
Master Space and Hilbert Series

Davide Forcella

ENS Paris

STRINGS 2009

Davide Forcella (ENS Paris) Master Space and Hilbert Series STRINGS 2009 1 / 28



In collaboration with:
A. Zaffaroni, A. Hanany, A. Butti, Y.H. He, D. Vegh

Other important related works by:
S.T. Yau, D. Martelli, J. Sparks, S. Benvenuti, B. Feng,...

Davide Forcella (ENS Paris) Master Space and Hilbert Series STRINGS 2009 2 / 28



Introduction

Introduction

I would like give you an overview of the use of the Master Space F ♭ and
the Hilbert Series H(q; ...) to analyse SUSY field theories. I will use the
example of D3 branes at N = 1 singularities χ.

Davide Forcella (ENS Paris) Master Space and Hilbert Series STRINGS 2009 3 / 28



Introduction

Introduction

I would like give you an overview of the use of the Master Space F ♭ and
the Hilbert Series H(q; ...) to analyse SUSY field theories. I will use the
example of D3 branes at N = 1 singularities χ.

◮ Natural subclass of d.o.f: gauge invariant operators O killed by half of
the supercharges D̄O = 0: the BPS operators. Non-renormalization
properties, useful to study strong coupling dynamics and dualities.

Davide Forcella (ENS Paris) Master Space and Hilbert Series STRINGS 2009 3 / 28



Introduction

Introduction

I would like give you an overview of the use of the Master Space F ♭ and
the Hilbert Series H(q; ...) to analyse SUSY field theories. I will use the
example of D3 branes at N = 1 singularities χ.

◮ Natural subclass of d.o.f: gauge invariant operators O killed by half of
the supercharges D̄O = 0: the BPS operators. Non-renormalization
properties, useful to study strong coupling dynamics and dualities.

◮ Low energy dynamics: vacuum structure. In SUSY field theory a high
degeneracy of vacua ( moduli space M) is a typical phenomenon. M
is defined by the set of F-flat, D-flat conditions modulo gauge
invariance.
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M≃ F ♭//GD♭

it individuates a “parent” space F ♭: the Master Space.

◮ Vacuum structure → Moduli SpaceM ← Master Space: F ♭

◮ Global symmetries: U(1)k . We want to count the number of BPS
operators with a given set of U(1)s charges.

◮

H(q;M) =
∑

i1,...,ik

ci1,...ik q
i1
1 ...qik

k

ci1,...ik : independent operators with {i1, ...ik} U(1) charges.

◮ Spectrum → BPS operators ← Hilbert Series: H(q;M)

◮ There exist a nice interplay between F ♭ and H(q;M).

Davide Forcella (ENS Paris) Master Space and Hilbert Series STRINGS 2009 4 / 28



Introduction

Applications and Why

To every N = 1 4d field theories we can associate two objects:
F ♭, H(q;M).

Davide Forcella (ENS Paris) Master Space and Hilbert Series STRINGS 2009 5 / 28



Introduction

Applications and Why

To every N = 1 4d field theories we can associate two objects:
F ♭, H(q;M).

◮ Applications:

Davide Forcella (ENS Paris) Master Space and Hilbert Series STRINGS 2009 5 / 28



Introduction

Applications and Why

To every N = 1 4d field theories we can associate two objects:
F ♭, H(q;M).

◮ Applications:
◮ Brane at Singularities and AdS/CFT

Davide Forcella (ENS Paris) Master Space and Hilbert Series STRINGS 2009 5 / 28



Introduction

Applications and Why

To every N = 1 4d field theories we can associate two objects:
F ♭, H(q;M).

◮ Applications:
◮ Brane at Singularities and AdS/CFT
◮ SQCD, MSSM

Davide Forcella (ENS Paris) Master Space and Hilbert Series STRINGS 2009 5 / 28



Introduction

Applications and Why

To every N = 1 4d field theories we can associate two objects:
F ♭, H(q;M).

◮ Applications:
◮ Brane at Singularities and AdS/CFT
◮ SQCD, MSSM
◮ M2 branes, Instantons

Davide Forcella (ENS Paris) Master Space and Hilbert Series STRINGS 2009 5 / 28



Introduction

Applications and Why

To every N = 1 4d field theories we can associate two objects:
F ♭, H(q;M).

◮ Applications:
◮ Brane at Singularities and AdS/CFT
◮ SQCD, MSSM
◮ M2 branes, Instantons

◮ Why Branes at Singularities ?

Davide Forcella (ENS Paris) Master Space and Hilbert Series STRINGS 2009 5 / 28



Introduction

Applications and Why

To every N = 1 4d field theories we can associate two objects:
F ♭, H(q;M).

◮ Applications:
◮ Brane at Singularities and AdS/CFT
◮ SQCD, MSSM
◮ M2 branes, Instantons

◮ Why Branes at Singularities ?
◮ Local models, geometric intuitions

Davide Forcella (ENS Paris) Master Space and Hilbert Series STRINGS 2009 5 / 28



Introduction

Applications and Why

To every N = 1 4d field theories we can associate two objects:
F ♭, H(q;M).

◮ Applications:
◮ Brane at Singularities and AdS/CFT
◮ SQCD, MSSM
◮ M2 branes, Instantons

◮ Why Branes at Singularities ?
◮ Local models, geometric intuitions
◮ Phenomenology: U(N)/SU(N) gauge groups, chiral matter

Davide Forcella (ENS Paris) Master Space and Hilbert Series STRINGS 2009 5 / 28



Introduction

Applications and Why

To every N = 1 4d field theories we can associate two objects:
F ♭, H(q;M).

◮ Applications:
◮ Brane at Singularities and AdS/CFT
◮ SQCD, MSSM
◮ M2 branes, Instantons

◮ Why Branes at Singularities ?
◮ Local models, geometric intuitions
◮ Phenomenology: U(N)/SU(N) gauge groups, chiral matter
◮ AdS/CFT setup

Davide Forcella (ENS Paris) Master Space and Hilbert Series STRINGS 2009 5 / 28



Introduction

Some properties of Hilbert Series

For a generic N = 1 4d field theory

Davide Forcella (ENS Paris) Master Space and Hilbert Series STRINGS 2009 6 / 28



Introduction

Some properties of Hilbert Series

For a generic N = 1 4d field theory

◮ limQi→∞ H(q;M) → statistical properties es: entropy

Davide Forcella (ENS Paris) Master Space and Hilbert Series STRINGS 2009 6 / 28



Introduction

Some properties of Hilbert Series

For a generic N = 1 4d field theory

◮ limQi→∞ H(q;M) → statistical properties es: entropy

◮ PE−1[H(q;M)] = generators - relations + ...

Davide Forcella (ENS Paris) Master Space and Hilbert Series STRINGS 2009 6 / 28



Introduction

Some properties of Hilbert Series

For a generic N = 1 4d field theory

◮ limQi→∞ H(q;M) → statistical properties es: entropy

◮ PE−1[H(q;M)] = generators - relations + ...

◮ limt→0 H(q = e−bt ;M) ∼ P(q)/(1− q)dimM + ...

Davide Forcella (ENS Paris) Master Space and Hilbert Series STRINGS 2009 6 / 28



Introduction

Some properties of Hilbert Series

For a generic N = 1 4d field theory

◮ limQi→∞ H(q;M) → statistical properties es: entropy

◮ PE−1[H(q;M)] = generators - relations + ...

◮ limt→0 H(q = e−bt ;M) ∼ P(q)/(1− q)dimM + ...

◮ The symmetries G of the varietyM can be encoded into the Hilbert
Series: H(q;M) =

∑

~l
χG

~l
(q)
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◮ It contains the volumes of H and of the susy three cycles.

◮ a = π3/(4VolH):
◮ VolH(b) = π3 limt→0 t

3
H(e−bt;X )

◮ R~B
= πVol

C
~B
3

/3VolH:

◮ limt→0 g1,~B
(e−bt)/g1,0(e

−bt) ∼ 1 + tπVol
CB̃

3

(b)/2VolH(b) + ...
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Generic features: Quiver Gauge Theories

D3 branes at X = C (H) conical, CY 3 dim toric singularity: an infinite
class of examples of AdS5 × H ↔ N = 1 CFT dualities
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i=1 U(Ni ), bifundamental matter Xij

◮ IR conformal fixed “point”:
∏G

i=1 U(Ni )→
∏G

i=1 SU(Ni )

◮ global symmetries: U(1)2F × U(1)R × U(1)G−1

◮ δi
j → Tr(...) → Mesonic Operators

◮ ǫi1...iN → det(...) → Baryonic Operators

◮ examples: C
3, C

3/Γ, C (T 1,1), C (Y p,q), C (La,b,c),...
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◮ Part of the moduli space is the transverse singularity X

◮ Two branches of the moduli space merged together: Mesonic and
Baryonic

◮ To every 1/2 BPS local operator in field theory is associated a D3
brane state in the gravity side

◮ Two main ways to compute H(q; ...): in field theory: counting
operators; in the gravity side: counting susy three cycles

◮ The brane construction naturally divides the study in: N = 1 Vs.
N > 1

◮ Use the PE function: PEν [f (t)] := exp
(

∑

∞

k=1
νk f (tk )

k

)

, to pass from

N = 1 to N > 1
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N = 1 SU(N)× SU(N) ↔ AdS5 × T 1,1

W = Tr (A1B1A2B2 − A1B2A2B1)

◮ N = 1 Abelian case ⇒ W = 0
◮ A1,A2,B1,B2 → x1, x2, x3, x4 coordinates of C

4 = F ♭
C

◮ C (T 1,1) = C
4//(1, 1,−1,−1)

◮ Symmetries N = 1:
◮ D3 branes at C have SU(2)2 × U(1)2 symmetries;
◮ F ♭

C
has U(4) symmetry

◮ Operators: Tr(AiBj) Mesons; detAi , det Bj Baryons
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∑
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CC(F0)

◮ N = 1 BPS op in rep of the hidden symmetries:

H
(

t1, t2, x , y , a1, a2;
Irr F ♭

F0

)

=
∞
∑

β,β′=0

[β, β′, β, β′]tβ
1 t

β′

2
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◮ For generic N BPS operators and the moduli spaceMN have
SU(2)4 × U(1)2 symmetry

∞
∑

ν=0

νNH(t1, t2, x , y , a1, a2;MN) =

∞
∑

β,β′=0

[0, 0, β, β′]

(

PEν

[

∞
∑

n=0

[2n + β, 2n + β′, 0, 0]t2n+β
1 t

2n+β′

2

]

−PEν

[

∞
∑

n=1

[2n + β, 2n + β′, 0, 0]t2n+β
1 t

2n+β′

2

])
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“Quantum”, Dualities and M2

The two three dimensional quiver CS theories

(a) (b)

     k1   k2

  k3

 −k2

−k1−k2−k3−k1−k2−k3

  k1+k2

k2+k3

with superpotentials

W(a) = ǫijǫpqAiBpCjDq

W(b) = εijεklX
ik
13X

l
32X

j
21 − εijεklX

ik
13X

l
34X

j
41

probe the same CY4 singularities for specific values of ki .
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◮ W = Tr (φ1φ2φ3 − φ1φ3φ2)

1

2

3

◮ N = 1, KW, SU(N)× SU(N) ↔ AdS5 × T 1,1

◮ W = Tr (A1B1A2B2 − A1B2A2B1)

A i

Bj
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