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The Omega-backgrounds
are the particular

(super)gravity
backgrounds

Generalization of a warped compactification





Omega-background
can be introduced when

the spacetime has isometries



Omega-background
can be introduced when

the QFT has global symmetries



Supersymmetric Theory

With non-anomalous R-symmetry
can be subject to

the Omega-background
while preserving
some fraction of
supersymmetry.



Supersymmetric Theory

The explicit construction

Start with N=2 supersymmetric theory
(in two dimensions or in four dimensions)



Supersymmetric Theory

The explicit construction

Lift it to N=1 supersymmetric theory
in two dimensions up

i.e. four or six dimensions



Supersymmetric Theory

The explicit construction

For example, promote the gauge group G
to the group

L2G = Maps (T2, G) X T2



Supersymmetric Theory

The explicit construction
Now compactify on

T2  =  S1  (r1) x S1 ( r2)
with the twisted boundary conditions on T2

rotating the space-time (e.g. R2d) by the angles

i =1, … , d 



The twisted boundary conditions on TT22

Rotate the space-time R2d

as you go around
the A and B cycle on TT22



Omega-background



Now eliminate TT22

keeping the twisted boundary conditions:
 send r1, r2      0

and keep

finite



The result:
 a MASSIVE DEFORMATION

of the original theory

The complex parameters:

have dimension of mass



is broken

Indeed, the translational invariance
in R2d is broken so the original

Super-Poincare algebra must be broken

The supersymmetry



The supersymmetry
      need not be completely broken!

Indeed, the original N=2 theory
has an
R-symmetry,
so the susy generating spinors
transform both under the spacetime rotations
and the R-symmetry



The supersymmetry
is not completely broken.

once we supplement the geometric twist with an
R-symmetry Wilson loop,

proportional to



The supersymmetry of the
Omega-background

Depends	
  on	
  the	
  epsilon-­‐parameters.
If all of them are non-zero then

the resulting susy algebra is
generated by two supercharges,
closes on the spacetime rotation
(similar to the AdS superalgebra)

{ Q, Q* } =       times (x2i,x2i+1) - rotation



The supersymmetry of the
Omega-background

If	
  some	
  of	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  are	
  zero

then the resulting susy algebra is larger:
 N=2 super-Poincare in

lower spacetime dimensions, where

with the central extension given by
the rotation in the directions where



The ground states in the
Omega-background

Start with N=2 gauge theory
in four dimensions,

and turn on the Omega-deformation
in two dimensions



The ground states in the
Omega-background

Start with N=2 gauge theory
in four dimensions,

and turn on the Omega-deformation
in two dimensions

The unbroken supersymmetry is that of a 

two dimensional N=2 theory.



The ground states in the
Omega-background
N=2 gauge theory in four dimensions,

 the Omega-deformation in two dimensions.
The unbroken supersymmetry is that of a

two dimensional N=2 theory.

On the general grounds the susy vacua of such theory
are given by the eigenstates of a

quantum integrable system.

The quantum Hamiltonians are the generators of
 the (twisted) chiral ring



The ground states in the
Omega-background

The susy vacua of such theory are given by the eigenstates of a

quantum integrable system.
The quantum Hamiltonians are the generators of

 the (twisted) chiral ring



Quantization of
Seiberg-Witten

integrable system

It is remarkable that the susy vacua of our theory are
the eigenstates of

the quantum integrable system
which is

The quantum version of the integrable system
governing the special geometry of

the moduli space of vacua of the four dimensional theory.
The role of the Planck constant is played by



Pure N=2 SYM in 4d:
periodic Toda chain



Pure N=2 SYM in 4d:
periodic Toda chain:
Type A and Type B
spectral problems

Type A: L2 - normalizable function with xi noncompact

Type B: periodic wavefunctions with the period



The N=2* SYM in 4d:
elliptic Calogero-Moser system

Type A and Type B
spectral problems

The A or B cycle periodicity of the wavefunctions



The choice between the
Type A or Type B
spectral problems

The supersymmetric boundary conditions at infinity
in gauge theory



The general asymptotically
conformal N=2 theory

The ADE (0,2) six dimensional theory compactified on a
Riemann surface C.

We now have a field theory construction for A1 and A2

The dual quantum integrable system:

The quantum Hitchin system on C



Quantum Hitchin system

is not unique

There are many Type A or Type B models,
distinguished by a choice of a real slice



Supersymmetric ground states
of the (0,2) theory
compactified on a
Riemann surface C
and subject to the

Omega-background in R2

Depend on the choice of boundary conditions.
There exist roughly

the electric-type and the magnetic-type
boundary conditions for each gauge group factors,

with some consistency requirements.



The Lagrangian

The effect of the Omega-deformation on
the N=2 theory Lagrangian is simple:

Shift the complex adjoint Higgs field



The Lagrangian
Thus the complex adjoint Higgs field

becomes a differential operator



The « new Higgs scalar »

Where, e.g. for rotational symmetry:



The transformation

is not a field redefinition,
so the theory

 IS

deformed



The Omega-deformation
can be undone

by a field redefinition, so that the theory
 IS NOT

deformed



The Omega-deformation
can be undone

by a field redefinition, so that the theory
 IS NOT

deformed, when the

isometries involved in
the Omega-deformation

act freely,
without fixed points



The Omega-deformation
can be (sometimes) undone

The isometries without fixed points



The torus compactification

Omega deformation parameters



The field redefinition

i=1, … , d



The Lagrangian in
the SO(d+2)-covariant

form



The SO(d+2) rotation



The SO(d+2) rotation



The effective Td geometry



The new Lagrangian



The new Lagrangian
equals



The new Lagrangian
equals



Using this rotation one can
map the gauge theory in the

Omega-background
To the configuration of D-branes
of the (A,B,A)- or (B,A,A)-type



To the arrangement of D-branes
of the (A,B,A)- or (B,A,A)-type

in
the two dimensional sigma model with

the hyperkahler target space

MH
the Higgs branch of

the three dimensional gauge theory
aka the Hitchin moduli space



Other uses of
Omega-backgrounds

The space of supersymmetric ground states
of the (asymptotically) conformal four dimensional N=2 theory

subject to the generic Omega-background on S3

is identified with
the space of conformal blocks of Liouville

(and ADE Toda) with



Other uses of
Omega-backgrounds

When

The instanton partition function
is identified with the partition function of

a topological string on a local Calabi-Yau
With        being the topological string coupling constant



Other uses of
Omega-backgrounds

In the context of
the quantum integrable systems

the localization with respect to
the supercharge preserved by the

Omega-deformation
leads to the explicit formulae for the

Yang function of the quantum system
(determines the spectrum)



Other uses of
Omega-backgrounds

More generally, the correlation functions of
observables invariant under the supersymmetry of

the Omega-deformed theory
(local observables, susy Wilson loops)

can be effectively computed, using localization
 and related to the

correlation functions in some
two dimensional (conformal) field theories.



Other uses of
Omega-backgrounds

In particular, the very
Seiberg-Witten geometry
can be derived in a

mathematically satisfactory fashion
using this analysis.



Other uses of
Omega-backgrounds
Seiberg-Witten geometry

can be derived



Other uses of
Omega-backgrounds

Computations of the
« bulk contribution to the index »

 of the quantum mechanics of D0-branes



Other uses of
Omega-backgrounds

The six-dimensional Omega-backgrounds
lead to the notion of

K-theoretic equivariant vertex
(generalized melting crystal model)

and could be used to test the M-theory
predictions



The
K-theoretic equivariant vertex



The M-theory Omega-deformation

An SU(5) twist



The M-theory Omega-deformation

A route to E10 symmetry?
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