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This talk has a few different motivations.   Here are two: 

The physics of 2D electron gas in a (large) background
magnetic field has been a rich, fruitful playground for
both experimentalists and theorists.  Famously, it is

the home of the quantum Hall (and fractional quantum
Hall) effect.

I.
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While if you are clever you can guess the ground state 
wavefunction for the system and derive much interesting 

physics in that way          , there is also a systematic 

effective field theory approach to understanding such 2D 
electron gases.

∂µJµ = 0

1)  The essential physics is 2+1 dimensional.

2)  The electromagnetic current is conserved:

3) We are interested in the physics at long distances
and large time ( = small wave number, low frequency).

Zhang, Hansson, Kivelson;
Frohlich, Zee

 4) P and T are broken by the external magnetic field.
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In 2+1 dimensions, we can write the conserved current as 
the curl of a vector potential:

Jµ = 1
2π εµνλ∂νAλ

This vector enjoys a gauge symmetry under which the 
current remains invariant.

Now, we apply standard logic:  we expect the low-energy 
action to be governed by the lowest dimension

operator(s) we can write down, consistent with the 
symmetries of the problem.  The result is:

L = k
8π εµνρAµ∂νAρ + 1

e2ΛFµνFµν + · · ·
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The theory is a Chern-Simons theory at low energies.

Using elementary reasoning starting from the abelian
Chern-Simons theory, the phenomenology of the simplest 

odd-denominator filling fractions in the FQHE can be
well explained.

Natural question:  The irrelevant Maxwell perturbation 
here does not change the physics in the deep IR.  Are there 
other extensions of the Chern-Simons theory that we can 
imagine, that would change observable properties in the

IR?   Might they arise in real systems?
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2.    

IR fixed points with non-trivial dynamical scaling

A toy model to keep in mind (analogous to 

the conformal field theory of a free boson, 

but with nontrivial dynamical critical 

exponent z) is given by the Lagrangian:

L =
∫

d2x dt
(
(∂tM)2 − (∇2M)2

)

This  “Lifshitz fixed point” has z = 2 and is

actually known to govern the behavior of 

some magnetic materials and liquid crystals:

Hornreich, 

Lubin,

Shtrikman

x→ λx, t→ λzt

are quite common in condensed matter systems (where
Lorentz invariance is not a particularly natural symmetry).

An especially simple theory, which arises at critical points
in many toy models of spin systems, is:
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L = 1
2

∫
dt d2x

(
(∂tφ)2 − κ2(∇2φ)2

)
.

This is a free scalar field theory with a line of fixed points, 
all with dynamical exponent z=2.  It can be dualized to an

abelian gauge theory:

L =
∫

dt d2x (Ei∂tAi + At∂iEi −H(E,A))

H(E,A) =
1

2g2
2

(∂iEj)2 +
1

2g2
3

B(A)2

B(A) = εij∂iAj .

With the gauge field scaling inversely to the coordinates, 
this also enjoys z=2 scaling, of course.
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This theory has three potentially interesting perturbations.
Two have been studied in the literature:

*  One can perturb by the more standard quadratic in the 
electric field (which is clearly relevant):

∆L ∼ E2
i .

*  One can perturb by a quartic in the electric field, which
is naively marginal:

∆L ∼ (E2
i )2 .

With the sign of the perturbation that leaves the potential
bounded below, this operator is marginally irrelevant.

Vishwanath, Balents,
Senthil
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* Finally, one can consider the theory with action:

theory. Because the pure Chern-Simons theory describes a topological phase of matter,

namely the FQHE, the Lifshitz action could be viewed as a marginal deformation of this

topological phase. Such phases usually only admit irrelevant perturbations.

The structure of this paper is as follows. In Sec. 2, we canonically quantize the Lifshitz-

Chern-Simons theory and find that the z = 2 gapless modes persist. However, these modes

acquire a parity-violating unit of spin. In Sec. 3, we put the theory on a nontrivial Riemann

surface and find that despite the presence of gapless bulk modes, the non-trivial ground-

state degeneracy of the model persists. In Sec. 4, we argue that when the theory is placed

on a surface with boundary, we find gapless chiral edge modes which remain even after

the introduction of disorder. Finally, in Sec. 5, we couple an external gauge field to the

Lifshitz-Chern-Simons theory in order to calculate various response functions. We describe

the phase diagram as a function of the single relevant E2 perturbation.

2. Canonical Quantization

Before studying the Lifshitz-Chern-Simons theory, we recall the excitation spectrum

for Maxwell-Chern-Simons theory on R3. In [10], Deser, Jackiw and Templeton find that

the Chern-Simons coupling imparts a tree-level mass for the linearly dispersing gauge

field excitations proportional to the Chern-Simons level multiplied by the ultraviolet (UV)

cutoff. Further, reflecting the violation of parity, this gapped excitation has a unit of spin.

Below, we closely follow the quantization procedure discussed in [10].

The Lifshitz-Chern-Simons action is

L =
∫

dtd2x
( 1

g2
1

(Ei∂tAi + A0∂iEi)−
1

2g2
2

(∂iEj)2 −
1

2g2
3

B2 +
k

2
εµνρAµ∂νAρ

)
. (2.1)

We are allowed to introduce three coupling constants gi with i = 1, 2, 3 because we are

not requiring Lorentz invariance. We also introduce the Chern-Simons level k, which

is quantized when one considers the theory on non-trivial three-manifolds [11]. Since the

theory is critical, no ultra-violet (UV) cutoff is required (in contast, a UV cutoff is required

in studies of the Maxwell-Chern-Simons Lagrangian).

After formally integrating out the electric field (which is well-defined as long as the

momenta are non-zero), we obtain the Lagrangian

L =
1
2

∫
dtd2x

( 1
g2
2

(∂iEj)2 −
1
g2
3

B2 + kεµνρAµ∂νAρ

)
, (2.2)
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Or,  formally solving for E and reinserting (valid at non-zero 
momenta):
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Ei =
(g2

2

g2
1

)∂iA0 − ∂tAi

∇2
, B = ∂1A2 − ∂2A1.

In terms of the canonical momenta Πi

Πi =
δL

δ(∂tAi)
=

Ei

g2
1

+
k

2
εijAj ,

the Hamiltonian is

H =
1
2

∫
d2x

[
g2

E(∂iΠj −
k

2
εjk∂iAk)2 +

1
g2
3

B2
]
, (2.3)

where we have defined g2
E = g4

1/g2
2 .

Canonical quantization of this theory is simplest in the gauge in which we take A0 = 0,

restrict to transverse fluctuations of the gauge field ∂iAi = 0, and impose the canonical

commutation relations

[Ai(x),Πj(y)] = iδijδ(x− y),

where we have chosen Πi = −iδ/δAi. Gauss’ law, which is obtained from the A0 equation

of motion

G = ∂iΠi +
k

2
B = 0 ,

must be imposed as a constraint on physical states G|Ψ〉 = 0. Note that G commutes with

the Hamiltonian. Thus, once imposed on a state, Gauss’ law is satisfied by subsequent

evolution.

A general Schrödinger wave functional Ψ(A) has the form

Ψ(A) = e
ik
2

∫
d2xB

∂kAk√
∂2 Φ[A2

T ] (2.4)

for some functional Φ[A2
T ] of the transverse field AT , because

(
∂j
−iδ

δAj
+

k

2
B

)
e

ik
2

∫
d2xB

∂kAk√
∂2 = 0

and

∂j
−iδ

δAj
Φ[A2

T ] = −2iΦ′[A2
T ]∂jA

j
T = 0.
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This might be called the abelian “Lifshitz-Chern-Simons” 
theory.   The Chern-Simons term looks like a marginal 

“perturbation” of the z=2 critical theory, and vice-versa.
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This theory might be expected to arise if one combines the 
circumstances that normally give rise to z=2 scaling, with P 
and T violating background fields.  It cannot be mapped (by 

a local transformation) into a scalar theory.

Henceforth, I will take the attitude that since this theory is 
a simple extension of two different physical theories that 
have played an important role in characterizing interesting 

phases of matter, and since it is eminently tractable, we 
should investigate its physics.

Ultimately, the usefulness of this theory will be determined 
by whether its phase structure and transport properties 
match those of observed systems.  But we begin with a 

lightning discussion of more theoretical issues.
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Interesting “topological” properties of the (L)CS theory

The Chern-Simons theory is (famously) a topological
field theory, whose physical observables are correlated
with interesting mathematical features of the space on

which it lives (e.g. the Jones polynomials). Witten

Studies of  “topologically ordered” states in condensed 
matter (gapped models with degenerate ground states 
which are not distinguished by a simple Landau order 

parameter) have taken on a life of their own.

But Chern-Simons theory is still the canonical example, and 
its two most interesting properties in this regard are:
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*   The existence of (almost) degenerate ground states, 
when the theory is formulated on a Riemann surface of 

genus g.

Wen; 
Wen, Niu

In searching for ground states, one can restrict to zero-
momentum modes of the gauge field (assuming the vacuum 

doesn’t spontaneously break translation invariance).

In Maxwell-Chern-Simons theory, this yields a quantum 
mechanics problem with:

more general three-manifolds by gluing together these basic units with appropriate twists.)

The degeneracy arises by quantizing the moduli space of Wilson lines of the gauge field

around the one-cyles of the Riemann surface. For a genus g Riemann surface, there are

2g ones cycles and the ground state degeneracy is kg where k is the Chern-Simons level or

coefficient.

This result is obtained as follows [12]. If we are interested in the ground state, then

we may restrict to zero momentum modes.3 Restricting to zero momentum turns the

quantum field theory problem into one of quantum mechanics. For the Maxwell-Chern-

Simons theory, the quantum mechanics problem is that of g particles moving on a two-

dimensional plane in a magnetic field of strength k. To see this, write Ai = Ai(t) where we

are working in A0 = 0 gauge, and let us take Σ = T 2, the torus, for which g = 1, with unit

length cycles. A momentum-independent gauge field clearly solves Gauss’ law assuming

there are no local sources. Plugging the ansatz for Ai into the Maxwell-Chern-Simons

action we find

L =
∫

dt
[ 1
2e2Λ

(∂tAi)2 + k(A1∂tA2 −A2∂tA1)
]

where Λ is the UV cutoff. This Landau level problem has a series of degenerate energy

levels of degeneracy k for each particle with a level separation of ke2Λ. Taking the cutoff

Λ to infinity decouples the excited states. This excitation gap coincides with the analysis

of [10].

We now turn to the Lifshitz-Chern-Simons theory described by the Lagrangian,

L =
∫

dtd2x
(
Ei∂tAi + A0∂iEi −

1
2
(∂iEj)2 −

1
2
B2 +

k

2
εµνρAµ∂νAρ

)
. (3.1)

We have set the coupling constants gi introduced earlier to unity. If we attempt to integrate

out the electric field (re-expressing it in terms of the Ai), we find the expression:

Ei =
∂iA0 − ∂tAi

∇2
.

Because of the divergence at zero momentum, it is subtle to try and use this formula

directly.

3 This is true assuming that the expansion about zero momentum is stable, i.e. that the vacuum

does not spontaneously break translation invariance, which is true for the Maxwell-Chern-Simons

theory. More generally, if this is not the case, then the theory must be expanded about the vacuum

in which the unstable momentum modes have condensed.

8
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In the case of e.g. the torus, we can reduce this to a 
problem involving the two Wilson-line zero modes.

These Wilson lines themselves live on a (dual) torus,  and 
are governed by the Lagrangian:

(where the mass term is generated by the Maxwell term).

This Lagrangian describes a charged particle moving on the 
dual torus,  in the presence of a magnetic field of order k. 
The quantum mechanics of such a particle (i.e. the physics 
of the Landau levels) was studied by Haldane and Rezayi.    

L =
∫

dt kπ(ẋy − ẏx) + m
2 (ẋ2 + ẏ2)
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With 

H =
1

2m

(
−(∂x − iAx)2 − (∂y − iAy)2

)

Ax = 0, Ay = Bx = 2πkx

they find that the ground state is k-fold degenerate.  The 
wave functions of the ground states are given by:

Ψl(x, y) =
(∑

n e2π(x+iy)(nk+l)− (nk+l)2
k π

)
e−2π2Bx2

, l = 0, 1, ..., k − 1

(This thing is a theta function)
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The result can be generalized to higher genus surfaces 
(with theta functions again playing a starring role).  One 

finds, at level k and genus g:

Result : kg degenerate ground states

More precisely, on a system with finite size L, the splitting
of these ground states goes like

∆E ∼ Exp(−Lm)

where m is related to the gap and the mass of the lightest
quasiparticle excitations.
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*  The existence of chiral edge modes, when the theory is 
placed on a space with boundary:

This is more or less self-explanatory.  The derivation of the 
existence of the edge modes most elegantly proceeds from 

anomaly considerations:

or σxy =
e2

h

IQHE

σxy =
e2

h

IQHE

FIGURE 2. Chiral edge states of the integer quantum Hall
insulators.

tors (superconductors) in d spatial dimensions to a prob-

lem of Anderson localization in (d− 1) dimensions. In
this work we solve this problem of Anderson localiza-

tion, and thereby the classification problem for topologi-

cal insulators (superconductors).

Topological insulators (superconductors) are in-

herently “holographic” states: the nature of the d-

dimensional gapped topological bulk state can be read

off from the (holographic) “image” or “shadow” of these

topological properties on the system’s boundaries. In-

deed, there is a one-to-one correspondence between the

topological properties of the gapped bulk and properties

of the gapless surface degrees of freedom. These notions

are of course familiar from the quantumHall effect,2 and

it will be useful to remind the reader of (simple) well

known examples of such quantum states.

Well known examples of topological insulators (super-

conductors):

(i): The probably best known example of a topologi-

cal insulator is the integer quantum Hall insulator (i.e., a

filled Landau level). In this non-interacting d = 2 elec-

tron system time-reversal symmetry (TRS) is broken

due to the applied magnetic field. If we terminate the

quantum Hall insulator by a one-dimensional boundary

against “vacuum”, a gapless edge state is known to ap-

pear (see Fig. 2). This edge state possesses a chirality

inherited from the applied magnetic field (broken TRS),

and propagates only in one direction; therefore it cannot

be localized by disorder.

(ii): Another example in d = 2 is the chiral px + ipy
superconductor (see e.g. [2]). This is a gapped super-

conductor, which also breaks TRS. The non-interacting

system in question is the system of quasi-particle excita-

tions deep inside the superconducting state, as described

by the Bogoliubov-de Gennes (BdG) equation. This is

an example of a topological superconductor, as can be

seen by terminating the chiral px + ipy state against vac-

uum (or an otherwise structureless “standard” supercon-

2 See e.g. [3, 4, 5]; see also [6] for a different context.

ducting state): again, at the interface (boundary) a chi-

ral edge mode is known to occur, which, since it propa-

gates only in one direction cannot be localized by disor-

der [just as that of example (i)]. However, since charge

is not a conserved quantity in a superconductor, this

chiral edge mode only transports heat (energy) and not

charge. This makes clear that while also being a topolog-

ical gapped state in d = 2, the chiral px + ipy supercon-

ductor possesses different “symmetries” than the d = 2

integer quantum Hall state in example (i). (This notion

of “symmetries” will be made precise below.)

(iii): Another topological insulating state, often re-

ferred to as the Z2-topological insulator [7, 8], or the

“quantum spin Hall” (QSH) state, has recently attracted

much attention. This state is known to exist in d = 2

and in d = 3 dimensions and, as opposed to the previous

two examples, does not break TRS. It is known to occur

in certain band insulators with strong spin-orbit interac-

tions. Let us first discuss the d = 2 case, realized exper-

imentally e.g. in HgTe/(Hg,Ce)Te semiconductor quan-

tum wells [9]. Because TRS is not broken, it is not as ob-

vious as in examples (i) and (ii) why the gapless bound-

ary degrees of freedom appearing at the interface ter-

minating the d = 2 Z2-topological insulator against vac-

uum cannot be localized by disorder. However, this edge

state consists of a single Kramers doublet corresponding

to a single pair of modes propagating in opposite direc-

tions (see Fig. 3), which cannot be mixed by any TRS

impurity potential.3 The Z2-topological insulator [7], or

the QSH state, is also known to exist in d = 3 dimen-

sions [10, 11, 12]. It is realized in Bismuth-Antimony

alloys, as demonstrated in recent experiments [13, 14].

In this work, we ask ourselves the question: which d-

dimensional (non-interacting) fermion systems possess

gapped ground states with topologically non-trivial prop-

erties, i.e., which systems are “topological insulators (su-

perconductors)”, as described above? How many “differ-

ent” such systems are there? Are there infinitely many,

or only a finite number of them? How do these proper-

ties depend on the spatial dimensionality d? Is there any

systematics underlying these different systems?

The answer to these questions turns out to be both deep

and interesting: in every spatial dimension d = 1,2,3
there exist precisely five different classes of topological

3 Indeed, a one-dimensional extended (not localizing) statehad already
been observed [15] in studies of (quasi 1D) Anderson localization
problems with spin-orbit scattering in 1992, but this observation was
not understood until recently: truly quasi one-dimensional systems with
spin-orbit scattering must always possess two of Kramers doublets
which indeed are not protected from localization by disorder; however,
when the one-dimensional system is the boundary of what is known
today as a two-dimensional Z2-topological insulator, a pair of edge
states which form a single Kramers doublet appears on each boundary,
and such a pair evades Anderson localization.
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When formulated on a space with boundary, the gauge-
variation of the Chern-Simons action yields:

δA = ∂f →

δS ∼
∫

∂Σ3

f ∧ F .

For the level k theory,  this lack of gauge invariance can
be fixed by adding a boundary chiral fermion:

Sboundary = k
4π

∫
dt dx λ∗(i∂t − ∂x)λ .
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Such  “edge modes”  are characteristic of topological 
phases, and in fact play a central role in some recent efforts 

to classify topological insulators. Ryu, Schnyder, Furusaki, 
Ludwig; Kitaev

Both the chiral edge modes and the degenerate ground 
states of these topologically ordered systems, have been
implicitly assumed to be closely related to the gapped 

nature of the bulk theory.

One of the interesting aspects of the abelian Lifshitz-
Chern-Simons theory is that it exhibits both the chiral 

edge modes and the ground-state degeneracy, while 
manifesting a gapless critical theory in the bulk.  (This

is in contrast to Maxwell-Chern-Simons, which is massive).
Deser, Jackiw,

Templeton
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The persistence of the edge modes is clear.

*  Their presence is still required to cancel a non-vanishing 
gauge variation when the LCS theory is placed on a space 

with boundary.

* Perturbation theory in the Lifshitz gauge couplings could 
in principle perturb the Lagrangian for the chiral edge 
modes, but this purely chiral theory has no relevant 

perturbations.  It is thus robust under the addition of the 
Lifshitz terms, with small gauge couplings.
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The ground state degeneracy persists for the following 
intuitive reason.   Let’s consider the theory with a 

regulating (marginally irrelevant) perturbation:

∆L ∼ −λ(E2
i )2

*  The degeneracy within each Landau level of the  “particle 
in a magnetic field”  (that arises by quantizing the moduli 

space of flat connections) remains.

*  An extra degeneracy that would arise even in the pure 
Lifshitz gauge theory (from the undetermined 

expectation value of the E-field) is lifted by the regulator.
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Linear Response and Phase Structure of the LCS theory

Now, we study the phase structure and transport 
properties as a function of the single relevant 

coupling and the Chern-Simons level.

5. Response

In this section, we determine how the system responds to an external gauge field by
calculating various response functions. We will calculate both static and dynamic response
functions. Static and dynamic response is distinguished by the order in which the zero
frequency and zero momentum limits are taken. For static response the frequency is taken
to zero first and followed by the zero momentum limit, while this ordering is switched for
dynamic response. Such limits need not commute when the theory is off-critical.

What phase the system is in, is determined by the coefficient of E2
i . For a positive

coefficient, the theory is massive and at long wavelengths the response matches that of
the Maxwell-Chern-Simons theory. The system is critical when the coefficient is zero. An
instability of the theory develops when the coefficient is negative. The ground state breaks
the SO(2) rotational symmetry. The anisotropy of the ground state manifests itself in
the response to an applied field. In all phases, the Chern-Simons coefficient k != 0 is
responsible for any non-zero Hall conductivity. Below, we determine the response in these
three phases.

The general outline of the response calculation is the following. First, we minimally
couple the external gauge field Vµ to the current in (1.2),5

δL =
∫

dtd2x JµVµ. (5.1)

We take both the internal Aµ and external Vµ gauge fields to be in the transverse gauge,
∂iAi = 0. This constraint fixes time-independent gauge transformations. Time-dependent
gauge transformations are fixed by either setting A0 to zero or a frequency-independent
function depending upon which choice is most convenient. Because the action is quadratic,
we can integrate out the Aµ gauge field. In momentum space, the action for the external
gauge field then takes the form

L =
1
2

∫
dωd2p VµKµνVν (5.2)

for some matrix Kµν(ω, p). Re(Kµν) must be symmetric while Im(Kµν) is antisymmetric
in the indices µν. Further, gauge invariance of (5.2) implies that pµKµν(ω, p) is zero.
These requirements are satisfied by the Kµν found in the various phases below.

5 To avoid confusion, we should stress that as is conventional in the condensed matter literature,

our Aµ is a “statistical” gauge field which is not to be confused with the photon, while the external

electromagnetic field is represented by Vµ.
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electromagnetic field is represented by Vµ.
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To do this, we couple the external electromagnetic field
to the current of the statistical gauge field

1. Introduction

In 2+1 dimensions, standard arguments of effective field theory suggest that in the
presence of parity (P) and time-reversal invariance (T) violations, the infrared dynamics
of a gauge field should be controlled by the Chern-Simons Lagrangian. Even in the abelian
case, this action contains a great deal of physics. In the context of the fractional quantum
Hall effect (FQHE) on the plane, where the background magnetic field breaks P and T,
the coefficient of the Chern-Simons action encodes the Hall conductance, and governs
the charge and statistics of the quasiparticle excitations (see e.g. [1,2]). Further, when
the system is placed on a higher genus Riemann surface or a surface with boundaries,
the existence of degenerate ground states (split by exponentially small corrections in the
system size) and gapless boundary excitations follows directly [3].

In the spirit of effective field theory, one determines the free action to expand about by
demanding invariance under a specific scaling of the fields and coordinates. In condensed
matter systems, where Lorentz invariance is not a fundamental symmetry, it is natural to
consider the possibility of dynamical scaling, characterized by an exponent z. In a theory
with dynamical critical exponent z, under a scale transformation controlled by parameter
λ,

t→ λzt, x→ λx (1.1)

(with the components of the gauge field scaling as above but with inverse powers of λ).
The above construction of the Chern-Simons effective action implicitly assumed a

homogeneous z = 1 scaling of the coordinates and fields. The leading irrelevant operator
is then provided by the Maxwell term for the gauge field, and is consistent with the
assumption that one flows to a Chern-Simons theory in the deep infrared. However, the
Chern-Simons theory itself is topological, and does not give a preferred choice of scaling;
it is compatible with any choice of z. It is therefore natural to ask how this general picture
is modified when general z is allowed. Here, we consider abelian Chern-Simons theory and
focus on the specific case z = 2.

The z = 2 abelian gauge theory

It is conventional to begin the study of e.g. the Hall system by assuming the existence
of a conserved (electromagnetic) current. Thus, we study a system described by a conserved
current J . Conservation of the current allows one to introduce a gauge field, A,

Jµ = εµνρ∂νAρ. (1.2)

1

We then integrate it out (quadratic action!), to obtain:
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We can then obtain e.g. the conductivity in each phase, by 
using the simple relation:

The conductivity is an example of a quantity that can be derived from Kµν . Assuming
the external field only has time-dependence, the derivative of the action (5.2) gives the
conductivity σij by the formula,

σjk(ω, p) =
Kjk(ω, p)

iω
, (5.3)

where ω, p is the frequency and momentum of the external field. This follows from Ohm’s
law

δL

δVi
= Ji = KijVj = σijEj . (5.4)

5.1. At Criticality

For simplicity, we begin with the critical Lifshitz-Chern-Simons theory. The action
takes the form

L =
1
2

∫
dτd2x

[ (∂tAi)2 + (∂iA0)2

−g2
E∇2

− (∂iAj)2

g2
3

+ kεµνρAµ∂νAρ + 2εµνρVµ∂νAρ

]
. (5.5)

We have integrated out the electric field to write the action (5.5) in terms of the gauge
field. We have also reinstated the coupling constants gE , g3 in order to keep track of how
various terms affect the answer. Note that the action (5.5) is only well defined for non-zero
momentum. Although we will be interested in taking the p → 0 limit in studying trans-
port, because the transport coefficients are related to two-point functions which involve
derivatives with respect to momenta, the IR difficulties of the action (5.5) do not affect
these calculations.

Working in momentum space (ω, p1, p2), the Aµ field equations relate Aµ to Vµ




A0

A1

A2



 =





1
g2

E
−ikp2 ikp1

ikp2
ω2

g2
Ep2 − p2

g2
3

ikω

−ikp1 −ikω ω2

g2
Ep2 − p2

g2
3





−1 


0 ip2 −ip1

−ip2 0 −iω
ip1 iω 0








V0

V1

V2





=: G−1H




V0

V1

V2





(5.6)

where G and H are defined in (5.6) by the first and second matrices, respectively. The
field equations (5.6) allow us to write the action in terms of Vµ

Leff =
1
2

∫
dωd2p Vt

[
(G−1H)tH− 2HG−1H

]
V, (5.7)
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Phase 1: The Critical Theory
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We have integrated out the electric field to write the action (5.5) in terms of the gauge
field. We have also reinstated the coupling constants gE , g3 in order to keep track of how
various terms affect the answer. Note that the action (5.5) is only well defined for non-zero
momentum. Although we will be interested in taking the p → 0 limit in studying trans-
port, because the transport coefficients are related to two-point functions which involve
derivatives with respect to momenta, the IR difficulties of the action (5.5) do not affect
these calculations.
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where G and H are defined in (5.6) by the first and second matrices, respectively. The
field equations (5.6) allow us to write the action in terms of Vµ
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1
2

∫
dωd2p Vt
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]
V, (5.7)
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The Lagrangian of the (free) scale-invariant theory is:
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The field equations allow one to solve for A in terms of  V:
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, (5.3)

where ω, p is the frequency and momentum of the external field. This follows from Ohm’s
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derivatives with respect to momenta, the IR difficulties of the action (5.5) do not affect
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Working in momentum space (ω, p1, p2), the Aµ field equations relate Aµ to Vµ




A0

A1

A2



 =





1
g2

E
−ikp2 ikp1

ikp2
ω2

g2
Ep2 − p2

g2
3

ikω

−ikp1 −ikω ω2

g2
Ep2 − p2

g2
3





−1 


0 ip2 −ip1

−ip2 0 −iω
ip1 iω 0








V0

V1

V2





=: G−1H




V0

V1

V2





(5.6)

where G and H are defined in (5.6) by the first and second matrices, respectively. The
field equations (5.6) allow us to write the action in terms of Vµ
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]
V, (5.7)
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Then, we can re-write the action in terms of  V as:
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where G and H are defined in (5.6) by the first and second matrices, respectively. The
field equations (5.6) allow us to write the action in terms of Vµ
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dωd2p Vt
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and solve for the response function:

where

V =




V0

V1

V2



 . (5.8)

Thus, the response function

K = ((G−1H)t − 2HG−1)H. (5.9)

We first consider static response by setting ω = 0 in (5.7). Using the definition of the

(charge) compressibility c, we find

c = lim
p→0

K00 =
3g2

3

1 + g2
Eg2

3k2
. (5.10)

This finite result is allowed for a z = 2 critical system since the dimension of V 2
0 is four.

The Hall coefficient σH can be read off from Ohm’s law,

Ji =
δLeff

δVi
= −εij

g2
3g2

Ek

1 + g2
3g2

Ek2
(ipjV0) = − g2

3g2
Ek

1 + g2
3g2

Ek2
εijE

ext
j (5.11)

where Eext is the background electric field. The Hall coefficient is also dimensionless. The

other entries in the static response function vanish quadratically as the momentum is taken

to zero.

For the dynamic response, we allow non-zero ω dependence. For convenience we can

set A0 to zero as we are only interested in the diagonal matrix elements along the spatial

directions. Because of the SO(2) rotation invariance

K11 = K22 =
3g2

3g2
Ep2ω2(−g2

Ep4 + g2
3ω2)

2g2
3g2

Ep4ω2 − g4
3ω4 + g4

E(−p8 + g2
3k2p4ω2)

(5.12)

which vanishes quadratically, K11 = −3g2
Ep2 + O(p6) as the momentum is taken to zero.

The off-diagonal component,

K12 =
ikω3

p4

g4
3
− 2ω2

g2
Eg2

3
− k2ω2 + ω4

g4
Ep4

, (5.13)

vanishes as K12 ∼ p4

ω +O(p8) for small momentum.

Therefore, the critical theory shows insulating behavior.
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In other words, the critical theory is an insulator.
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Phase II:  The Massive Phase

5.2. Massive Phase

If the Lifshitz-Chern-Simons theory is perturbed by the E2
i operator with positive

coefficient, it drives the system towards the massive Maxwell-Chern-Simons theory at low

energy. Nevertheless, it is still possible to ask about the response near the UV Lifshitz-

Chern-Simons fixed point where the distance from the UV critical point is determined by

the ratio of the E2
i coefficient to the square of the UV cutoff. At the other extreme, we

determine the leading corrections in the deep IR given by the Lifshitz coupling.

We study the action

L =
∫

dtd2x
(
(Ei∂tAi+A0∂iEi)−

e2

2
E2

i −
"2

2
(∂iEj)2−

1
2g2

3

B2+
k

2
εµνρAµ∂νAρ+VµJµ(A)

)
.

(5.14)

In addition to g2
3 , we have introduced the positive E2

i coefficient e2 > 0 and renamed

g2
E → "2. The IR scaling limit is achieved by identifying e2 and g2

3 and then taking

e2 →∞.

The determination of the response functions works identically to the critical case

above. Only the G matrix is modified

G =





p2

e2+#2p2 −ikp2 ikp1

ikp2
ω2

(e2+#2p2) −
p2

g2
3

ikω

−ikp1 −ikω ω2

(e2+#2p2) −
p2

g2
3



 . (5.15)

Again, the response matrix K = ((G−1H)t − 2HG−1)H with H given in (5.6).

We first consider the static response. The compressibility is

c = lim
p→0

3g2
3p2

e2g2
3k2 + (1 + g2

3"2k2)p2
. (5.16)

At low momentum and finite e2, the compressibility vanishes quadratically in p. The Hall

coefficient is proportional to 1/k (for non-zero k). An incompressible fluid with quantized

Hall conductivity matches the expectation that the Maxwell term dominates the Lifshitz

term at low energies.

Alternatively, it is possible to expand (5.16) near the Lifshitz-Chern-Simons critical

point. The expansion parameter is e2/p2. The leading correction c(1) to (5.10) is

c(1) = − 3g4
3k2(e2/p2)

(1 + g2
3"2k2)2

. (5.17)
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In this phase, we add back the electric field couplings 
present in the Maxwell term:  

Only the  “G-matrix”  is modified as compared with the 
calculation in the previous phase:
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i operator with positive

coefficient, it drives the system towards the massive Maxwell-Chern-Simons theory at low

energy. Nevertheless, it is still possible to ask about the response near the UV Lifshitz-

Chern-Simons fixed point where the distance from the UV critical point is determined by

the ratio of the E2
i coefficient to the square of the UV cutoff. At the other extreme, we

determine the leading corrections in the deep IR given by the Lifshitz coupling.

We study the action

L =
∫

dtd2x
(
(Ei∂tAi+A0∂iEi)−

e2

2
E2

i −
"2

2
(∂iEj)2−

1
2g2

3

B2+
k

2
εµνρAµ∂νAρ+VµJµ(A)

)
.

(5.14)

In addition to g2
3 , we have introduced the positive E2

i coefficient e2 > 0 and renamed

g2
E → "2. The IR scaling limit is achieved by identifying e2 and g2

3 and then taking

e2 →∞.

The determination of the response functions works identically to the critical case

above. Only the G matrix is modified

G =





p2

e2+#2p2 −ikp2 ikp1

ikp2
ω2

(e2+#2p2) −
p2

g2
3

ikω

−ikp1 −ikω ω2

(e2+#2p2) −
p2

g2
3



 . (5.15)

Again, the response matrix K = ((G−1H)t − 2HG−1)H with H given in (5.6).

We first consider the static response. The compressibility is

c = lim
p→0

3g2
3p2

e2g2
3k2 + (1 + g2

3"2k2)p2
. (5.16)

At low momentum and finite e2, the compressibility vanishes quadratically in p. The Hall

coefficient is proportional to 1/k (for non-zero k). An incompressible fluid with quantized

Hall conductivity matches the expectation that the Maxwell term dominates the Lifshitz

term at low energies.

Alternatively, it is possible to expand (5.16) near the Lifshitz-Chern-Simons critical

point. The expansion parameter is e2/p2. The leading correction c(1) to (5.10) is

c(1) = − 3g4
3k2(e2/p2)

(1 + g2
3"2k2)2

. (5.17)
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Now we find a compressibility:
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energy. Nevertheless, it is still possible to ask about the response near the UV Lifshitz-

Chern-Simons fixed point where the distance from the UV critical point is determined by

the ratio of the E2
i coefficient to the square of the UV cutoff. At the other extreme, we

determine the leading corrections in the deep IR given by the Lifshitz coupling.

We study the action
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(
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In addition to g2
3 , we have introduced the positive E2

i coefficient e2 > 0 and renamed

g2
E → "2. The IR scaling limit is achieved by identifying e2 and g2

3 and then taking

e2 →∞.

The determination of the response functions works identically to the critical case

above. Only the G matrix is modified

G =




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e2+#2p2 −ikp2 ikp1

ikp2
ω2

(e2+#2p2) −
p2
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ikω

−ikp1 −ikω ω2

(e2+#2p2) −
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

 . (5.15)

Again, the response matrix K = ((G−1H)t − 2HG−1)H with H given in (5.6).

We first consider the static response. The compressibility is

c = lim
p→0

3g2
3p2

e2g2
3k2 + (1 + g2

3"2k2)p2
. (5.16)

At low momentum and finite e2, the compressibility vanishes quadratically in p. The Hall

coefficient is proportional to 1/k (for non-zero k). An incompressible fluid with quantized

Hall conductivity matches the expectation that the Maxwell term dominates the Lifshitz

term at low energies.

Alternatively, it is possible to expand (5.16) near the Lifshitz-Chern-Simons critical

point. The expansion parameter is e2/p2. The leading correction c(1) to (5.10) is

c(1) = − 3g4
3k2(e2/p2)

(1 + g2
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. (5.17)
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This vanishes at low momentum, as one would expect; the 
IR physics should be that of the pure Chern-Simons theory.

The AC conductivity takes the form:

The zero momentum limit must be taken so that the ratio e2/p2 stays finite; this is rea-
sonable, because the Lifshitz-Chern-Simons fixed point governs the UV behavior, where
e2 is flowing to zero.

For the dynamic response, we again simplify the calculation by setting A0 = 0. The
diagonal entries equal

K11 = K22 = −
3ω2(−p2

g2
3

+ ω2

e2+"2p2 )
p4

g4
3

+ ω2(−k2 − 2p2

e2g2
3+g2

3"2p2 + ω2

(e2+"2p2)2 )
. (5.18)

The answer at the critical point (5.12) is recovered in (5.18) by setting e2 = 0. The leading
correction about the Lifshitz-Chern-Simons fixed point in the limit of vanishing momentum
is given by

K11 =
3e2ω2

e4k2 − ω2
+O(p2). (5.19)

Note that we take p to zero before expanding about e2 = 0 in (5.19). The behavior in the
limit ω → 0 depends crucially on whether or not there is a non-zero Chern-Simons level.
If k is non-zero, the longitudinal conductivity vanishes linearly at low frequency, reflecting
insulating behavior. However, if k = 0, the conductivity falls off as 1/iω. It follows from
the Kramers-Kronig relation that Re(σ) has a delta-function at zero frequency. Disorder
and/or non-perturbative effects could modify this singular behavior. One also finds that

K12 = −iω/k (5.20)

at low frequency and zero momentum, for k #= 0.
These results are consistent with interpreting the massive phase as a superconductor

for k = 0 and a standard quantum Hall system for k #= 0.

5.3. Anisotropic Phase

When studying the massive phase in the previous subsection, because the origin in
field space is stable and the E2

i term dominates in the IR, the higher derivative terms
in (5.14) can be dropped in calculating the long wavelength response. In contrast, the
symmetry breaking Lagrangian with a negative E2

i coefficient requires higher derivative
terms in order to determine the symmetry-breaking vacuum.

Thus, we study the Lagrangian (1.3) + Chern-Simons term with

H[E,B] = −e2E2
i +

#2

2
(∂iEj)2 +

λ

4
(E2

i )2 +
1

2g2
3

B2. (5.21)
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The leading correction in the Maxwell coupling, expanding 
about the Lifshitz-Chern-Simons critical point, is:
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The zero momentum limit must be taken so that the ratio e2/p2 stays finite; this is rea-
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insulating behavior. However, if k = 0, the conductivity falls off as 1/iω. It follows from
the Kramers-Kronig relation that Re(σ) has a delta-function at zero frequency. Disorder
and/or non-perturbative effects could modify this singular behavior. One also finds that

K12 = −iω/k (5.20)

at low frequency and zero momentum, for k #= 0.
These results are consistent with interpreting the massive phase as a superconductor

for k = 0 and a standard quantum Hall system for k #= 0.

5.3. Anisotropic Phase

When studying the massive phase in the previous subsection, because the origin in
field space is stable and the E2

i term dominates in the IR, the higher derivative terms
in (5.14) can be dropped in calculating the long wavelength response. In contrast, the
symmetry breaking Lagrangian with a negative E2

i coefficient requires higher derivative
terms in order to determine the symmetry-breaking vacuum.

Thus, we study the Lagrangian (1.3) + Chern-Simons term with

H[E,B] = −e2E2
i +

#2

2
(∂iEj)2 +

λ

4
(E2

i )2 +
1

2g2
3

B2. (5.21)
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*  At level k=0, the resulting conductivity shows a pole in 
the imaginary piece, corresponding (via Kramers-Kronig) to 

a delta function in the real conductivity.  This is the 
superconducting behavior of the pure Maxwell theory.

*  At non-zero k, the longitudinal conductivity vanishes at 
zero momentum, indicating insulating behavior. 

The zero momentum limit must be taken so that the ratio e2/p2 stays finite; this is rea-
sonable, because the Lifshitz-Chern-Simons fixed point governs the UV behavior, where
e2 is flowing to zero.

For the dynamic response, we again simplify the calculation by setting A0 = 0. The
diagonal entries equal

K11 = K22 = −
3ω2(−p2

g2
3

+ ω2

e2+"2p2 )
p4

g4
3

+ ω2(−k2 − 2p2

e2g2
3+g2

3"2p2 + ω2

(e2+"2p2)2 )
. (5.18)

The answer at the critical point (5.12) is recovered in (5.18) by setting e2 = 0. The leading
correction about the Lifshitz-Chern-Simons fixed point in the limit of vanishing momentum
is given by

K11 =
3e2ω2

e4k2 − ω2
+O(p2). (5.19)

Note that we take p to zero before expanding about e2 = 0 in (5.19). The behavior in the
limit ω → 0 depends crucially on whether or not there is a non-zero Chern-Simons level.
If k is non-zero, the longitudinal conductivity vanishes linearly at low frequency, reflecting
insulating behavior. However, if k = 0, the conductivity falls off as 1/iω. It follows from
the Kramers-Kronig relation that Re(σ) has a delta-function at zero frequency. Disorder
and/or non-perturbative effects could modify this singular behavior. One also finds that

K12 = −iω/k (5.20)

at low frequency and zero momentum, for k #= 0.
These results are consistent with interpreting the massive phase as a superconductor

for k = 0 and a standard quantum Hall system for k #= 0.

5.3. Anisotropic Phase

When studying the massive phase in the previous subsection, because the origin in
field space is stable and the E2

i term dominates in the IR, the higher derivative terms
in (5.14) can be dropped in calculating the long wavelength response. In contrast, the
symmetry breaking Lagrangian with a negative E2

i coefficient requires higher derivative
terms in order to determine the symmetry-breaking vacuum.

Thus, we study the Lagrangian (1.3) + Chern-Simons term with

H[E,B] = −e2E2
i +

#2

2
(∂iEj)2 +

λ

4
(E2

i )2 +
1

2g2
3

B2. (5.21)
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*  In addition, a non-zero k the Hall conductivity is 
controlled by:

I.e., we have a quantum Hall system for non-zero k, as 
expected.  
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Phase III:  The Anisotropic Phase

Now, we study the theory with a  “wrong sign”  quadratic 
term in the electric field, stabilized by a quartic 

perturbation.  The Hamiltonian is:

The zero momentum limit must be taken so that the ratio e2/p2 stays finite; this is rea-
sonable, because the Lifshitz-Chern-Simons fixed point governs the UV behavior, where
e2 is flowing to zero.

For the dynamic response, we again simplify the calculation by setting A0 = 0. The
diagonal entries equal

K11 = K22 = −
3ω2(−p2

g2
3

+ ω2

e2+"2p2 )
p4

g4
3

+ ω2(−k2 − 2p2

e2g2
3+g2

3"2p2 + ω2

(e2+"2p2)2 )
. (5.18)

The answer at the critical point (5.12) is recovered in (5.18) by setting e2 = 0. The leading
correction about the Lifshitz-Chern-Simons fixed point in the limit of vanishing momentum
is given by

K11 =
3e2ω2

e4k2 − ω2
+O(p2). (5.19)

Note that we take p to zero before expanding about e2 = 0 in (5.19). The behavior in the
limit ω → 0 depends crucially on whether or not there is a non-zero Chern-Simons level.
If k is non-zero, the longitudinal conductivity vanishes linearly at low frequency, reflecting
insulating behavior. However, if k = 0, the conductivity falls off as 1/iω. It follows from
the Kramers-Kronig relation that Re(σ) has a delta-function at zero frequency. Disorder
and/or non-perturbative effects could modify this singular behavior. One also finds that

K12 = −iω/k (5.20)

at low frequency and zero momentum, for k #= 0.
These results are consistent with interpreting the massive phase as a superconductor

for k = 0 and a standard quantum Hall system for k #= 0.

5.3. Anisotropic Phase

When studying the massive phase in the previous subsection, because the origin in
field space is stable and the E2

i term dominates in the IR, the higher derivative terms
in (5.14) can be dropped in calculating the long wavelength response. In contrast, the
symmetry breaking Lagrangian with a negative E2

i coefficient requires higher derivative
terms in order to determine the symmetry-breaking vacuum.

Thus, we study the Lagrangian (1.3) + Chern-Simons term with

H[E,B] = −e2E2
i +

#2

2
(∂iEj)2 +

λ

4
(E2

i )2 +
1

2g2
3

B2. (5.21)
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As a result, the electric field condenses (this is the analogue 
of the helical phase neighboring the Lifshitz point in 

ferromagnets):

The minimum of (5.21) is given by E2
i = 2e2

λ , Ai = 0. Without loss of generality, we can
choose the SO(2) symmetry breaking vacuum to be given by Ei = (

√
2e2/λ, 0). Expanding

about this point by (redundantly) writing Ei = (
√

2e2/λ + Ex, Ey) and substituting this
into (5.21) , we obtain

H[E,B] =
1
2
e2E2

x +
"2

2
(∂iEy)2 +

1
2g2

3

B2 +O(E3), (5.22)

where we have dropped an unimportant constant and truncated the Hamiltonian to the
lowest dimension operators. Note that in determining the symmetry-breaking vacuum, we
assumed that this vacuum was given by a constant electric field. That way, we did not
have to add terms like (∂E)4 which are further suppressed at long distance.

Integrating out the two components of the electric field, we find the Lagrangian

L =
1
2

∫
dtd2x

[ (∂tAx)2

e2
+

(∂tAy)2

−"2∇2
− (∂iAj)2

g2
3

+ kεµνρAµ∂νAρ + 2VµJµ(A)
]
. (5.23)

To determine the static response we set ω = 0 in (5.23). Integrating out Aµ we are left
with a Lagrangian of the form (5.7) with

G =





p2
1

e2 + p2
2

$2p2 −ikp2 ikp1

ikp2 −p2

g2
3

0

−ikp1 0 −p2

g2
3



 , H =




0 ip2 −ip1

−ip2 0 0
ip1 0 0



 . (5.24)

The response Kµν (5.9) is more subtle now. For example, because K00 is not analytic about
the origin in momentum space, the limits limp1→0, limp2→0 do not commute. The reason
the two limits do not commute is because of the broken SO(2) symmetry. The system
responds differently depending upon the direction of the electric field. If the system is
probed along the direction of the condensation (the 1-axis above), then the response is
similar to the Maxwell-Chern-Simons theory. However, if the system is perturbed by the
E2 field, it responds like the Lifshitz-Chern-Simons theory.

First, turn on a static external electric field, E1 = −∂1V0 along the 1-axis. Setting
p2 = 0 in Kµν , we find a compressibility

c1 = lim
p1→0

lim
p2→0

K00 = lim
p1→0

3g2
3p2

1

e2g2
3k2 + p2

1

= 0, (5.25)

and Hall conductivity
σ1

H = lim
p1→0

lim
p2→0

K02 =
1
k

. (5.26)
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Choosing (WLOG) the condensate to be along the x-axis, 
we find:
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2e2/λ + Ex, Ey) and substituting this
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where we have dropped an unimportant constant and truncated the Hamiltonian to the
lowest dimension operators. Note that in determining the symmetry-breaking vacuum, we
assumed that this vacuum was given by a constant electric field. That way, we did not
have to add terms like (∂E)4 which are further suppressed at long distance.

Integrating out the two components of the electric field, we find the Lagrangian
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with a Lagrangian of the form (5.7) with
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

 , H =




0 ip2 −ip1

−ip2 0 0
ip1 0 0



 . (5.24)

The response Kµν (5.9) is more subtle now. For example, because K00 is not analytic about
the origin in momentum space, the limits limp1→0, limp2→0 do not commute. The reason
the two limits do not commute is because of the broken SO(2) symmetry. The system
responds differently depending upon the direction of the electric field. If the system is
probed along the direction of the condensation (the 1-axis above), then the response is
similar to the Maxwell-Chern-Simons theory. However, if the system is perturbed by the
E2 field, it responds like the Lifshitz-Chern-Simons theory.

First, turn on a static external electric field, E1 = −∂1V0 along the 1-axis. Setting
p2 = 0 in Kµν , we find a compressibility

c1 = lim
p1→0

lim
p2→0

K00 = lim
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1

= 0, (5.25)

and Hall conductivity
σ1

H = lim
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lim
p2→0

K02 =
1
k

. (5.26)
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Formally integrating out the electric field, we find the 
Lagrangian:

The minimum of (5.21) is given by E2
i = 2e2

λ , Ai = 0. Without loss of generality, we can
choose the SO(2) symmetry breaking vacuum to be given by Ei = (

√
2e2/λ, 0). Expanding

about this point by (redundantly) writing Ei = (
√

2e2/λ + Ex, Ey) and substituting this
into (5.21) , we obtain

H[E,B] =
1
2
e2E2

x +
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2
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2g2

3

B2 +O(E3), (5.22)

where we have dropped an unimportant constant and truncated the Hamiltonian to the
lowest dimension operators. Note that in determining the symmetry-breaking vacuum, we
assumed that this vacuum was given by a constant electric field. That way, we did not
have to add terms like (∂E)4 which are further suppressed at long distance.

Integrating out the two components of the electric field, we find the Lagrangian

L =
1
2

∫
dtd2x

[ (∂tAx)2
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+
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g2
3
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To determine the static response we set ω = 0 in (5.23). Integrating out Aµ we are left
with a Lagrangian of the form (5.7) with

G =
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The response Kµν (5.9) is more subtle now. For example, because K00 is not analytic about
the origin in momentum space, the limits limp1→0, limp2→0 do not commute. The reason
the two limits do not commute is because of the broken SO(2) symmetry. The system
responds differently depending upon the direction of the electric field. If the system is
probed along the direction of the condensation (the 1-axis above), then the response is
similar to the Maxwell-Chern-Simons theory. However, if the system is perturbed by the
E2 field, it responds like the Lifshitz-Chern-Simons theory.

First, turn on a static external electric field, E1 = −∂1V0 along the 1-axis. Setting
p2 = 0 in Kµν , we find a compressibility

c1 = lim
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lim
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Integrating out the statistical gauge field, we find:

The minimum of (5.21) is given by E2
i = 2e2

λ , Ai = 0. Without loss of generality, we can
choose the SO(2) symmetry breaking vacuum to be given by Ei = (

√
2e2/λ, 0). Expanding

about this point by (redundantly) writing Ei = (
√

2e2/λ + Ex, Ey) and substituting this
into (5.21) , we obtain

H[E,B] =
1
2
e2E2

x +
"2

2
(∂iEy)2 +

1
2g2

3

B2 +O(E3), (5.22)

where we have dropped an unimportant constant and truncated the Hamiltonian to the
lowest dimension operators. Note that in determining the symmetry-breaking vacuum, we
assumed that this vacuum was given by a constant electric field. That way, we did not
have to add terms like (∂E)4 which are further suppressed at long distance.

Integrating out the two components of the electric field, we find the Lagrangian

L =
1
2

∫
dtd2x

[ (∂tAx)2
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+
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−"2∇2
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3
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]
. (5.23)

To determine the static response we set ω = 0 in (5.23). Integrating out Aµ we are left
with a Lagrangian of the form (5.7) with

G =


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
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

 . (5.24)

The response Kµν (5.9) is more subtle now. For example, because K00 is not analytic about
the origin in momentum space, the limits limp1→0, limp2→0 do not commute. The reason
the two limits do not commute is because of the broken SO(2) symmetry. The system
responds differently depending upon the direction of the electric field. If the system is
probed along the direction of the condensation (the 1-axis above), then the response is
similar to the Maxwell-Chern-Simons theory. However, if the system is perturbed by the
E2 field, it responds like the Lifshitz-Chern-Simons theory.

First, turn on a static external electric field, E1 = −∂1V0 along the 1-axis. Setting
p2 = 0 in Kµν , we find a compressibility

c1 = lim
p1→0

lim
p2→0

K00 = lim
p1→0

3g2
3p2

1

e2g2
3k2 + p2

1

= 0, (5.25)

and Hall conductivity
σ1

H = lim
p1→0

lim
p2→0

K02 =
1
k

. (5.26)
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Now, the static response functions are anisotropic.  For 
instance, if we turn on an external electric field in the

x-direction, we find: 

The minimum of (5.21) is given by E2
i = 2e2

λ , Ai = 0. Without loss of generality, we can
choose the SO(2) symmetry breaking vacuum to be given by Ei = (

√
2e2/λ, 0). Expanding

about this point by (redundantly) writing Ei = (
√

2e2/λ + Ex, Ey) and substituting this
into (5.21) , we obtain

H[E,B] =
1
2
e2E2

x +
"2

2
(∂iEy)2 +

1
2g2

3

B2 +O(E3), (5.22)

where we have dropped an unimportant constant and truncated the Hamiltonian to the
lowest dimension operators. Note that in determining the symmetry-breaking vacuum, we
assumed that this vacuum was given by a constant electric field. That way, we did not
have to add terms like (∂E)4 which are further suppressed at long distance.

Integrating out the two components of the electric field, we find the Lagrangian

L =
1
2

∫
dtd2x

[ (∂tAx)2

e2
+

(∂tAy)2

−"2∇2
− (∂iAj)2

g2
3

+ kεµνρAµ∂νAρ + 2VµJµ(A)
]
. (5.23)

To determine the static response we set ω = 0 in (5.23). Integrating out Aµ we are left
with a Lagrangian of the form (5.7) with

G =





p2
1

e2 + p2
2

$2p2 −ikp2 ikp1

ikp2 −p2

g2
3

0

−ikp1 0 −p2

g2
3



 , H =




0 ip2 −ip1

−ip2 0 0
ip1 0 0



 . (5.24)

The response Kµν (5.9) is more subtle now. For example, because K00 is not analytic about
the origin in momentum space, the limits limp1→0, limp2→0 do not commute. The reason
the two limits do not commute is because of the broken SO(2) symmetry. The system
responds differently depending upon the direction of the electric field. If the system is
probed along the direction of the condensation (the 1-axis above), then the response is
similar to the Maxwell-Chern-Simons theory. However, if the system is perturbed by the
E2 field, it responds like the Lifshitz-Chern-Simons theory.

First, turn on a static external electric field, E1 = −∂1V0 along the 1-axis. Setting
p2 = 0 in Kµν , we find a compressibility

c1 = lim
p1→0

lim
p2→0

K00 = lim
p1→0

3g2
3p2

1

e2g2
3k2 + p2

1

= 0, (5.25)

and Hall conductivity
σ1

H = lim
p1→0

lim
p2→0

K02 =
1
k

. (5.26)

16Alternatively, if we turn on an external electric field in the 
y-direction, we find:

If we instead turn on an E2 = ∂2V0 electric field, we find

c2 = lim
p2→0

lim
p1→0

K00 =
3g2

3

1 + g2
3"2k2

, (5.27)

and Hall conductivity

σ2
H = lim

p2→0
lim

p1→0

K01

ip2
=

g2
3"2k

1 + g2
3"2k2

. (5.28)

These two distinct types of behavior are exactly as was found above in the deep IR of the
massive phase and at the UV critical point, respectively.

Let us now consider the dynamic response. Again, we specialize to the gauge where
A0 = 0. The G,H matrices are effectively 2× 2 matrices, 6

G =

(
ω2

e2 − p2

g2
3

ikω

−ikω ω2

"2p2 − p2

g2
3

)
, H =

(
0 −iω
iω 0

)
. (5.29)

At low momentum we find
K11 =− 3"2p2

K22 =− 3e2 +O(p2).
(5.30)

Using the definition, −iωAi = Ei, we find the longitudinal conductivity along the
2-axis

σ22 = −3e2

iω
. (5.31)

Note that a similar result (5.19) holds for the massive phase near the Lifshitz-Chern-
Simons critical point at e2 → 0. However, e2 → ∞ at long wavelengths in that theory.
Inclusion of disorder and/or irrelevant interactions might broaden the delta function of
Im(σ22) implied by (5.31). For the off-diagonal components,

K12 =
ie2"2kp2

ω
+O(p4). (5.32)

This vanishes at low momentum.
We conclude that the anisotropic phase shows a novel combination of behaviors, with

superconductivity along the 2-axis (assuming the peak in the conductivity is not broadened
by incorporation of further effects) and quantum Hall-like behavior along the 1-axis.

6 The technical reason why the choice of gauge A0 = 0 is convenient is because the usual cross-

term proportional to A0∂iAi from E2
i in the SO(2)-preserving phases is absent in the anisotropic

phase, and so the transverse gauge condition cannot be used to simplify the Lagrangian.
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This system therefore shows quantum Hall-like behavior in 
the  “1”  direction, and superconducting behavior in the  
“2”  direction!  (Assuming the delta function peak is not 
broadened by disorder, which one expects not to happen 

for systems of this general type).
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If the conserved current in this theory is interpreted as the 
electromagnetic current, then this theory describes a 
transition between a quantum Hall state (the massive 

phase), and a state which supports a current in the ground 
state (the anisotropic phase).  Presumably the system then 
breaks up into domains (similar to a ferromagnet) so there 
is no net macroscopic current.    Various phases of the 2D 

electron gas which have vaguely similar anisotropic 
behavior, or which have non-zero currents (at least when 
the sample is bombarded by external microwaves), have 
already been observed.  It would be very interesting (but 

perhaps too much to expect) if this theory could provide a 
framework for some of these experiments.

Mani et al; Zudov et al;
Andreev, Aleiner, Millis;

Durst, Sachdev, Read, Girvin
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To conclude, I would like to mention that gravitational 
systems with a Lifshitz-like metric (which enjoys a 

symmetry under scaling with dynamical exponent z)

2. Gravitational Solutions

In this section, we find gravity solutions which have the right properties to be dual

to (interacting generalizations of) Lifshitz fixed points. We work with general z here, but

specialize to z = 2 in the next two sections when we compute correlation functions and

study renormalization group flows.

2.1. The Metric

We would like a metric invariant under the modified scale transformation (1.1). In

addition, we wish to study field theories invariant under time and space translations, spatial

rotations, spatial parity, and time-reversal. We assume, as in AdS/CFT, that the “scale”

in the dual field theory is geometrized by the presence of an additional radial dimension

on the gravity side of the duality, and that rescaling of this radial coordinate geometrizes

the scale transformations (1.1).

These assumptions lead us to the family of geometries (one for each value of z):

ds2 = L2

(

−r2zdt2 + r2dx2 +
dr2

r2

)

, (2.1)

where 0 < r < ∞, dx2 = dx2
1 + ... + dx2

d, and L sets the scale for the radius of curvature

of the geometry. We set the Planck length lpl = 1, and hence every quantity above is

dimensionless. The scale transformation acts as

t → λzt, x → λx, r →
r

λ
. (2.2)

z = 1 gives the usual metric on AdSd+2, which enjoys the larger symmetry SO(d + 1, 2).

This metric is nonsingular. All local invariants constructed from the Riemann tensor

remain finite everywhere, and in fact are constant. The latter fact follows from the sym-

metries of the geometry. The Ricci scalar takes the value −2(z2 + 2z + 3)/L2. The metric

is not geodesically complete and has peculiar behavior near r = 0; for z $= 1, although the

curvature invariants are small for sufficiently large L, an infalling object experiences very

large tidal forces. This behavior is familiar from the solutions corresponding to various

string theoretic brane systems [20]. The lesson from these systems is that a metric like

(2.1) is physically sensible if there exists a regular black hole solution that approaches it

in an extremal limit; we leave the construction of such black holes to future work.2

Henceforth, we will focus on the case d = 2 (appropriate for gravitational duals to

2+1 dimensional field theories); so we will be studying gravity in four dimensions.

2 We are grateful to Sean Hartnoll and Gary Horowitz for bringing this subtlety to our

attention.

3

have been a subject of some study in recent years.  In 
addition to their intrinsic interest as potential duals for 

systems with dynamical scaling, they arise in certain 
attempts to explain strange metallic behavior; are the 

backreacted geometries of probe fermions in some gravity 
realizations of non-Fermi liquids; and capture the near-
horizon limits of Maxwell-Dilaton black holes in AdS.

S.K., Liu, Mulligan

Hartnoll, Polchinski, Silverstein, Tong;
Goldstein, S.K., Prakash, Trivedi
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It would be nice to have candidate large N field theories 
that could match to some of these gravity backgrounds.  A 
nonabelian extension of the abelian theories I discussed 

here, without a Chern-Simons coupling (for now), is given 
by the action:

of the fixed point via RG methods. We describe the behavior of the abelian Lifshitz plus

Chern-Simons theory in Sec. 4, and summarize and conclude with some open questions in

Sec. 5. An appendix provides further details on the calculation described in the second

section.

2. A Nonabelian Lifshitz Field Theory

Jµ = (∂tφ, ∂i∇2φ)

∂µJµ = 0

implies the Lifshitz Lagrangian. Dualizing this current; writing it as the curl of something

gives the gauge field formulation.

The abelian Lifshitz field theory in 2+1 dimensions has z = 2 scale invariance and is

described by the Lagrangian,

L =
1

2

∫

d2xdτ
(

(∂τφ)2 − κ2(∇2φ)2
)

. (2.1)

z = 2 scale invariance refers to the fact that (2.1) is invariant under the trasnformation in

which x → λx, t → λ2t, φ → φ. Dualizing the scalar,

∂τφ ↔ B(Ai) = ∂xAy − ∂yAx, ∂xφ ↔ −Ey, ∂yφ ↔ Ex , (2.2)

(2.1) takes the form

A =

∫

d2xdτ
(

Ei∂τAi + A0∂iEi −
1

2
(∂iEj)

2 +
1

2
B2

)

, (2.3)

where we’ve written the action in the first-order phase space form.

A nonabelian generalization of the Lifshitz action was studied in [9]. We consider a

slightly different Lagrangian than that studied in [9],

S[A0, Ai, Ei] =

∫

d2xdτTr
( 1

g2
1

(Ei∂τAi + A0DiEi) −
1

2g2
2

(DjEi)
2 +

1

2g2
3

B2

+ i
κ

2
εij [Ei, Ej]B + λ[Ei, Ej]

2
)

,

(2.4)

where,

DiV = ∂iV − i[Ai, V ] = (∂iV
a + fabcAb

iV
c)ta,

2

We are currently finishing a study of the most basic aspects 
of the RG structure of this theory, with SU(N) gauge group.  

However, that would be the subject for another talk.
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z = 2 scale invariance refers to the fact that (2.1) is invariant under the trasnformation in

which x → λx, t → λ2t, φ → φ. Dualizing the scalar,

∂τφ ↔ B(Ai) = ∂xAy − ∂yAx, ∂xφ ↔ −Ey, ∂yφ ↔ Ex , (2.2)

(2.1) takes the form

A =

∫

d2xdτ
(

Ei∂τAi + A0∂iEi −
1

2
(∂iEj)

2 +
1

2
B2

)

, (2.3)

where we’ve written the action in the first-order phase space form.

A nonabelian generalization of the Lifshitz action was studied in [9]. We consider a

slightly different Lagrangian than that studied in [9],

S[A0, Ai, Ei] =

∫

d2xdτTr
( 1

g2
1

(Ei∂τAi + A0DiEi) −
1

2g2
2

(DjEi)
2 +

1

2g2
3

B2

+ i
κ

2
εij [Ei, Ej]B + λ[Ei, Ej]

2
)

,

(2.4)

where,

DiV = ∂iV − i[Ai, V ] = (∂iV
a + fabcAb

iV
c)ta,

2B(A) = ∂1A2 − ∂2A1 − i[A1, A2] = (∂1A
a
2 − ∂2A

a
1 + fabcAb

1A
c
2)t

a,

[ta, tb] = ifabctc,

for matrices t representing the Lie algebra of some compact gauge group G. For U ∈
G, Gauge transformations act by conjugation on the electric field E → U†EU and as

Aµ → U†AµU + U†DµU on the gauge field. (2.4) is invariant under temporal and spatial

translations, SO(2) rotations, parity, time-reversal, and z = 2 anisotropic scaling

x → λx, τ → λ2τ, Ei → λ−1Ei, Ai → λ−1Ai, A0 → λ−2A0. (2.5)

Further, for λ = 0, the action remains unchanged under time-independent covariantly

constant shifts of the electric field. The number of nontrivial covariantly constant vectors

scales with some zeroth cohomology group for an associated G bundle. The action is

uniquely specified by these symmetry constraints.

An alternative viewpoint is that the action (2.4) is what one obtains if the coefficient

of the usual quadratic electric field term E2 is tuned to zero, and one proceeds by writing

down the most relevant terms in an effective field theory sense. The theory obtained after

the tuning has enhanced symmetry and does not generate terms quadratic in the electric

field. In fact, the symmetries of the action (2.4) do not allow any relevant perturbations

as quadratic or cubic electric field terms break either the shift or SO(2) symmetries.

(Assuming the gauge group has a nonzero trace; otherwise the λ operator will generate

an E2 since any shift by a constant matrix is a symmetry because the matrices would be

tracelss.) So any instability can only result from marginally relevant operators.

A positive E2 term drives the system towards the Lorentz theory. For a negative

coefficient, the theory is unstable to condensation of the electric field. The addition of

a quartic operator stabilizes the theory and its coefficient determines the particular shift

symmetry breaking vacuum. Fluctuations about this vacuum have positive E2 coefficient,

and are controlled by three-dimensional Yang-Mills theory.

There appears to be an allowed marginal operator, DiEj[Ei, Ej]. A first guess at

a symmetry that would prevent its consideration is E → −E, however, the terms linear

in E in (2.4) are not invariant. A discrete symmetry that works is Aµ → −Aµ, xµ →
−xµ, Ei → Ei.

In the action (2.4), we have ignored any operators that contain DiEi. Because the A0

equation of motion forces DiEi to vanish, any operator containing DiEi can be obtained

by a simple field redefinition from terms already appearing in the action [12]. Further,
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