>
1
H(qq, to, t3; tit;
(g1, ta, t3; ; 1t (1—t1)(1 = t2)(1 — t3)
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» Symmetries N =1
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» Symmetries N =1
» F2s has U(3) symmetry
s (4t t) = (fl+%+%2>t=[l,0]t
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» Symmetries N =1
» F2s has U(3) symmetry

>

> (t1+t2+t3)=(ﬂ+%+l)t=[1,0]t

H(qi, t, t3;C*) = PE[[1,0]t] = i[n,O]t"
n=0
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» Symmetries N =1
» F2s has U(3) symmetry

>

> (t1+t2+t3)=(ﬂ+%+l)t=[1,0]t

H(qu, tz, t3; C*) = PE[[1,0]¢] = [n, 0]¢"
n=0
» Symmetries for N > 1:
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» F2s has U(3) symmetry

> (t1+t2+t3)=(ﬂ+%+%2)t=[1,0]t
>
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> (t1+t2+t3)=(ﬂ+%+%2)t=[1,0]t
>
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n=0
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>
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> vNH(g; My) = PE, li[n, O]t"]
v=0 n=0
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Conclusions and Outlooks

» Symmetries N =1
» F2s has U(3) symmetry
> (t1+t2+t3)= (ﬂ—F%“r%)t:[l,O]t

>

H(qi, t, t3;C*) = PE[[1,0]t] = i[n,O]t"
n=0

» Symmetries for N > 1:

>

> vNH(g; My) = PE,

v=0

> [n,0] t"]
n=0

» Lessons:
» Symmetric product: from N=1to N > 1
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Conclusions and Outlooks

» Symmetries N =1
» F2s has U(3) symmetry
> (t1+t2+t3)= (ﬂ—F%“r%)t:[l,O]t

>

H(qi, t, t3;C*) = PE[[1,0]t] = i[n,O]t"
n=0

» Symmetries for N > 1:

>

> vNH(g; My) = PE,

v=0

> [n,0] t"]
n=0

» Lessons:

» Symmetric product: from N=1to N > 1
» Symmetries encoded in the Hilbert Series for generic N.
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How to build up the Hilbert Series
> g, g localization over kahler moduli ﬁ:
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)
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How to build up the Hilbert Series

> g, 5 localization over kahler moduli 3:
)

> g 5(q,b;X) = bB0g, 5(q; X)

» m(B): quiver combinatoric:
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How to build up the Hilbert Series

> 8 5 localization over kahler moduli 3:

> g 5(q,b;X) = bB0g, 5(q; X)

» m(B): quiver combinatoric:
> Zaux(p, & X) = 35 Zhux(a X)p”
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> 8 5 localization over kahler moduli 3:

> g 5(q,b;X) = bB0g, 5(q; X)

» m(B): quiver combinatoric:
> Zaux(p, & X) = 35 Zhux(a X)p”
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How to build up the Hilbert Series

> 8 5 localization over kahler moduli 5:
> g 5(q. b X) = bB(ﬁ)gLﬁ(q; X)

—

» m(B): quiver combinatoric:
> Zaux(p,a; X) = Zgzz?ux(a? X)pﬁ
> N=1:p’ — g 5(q.b; X)

> H(q,b, 3" F2) = 3" 5 Zhux(a X)gy 5(q, b; X)
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How to build up the Hilbert Series

> 8 5 localization over kahler moduli ﬁ:
> g 5(q.b; X) = bBOg, 5(q: X)
» m(B): quiver combinatoric:
> Zaux(p,a; X) = Zgzz?ux(a? X)pﬁ
> N=1p7 — g 5(q.b: %)
> H(q.b, & F) = 35 Zhyx(a X)gy 5(a. bi X)
» N > 1: N-times Symmetric product = PE][..]
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How to build up the Hilbert Series

> 8 5 localization over kahler moduli ﬁ:
> g 5(q.b; X) = bBOg, 5(q: X)
» m(B): quiver combinatoric:
> Zaux(p,a; X) = Zgzz?ux(a; X)pﬁ
> N=1p7 — g 5(q.b: %)
> H(q.b, & F) = 35 Zhyx(a X)gy 5(a. bi X)
» N > 1: N-times Symmetric product = PE][..]

>
&S] o
> vMH(q, b3 Mn) =Y Zhux(a; X)PE,[g, 5(q, b X)]
v=0 B’
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>
e /
oot tiFo) =Y (2n+B+1)(2n+ 8 +1)5" 5"
n=0

Davide Forcella (ENS Paris)
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Conclusions and Outlooks

>

e}

g1 (o) =Y (2n+ B+ 1)(2n+ § + 1) "
n=0

» the SU(2)* representation [m] x [n] x [p] x [q] = [m, n, p, q].
g1,3,8 (t1, t2; Fo) can be written explicitely in term of representations
of SU(2)* x U(1)%:

oo
81,5,8' (t17 t2, X, y, a1, az; ]FO) = Z[zn + /85 2n + ﬂla 07 O]tfn+ﬁt22n+ﬁ
n=0
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Conclusions and Outlooks

>

e}

g1 (1, 2 o) = Y _(2n+ B+ 1)(2n+ 5 + 15"
n=0

» the SU(2)* representation [m] x [n] x [p] x [q] = [m, n, p, q].
g1,3,8 (t1, t2; Fo) can be written explicitely in term of representations
of SU(2)* x U(1)%:

oo
grpp (tito,x,y,a1,a:F0) = Y _[2n+ 3,20+ §,0,015" 5™+
n=0

» Z,ux also in rep of the HIDDEN SYMMETRY:
Zaux(t1, t2, a1, a2; Fo) =

o o0
> 00,0881t — > [0,0,8-2,8 —2t]t)
B,8'=0 B,8'=2
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