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The supersymmetric vacua of
gauge theory
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are the eigenstates of A
quantum integrable system
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T he corres pona/enCe

The supersymmetric vacua of
gauge theory
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are the eigenstates of a
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7T he corres pona/enCLe

The « twisted chiral ring » operafors

0.,0,0,..,0

n

mMap o quantum Hamiltonians

H,H, H;, ..., H



More prec/s e
Corres pona/enCLe

The vacuum expectation values of
the twisted chiral ring operators

Ei(D) = (A| Ok | )

map to the energies and other
eigenvalues on the integrable side

Hp Wy = Ep(A) Wy



For example,

Zhe XXX Yeis enéerg raqret:
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1S OZ‘rop/c S p/n chan of
/ engz‘// ya
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For example,

Zhe XXX Yeis enéerg MdgneZ‘
in Che sectlor eoilh N Sp/né
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d=2 (LN
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With the N=4q susy softly
broken dowwn 2o N=2
Ay Z‘/?e 3@/7@)‘/@
twisted mass Zerrrs

e — (&




N=2 5 aperSyMMeZ‘ry
in Teoo dirensions:
Basic meltiplets

Vector - gauge fiel/d,
adjornt complex scalar;
Chiral - ( c/mrﬁecﬁ complex scalar
7Tewisted chiral = complex scalar,
gactge £ie/d 62‘/‘6/73277 5



( e/y//na/ el on
N=2 Saperéy/y/mef ry 1n Ceoo
dinensions: /.agrangians

7T here are two Z‘ypeS of S pec/a/
Potential Cerms:
7 Ae F—Zerms
And the Teioisted F=term,ms



( e/y//na/er OoN
N=2 SL(perSymmeZ‘ ry 1n Ceoo
dinensions: /.agrangians

Fa ayeZ‘—-I/ /opoa/ oS and theta Cerms
T =1+ 6/2m.

6/\/3 an examp/ e of
lhe Ceoisted s aperpofeni i/ cOap/ "’73



( e/y//nder OoNn
N=2 SL(perSymmeZ‘ ry 1n Ceoo
dinensions: /.agrangians

72«)/15 led s L(perpoz‘ ential Cerms

- /(l“);/ (\/E‘T/((T)(D — 2001 ) + Qﬁ”’(n)X+/\_) + h.c.



( e/y//nder OoNn
N=2 SL(perSymmeZ‘ ry 1n Ceoo
dinensions: /.agrangians

Saperpofenf ral Cerms ( ﬁfermé >

oW O*W
Lwwv = — 12 F F——_ 014 | — h.c.
" / d ( do; 00,00, PPt ) e




( e,/y//nder OoN
N=2 SL(perSymmeZ‘ ry 1n Ceoo
dinensions: Lagrangians

7T eorsted mass derms

L— = / d%6 tr (‘I’TCV I(IlCOIOI‘Sl)a.Ce(I)>

Imass



( e/y//na/ el on
N=2 Saperjymmef ry 15 Ceoo
dinrensions: Z.agranﬁiané

T eoirsted mass term»ms

Imass

L = / d0 tr (i”icy & ICICOIOI‘Sl)a.Ce(I))

-

-~

where V' =m#,6_, m acts in a flavour space, and, to preserve susy:

im,m*| =0



( e/y//nder OoNn
N=2 SL(perSymmeZ‘ ry 1n Ceoo
dinensions: /.agrangians

T eoirsted mass term»ms

L— = /(149 tr (‘I)T(*F I(:lcolorspa.ce‘I’>

Imass

o~ _—

V=rmo,7_
- Backgroana/ veclor Ffield For 5/ oba/ Symmelry



( e,/y//nder OoN
N=2 SL(perSymmeZ‘ ry 1n Ceoo
dinensions: Lagrangians

CL Zhe oro//‘nary mass Cerms

) i o L
Lo 22 Z/(l“ﬁ /11}.’(1;(@)1 + h.c..
i.J

A)///ch are JL(S Z Zhe s aperpofenfl‘d/ lerms



Unbroken global symmetries

Allow The deforsriadions A}/ ZAe

Twisted masses



Unbroken global symmetries

allocww The deforsrialions Ay ZAhe

Twisted masses

Alvarez-Gaume, Freedman
Gates, Hull, Rocek
Hanany-Hori



Unbroken global
symmeftries,
not the R-symmetry

a//oew lhe swus y —'preé e/‘\//nﬁ
deformalions Ay Z /e

Twisted masses
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General strategy

AN /1/=2 d=2 3@4(33 Z‘/{eory wz‘Z‘/’l
maler,

n S oe repreéenfaf IONS Rf

inle

of Z/[e 3&4(3@ 3/‘0&(/ G
rate owt Che massSive maller

£le/ds

SZ‘aa/y lhe effective Z‘/?eory



General strategy

Comp&(fe
Z‘/}e efFective

twisted super-potential
on the Cout/ omé Arand/l

Wesg = Z Trr, (0 + my)(log (o +my) — 1)+ 2mit Tro
7
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General strategy

COMP&(Z‘Q
the effective

twisted super-potential
on the Cout/ omé Al‘dnC/l

West = Z Irg, (0 +my)(log (o +mys) —1) + 2miT Tro
F

Plus the non —perfarédf We Ccorreclions
£ Zhe Z‘/?eory 1S Secret/ (v d>2



Vacua of the gauge theory

For G = U(N)

o — diag(01,...,0nN)
oW, .
=l M-+ L(N+1)

do; -

Dite o ?aanfizaf/on of the gauge £/ et

A\ €74



F d/y//‘/ rar e QMP/ e
CPN ,0ode/

Freld content:

(N+1) cAira/ meltiplet of Cﬁdfﬁe +1
Q' i=1, ..., N+1

U(1) gacege groce

O /s a scalar



F‘ a/y//‘/ 1ar ex QMP/ e
CPN ,0ode/

E£feclive Censted s ape/‘poZ‘enZ‘/d/

(D’ADDA, A.LUSCHER, DI VECCHIA)

(N + 1)o(logo — 1) + 2wiT o

N+1 _ 2mir Quanl:uln

N—|‘1 vacuum 4 =%
Collomologg



More i1rnteres Zing example

Freld content

644{9‘—’ Group: G=U(N) o — diag (01,...,0N)
Madder chiral »ultiplets:
| A, djornt Ceonsted mass M
Ny fundamentals e PIRSS Ll
NT anti —fundamentals ... mass e




More interes Zing example

(£ feclive S aperpoz(enz(/d/:

N¢(o;+mg)(log(o; +mg) —1) +
1\’;(—0,- - m?) (log(—a, +my) — 1) -

Z(o, —~0;+ M)(log(o; —0o; + M) —1)
i)

+(N} — Ny )logA Za,-



More interes Zing example

.{?aaz‘/ons for vacua:



More interesting exanple
Non-anomalous ) é/\/ Finle case.



More interesting exanple
Non-anomalous ) é/\/ Finle case.

Ny=N7=1L
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\/acaa of 5@4{9@ f/’}eo/‘y

t =1r+ 1
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£for 5/1‘/7 S

XXX Magnef



éaaﬁe Z‘/leory - S p/n C/ld/n

Tdentical o
Zhe Belh e
e?adf rons for
spin s XXX

/\z+’LS L_ )\z—/\3+’t "
/\i—iS i)\i—)\j—iXG

JF

Magnez‘

Lith Ceorsted
Aoana/ary
conditions



éaaﬁe Z‘/]eory - S p/n C/ld/n

L
6&2&(33 f/?eory
vacua - H'= Z On ® Opt1
elgen\SZ‘df&S of the n=1

S Pl‘/‘) %a/)?// Zonian
(ranster—radrix)



XXX spin chan

T able of duwalities

Sl 2)
/L s pl‘n\S
N excilalions

(

/\Z‘l"LS
/\IL'—?:S

) -1I

% g
X =D

N d=2 N2

Chira/
27 Z‘/}ﬂ/ els:

1 acg//'o/nz‘
Ll Fundarientals
Z. d/?Z(/‘ —f L.



Higher dimensional theories

Consider a a/-“-.?-hé 3@4(3@ Z‘/leory
tith N=2 d=2 SaperSyMMefry

For example, N=1,2 d=4 wou/d do



Higher dimensional theories

Vieced as the N=2 d=2 Z‘/’/eo/‘y e
has a g/ obal Symmetry group:

Poincare(k)



Higher dimensional theories

One has S everal poS S /‘A// lies £or
Zhe Cwnsted masses,
corres pona//nﬁ lo the

abelian subalgebras in Poincare(k)



Higher dimensional theories

One has several POSS 1bilities For
Zhe Cwnsted masses,
abelian subalgebras in Poincare(k)

Translations in R!
Rotations in R¥!



Higher dimensional theories

7773 resu/ Z‘/‘nﬁ lheories are:
Translations in R!: compactification on T!

Rotations in R¥1:
the theory in the Q-background



T able of duwalities

XXZ spin chan
Sl 2)

L spins

N excitations

N d=3 A=2

Co»zpdczil‘//’ea/ on Q c/‘rc/e

(sinh (A; +is7) ) = B H sinh (A; — A; +47)

sinh (A; — is7) ol sinh (A\; — Aj — %)

Chiral multiplets:
| adjornt

L Fundamentals

L anti —Fund.



T able of duwalities

XYZ spin chan (N d= 4 N=|
Sé[(,?>, L = 2/\/ CO/»‘?,PQCZ(/AXIQO/ on Q

2—lorus = e///:pZ‘/C curve €
Chiral meltiplets:

S pl‘n\f
N excilalions

l aak’/'o/nZ‘
; L = 2N Fundamertals
H= Z Joor @05 1+ o @0l + 02 Q0% L = 2N anti~Fund.

n=1

Masses = wilson loops
of the flavour group



T able of duwalities

XYZ SPl‘n c A n é[( /\/> a/: 4 /1/: 2

Sé[('?>) L = 2N SP"”S CO/WIPCZCZ‘HCQO/ on Q

N excitadions 2-Corus = elliptic cepve €
L = 2N Fundarrientda/

L hyperma/z‘/p/ez‘s

H= Z Jpos @0y +Jyol @0d  +J,0% @07,

n=1

Softly broken down to N=1 by the
wilson loops of the global
symmetry group = flavour group

U(L) X U(1)
= points on the Jacobian of E



T able of duwalities

77 s remd/‘(aé/ e 2hat Che 5/9//7 chan has
prec/’s = % those 3enera/ 1zations:
radional (XXX) 5 fr{gonomafﬁc (XX2) and e// 1otiC (XY 2)
that can be madched to the 2, 3, and 4 dinr cases.

L
iH = Z Jroh @05 1 +Jyol @0¥ , + J0Z Q0%

n=1

Jy=1+ksn®2n, J,=1—Fksn®2y, J,=cn2ndn2y



T able of duwalities

Yang-Yang cowunting Function =
effective Ceorsted S L(perpoZ‘ enZ‘/CZ/



T able of duwalities

Corirniett "’7\9 L lZonians expans ron of
transter madrix) =

Che Cwisted chiral r/‘nﬁ 3&/7@/‘@2‘ ors, e g-

O,,=Tr oM



T able of duwalities

6&4{93 Z‘/?eory theta dng/ e ( COmp/ exifTed)

1S mapped o Che spin chan Chela dnﬂ/ e
(Zeoisted Ao&(na/dry Conditions)

N _/

N _4




A @eéra/c Bethe Ansatz

Faddeev et al.

7776_2 S p/n chans are S olVed
a/geéra/ca/ hy wsing certan
operdZ‘ ors,

A(N), B()),C(X), D(M)

oéeying exc//ange Commudalion
re/. alions



A @eéra/c Bethe Ansatz

Faddeev, Takhtajan,
Reshetikhin,
Jimbo-Miwa,
Drinfeld,

Sklyanin

Lusztig

A(N), B()),C(X), D(M)

Yangian, quantum affine Uq(slz),
Elliptic quantum group, .....



A @eéra/c Bethe Ansatz

7 he ezgen\/ecforé , Bethe vectors, are
obtaned Ay @pp/ y/‘hg Chese operalors
Zo Che ( pSeé(a/o>\/dcaam.

U5 = B(A)B(Xz)... B(Ay)Q



A @eéra/c Bethe Ansatz
vs GHUGE THEORY

FO/‘ ZA e Sp/n C/Zd/‘n 17 1S rnal ara/ lo £ix L =
tota/ na/y/éer of S p/n\S

and consider variows N = excitalion levels

In Zhe gauge 4 /7eory context N /s £ixed.



A @eéra/c Bethe Ansatz
vs STKING THEOKY

Yocwever, i£ he Z‘/?eory /S embedded

into S z‘r/ng Z‘/?eory Vil Arane
I‘ea/ /‘Zaz( /on

ZAen C/7an3/‘n3 N 1S ea Sy

Ar/ng in an extra brare.

One might use the constructions
of Witten'96, Hanany-Hori'02



A @eéra/c Bethe Ansatz
vs STKING THEOKY

THUS:

B(\) s For BRANE!

/\ /s for /. ocalion ./



éaage Z‘/’leo/‘eZ‘/ca/ /) y
CAs 15 a ruracle

L

N \

?
Gauge theory energy 1 |\

——

\




/\/ on—/. oca/ operdforé £~} I oVd,
doricr coalls




Non—/ ocal operaZ‘ orsS £ronrr
doricr coalls

A
\/

- UIN+1) theory
UIN) theory

B operator



Non—/ ocal operaZ‘ orsS £ronrr
doricr coalls

-
\ UIN+1) theory / UIN) theory

C operator



Are these models

Zoo S pecia/ y OF Zh e
gatge Zheory/ /nz‘egaé/ e
/altice mode/

Corres /ona/enCe 1S
mMofre 3&/7&/‘4/ 4



Extlends Co every
S ¥ 2
group/ superqgroup,
S /9//7 repres entations,
/n/zomogene;fy )
W SSTropy....



So far we were deal //73
eorth K \/e/y» ?aanz‘am
SyYstems:
2he Planck constant 1s
?aanz‘/zea/



5/9//76 were ha/f- -/nfeger\S



The classical lirnt

wunnateral ?



More Formally,

we S z‘aa/y Zhe Limle-
dimensiona/
representat rons of

Spin a/ 3eéra6
( Ciompacz( S p/n 3)‘04(/6 >



Can we cross over Zo
Zhe 11nflmte—dinensiona/
repres entatron f/[eoly 4
( Non —COMPQC’I‘ S p/n
groups 7)



Can we study Zh e
Many-body systemns
(contnuous a/egreeS of
freedorr?)




Can we study Zh e
Many-body systems
(continuows a/egreeé

of freedorr?)

L EN TN KOME.....



Many-body systers
777e ( oMan S Z‘y/ e

Calogero system

N
Heom = %Z +g° ZT vy — &jiq)

j)k = —ITI pes
AXp



Many-body systers
777e ( oMan S Z‘y/ e

Calogero-Moser-Sutherland system

N
Heom = %Z +g° ZT vy — &jiq)

j)k = —ITI pes
AXp



Many-body systers

Elliptic Calogero-Moser system

i
e

N
1 .2
HeeMm = jE )i g E U .—’;(1

_ . 1
Uiwia) = U(-zi) = 3 —5——

neZ \lll]l ( ; "|' . /\'N!'))’)

Francesco Calogero, ‘69-70



Many —-Aoa/y SYSs lems

Calogero-Moser system

N
Heom = %Z +g° Z{ i — Z459)

Francesco Calogero, circa ‘69-70

(University of Rome)



Many-body systers

Calogero-Moser system

N
Z +g2) Ul q)

Z\]

b =

P( M —

Francesco Calogero, circa ‘69-70
(on sabbatical at ITEP, Moscow at that time)



Mdny —-Aoa/y SYS ZermsS

The elliptic Calogero-Moser system
describes a system of identical parficles
on a circle of radius

&

subject to the two-body interaction
potential, given by the ellipfic (double-
periodic) function

. _ | | 1
{r(l(l) = {"T(-_;l.:(l,) == - i
| | n; .\'.lllll"2 ('.'1' + 277‘)11')’)




Mdny —-Aoa/y SYS ZermsS

One is intferested in the B-periodic
symmetric, L2-normalizable wavefunctions

Wil B s N )



Mdny —-Aoa/y SYS ZermsS

B-periodic, symmetric, L2-normalizable
wavefunctions

\Il (.;1'1. e oo gk N )

TZ /s clear Chal one Shocwt/d

3@2‘ arn
infinmle discrete s peCZ‘rL(M



Many —Aoa/y SYSs lems

T /s clear Chad one Shocet/d

581‘ an
infinmte discrete S pecZ‘l‘é(M

Lix)




Many-body systems

OL()‘ Md/‘n Cl/ d/‘m .
ZAe
infinte discrete s pecz(ré(/)’/
of’

¢ e /‘nfeﬁrdé/ e Ma/?y —'Aoa/y S yS Zent

7778 vacuea of ¢ e N=2 d=2 Z‘/?eo/‘y



Many-body systems

7T he vacwua of the N=2 d=2 Z‘/?eo/‘y,
Oéfd/‘neo/ Ay S aé/'ec@‘hﬁ ZA e N=2 d= 4/
77730/‘}/ Zo an 2 —-Aacégroana/ 'n R?



The Q-background

The N=2 d=4
Z‘/?eory n Che 9, —-Aacé 3/‘04(/70’ 11 R?2



The 2-background

rotation
by the angle
e L
circle of
circumference
I




The 2-background

rotation
by the angle

eL Rotation
In space
cree is accompanied
L by an R-symmetry
rotation

RXS




The €2-background:
Lagrangian of the theory

L -> 0 limit gives back the 4d theory
tr||Fal|” + tr (Dad — ty Fa) x (Dad — 57F4) +
+tr|[p, @] + ty Dacp — =D Ao+ iy i=Fa |2

for pare /\/ =2



The Q2 -background:
Lagrangian of the theory

Lr HFAH'z + I (DA(,?) - l-VFA) * (DAE = li?FA) i

+tr||[d, @] + ey Do — t7Dag + v i-Fa I

7 2 3«
YV =& [.l..“'()_,.z — .173();,.2]

r - ) 2~
V=g [I'()I?, i ‘1‘36)‘1‘2]



The €2-background:
Lagrangian of the theory

r 24 2
V =¢ [2°0,3 — 2°0,2]

r - °) ‘ ‘ .
YV '=E [.1"'()\,‘3 — .1'3(.)‘,,2]

,( olcdlion in oo dirensions



The theory in the €2-background

Looks two dinensiona/
in Che infrared:
localizalion at

Che Kcosric S Z‘Hng?)

X2=33=0)



The theory in the €2-background

7T he oo dinrensiona/ Z‘/’leory
as N=2 d=2 susy
17 Aas an
effective Ceoisted

S L(perpoZ‘enZ‘/d/



The theory in the €2-background

T he effective deorsted
S aperpofenf/‘a/

ﬁeﬂ(a j5ei s pQNEEYTs )



The theory in the €2-background

The effective twisted superpotential
reft -.
we {47, aN;&; T, m)

The special coordinates
0; = @; on the moduli space .of vacua of
the original four dimensional
=2 theory



The effective twisted superpotential

Weft (Qiss.s 5 g @ANEETT: T0)

Computed by the instanton
Partition function

Z(a,e1,69;m, T)



The effective twisted superpotential

1 yyeff o
Z(a,e1,€9;m,T) ~ gEr T Bl BariELiTyi e
) ) L) /9 .

as €0 — 0



The effective twisted superpotential
leads to the vacuum equations

L )
da i



The effective twisted superpotential
leads to the vacuum equations

NV
LA C) S
()(li

LifT Zhe 4d vac et
Degenerdcy !



The effective twisted superpotential
leads to the vacuum equations

W
N dad L S
()(li

7776 Solwtions are 1S of. aled:
Discrete S pecfram



The effective twisted superpotential
leads to the vacuum equations

I
exp( %) — 1
C)(I,Ij

LAt ractor SW curves>



An interesting
possibility
for the brane world
scenarios



The effective twisted superpotential
has one-loop perturbative
and all-order instanton corrections

UN'"H(N: r) = Wpert (a) + Z (1"W11—i;15t.(")

n=1



For example, for the N=2" theory
(adjoint hypermultiplet with mass m)

(‘)‘T'p(lt ( (1 )
ST P, B
(_’fﬂi:“‘; HS((‘L; — a;)
jAi
S(z)= L) T (1 - 5)
YT T (m2==)T (1 + 2)



Bethe equations
Factorized S-matrix

I =] DL~
[(=2=2)T (1+ &)

777/5 1S Che Ceoo -—-Aoa/y scat’ er/ng
Ih hyperéo/ 1 Ca/ ogero — 5&(2‘/’1@/‘/ ana/



Bethe equations
Factorized S-matrix

1 7 coo —'Aoa/y
sinh® () Poz(enZ‘/‘d/

to(d) =



Bethe equations
Factorized S-matrix

Harish-Chandra, Gindikin-Karpelevich,

Olshanetsky-Perelomov, Heckmann,
final result: Opdam



The full superpotential
of N=2" theory leads to the vacuum
equations

Momentum phase shift

e < []S(ai —a;) x H—qZH ational(a;, aj, ap, m(m +¢),2) + ...

j#i k#i l#£k

Two-body scatterin . : .
Y g The finite size corrections

q=-exp (-Np)




The main slogan this year

Four dinensional

3&&33 lAcories

g Ve rSe Zo Zhe
Instanton corrected

Bet e 4 nsatz
e?adf/‘oné



The main slogan this year

aka the
Bet Ae 4 NnSat z
o1t A
Che Finmtle Size effectds






~D/‘CZ‘/‘OI‘)QI‘}/

E// /‘fZ‘/‘C
M & > N=2% Z‘/’leory

sysz‘em



~D/‘CZ‘/‘OI‘)QI‘}/

classical
Eliptic — e— ;’d N=2®
C /V/ /’heol‘y

sysz‘em




~D/‘CZ‘/‘OI‘)QI‘}/

c/ aAS S /‘Cd/
=K
Eliptic ——  99N=2
C /V/ Z‘/’/eol‘y
5y5z‘em

Donagi-Witten, Martinec-Warner,
Gorsky-Nekrasov



~D/‘CZ‘/‘OI‘)QI‘}/

?aanfam gd N=2%
E// /pZ‘/‘c € > 777¢_o,ory
CM Zrn ZAhe
SYS Zernt 9, —Adcléﬁl‘oana/

NN-Shatashvili



~D/‘CZ‘/‘OI‘)QI‘}/
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