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Been asked to take you on a
tour of some of the technical
tools that come together in
tackling the leading multiloop
calculations in supergravity

Some of these will be
organizational, and some of this
will be apprehending various
ways that gravity is intimately
related to Yang-Mills

Will briefly close discussing some recent UV
surprises and update on 5-loops N=4 SYM



Tools:
cubic graph organization + unitarity + KLT for Field Theory +

=> allowed calculation of N=8 SUGRA through Four Loops by
calculating N=4 sYM (exposing previously unexpected
"superfiniteness”)

-~

N%
L/

Bern, JJMC, Dixon, Johansson, \ \ : ' \ \
Kosower, Roiban 07’ O& Bern, j)JMc, Dixon, Johansson, Roiban 09,10

So I'm going to talk about KLT, Graphy Thinking and Unitarity

Sophisticated Graphy thinking + Geometry emerging from planar N=4
- See Arkani-Hamed's talk
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Aside:
Graphy thinking and Unitarity also important for collider
physics!
Besides fantastic progress in NLO 1-loop QCD
--See e.g. refs in Britto ('10), Ita (11)

Two-loop QCD coming under recent renewed attack with
these types of methods

Mastrolia, Ossola ’| |; Kosower, Larsen’| |; Caron-Huot, Larsen ’|12; Kleiss, Malamos,
Papadopoulos,Verheyen ’|2; Badger, Frellesvig, Zhang ’12

Looking tfoward 3 loops+
Mastrolia, Mirabella, Ossola, Peraro 12 Badger, Frellesvig, Zhang ’12
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Higher loop N=4 sYM calculations exposed a highly constraining
structure -- color-kinematic “‘duality’

Trivially generates gravity theory amplitudes in graph by graph
double-copy form.

-- led to disentangling KLT in string and field theory
-- ongoing work in exposing underlying cause

So I'm going to talk about
color-kinematics and double-copy
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If youre not familiar with the benefits of
calculations under constraints it can be
helpful to consider a type of constrained
poem like a Villanelle
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Villanelle

(since were in Munich)




Untitled
I've known the truth for many years

In spite of what some people say
Budweiser is the king of beers

Though not the first among my peers
to drink the brew "most every day
I've known the truth for many years

Domestics can be met with jeers
It makes no difference anyway—
Budweiser is the king of beers

My sorry soul this bottle cheers
My pains the drink can wash away
I've known the truth for many years

Wednesday, July 25, 12

Though often times it interferes
Both with my work and in my play
Budweiser is the king of beers

Since | was wet behind the ears
And until my dying day

I've known the truth for many years
Budweiser is the king of beers

-Dann Dempsey

(An american poet who very much
could use an invitation to visit Munich)
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What's going on?

@Minimal information in.

@Relations propagate this
information to a full solution.




Start with N=4 SYM --
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Four-loop 4-point Bern, JIMC, Dixon, Johansson, Roiban ‘12
Relations constrain the kinematic contribution of each graph
to be expressible in terms of just one...
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Start with N=4 SYM -- write it the correct way and ge’r N=8 SUGRA

- i//l C

{ I

A=

N

(T
\

Four-loop 4-point Bern, JIMC, Dixon, .‘ ohansson Roiban ‘12

"Gluons for (almost) nothing, gravitons for free..
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Cubic (trilinear) Organization natural for YM,
and Gravity Theory dependent

N Z h(graph;) <~

mplicuae ~—~

» L~ D(graph;) /@
1ECUbIC

D(graph;) = | | »?

pEinternal edges

Gauge theory:

h(graph;) o< n(graph;)c(graph;) - - -
n(.) kinematic numerator "dressing”(antisymmetric)

° . antisymmetric
c(.) group theoretic color factor: e eobit

Dress vertices of diagram (i) with

the structure constants Jca,bc ik Tr([Ta, Tb]Tc]




Cubic 4-pt Tree Example:




Cubic 4-pt Tree Example:

2" 2. i 2.3
WEREPE S | ey
B @ {22 5 2
R e e L T Sy
All three graphs relabels of the same “half-ladder”
AZree $4 932(1\/[ Z et a1l 1)
(e T)

labels

n(.) kinematic numerator "dressing”(antisymmetric)
c(.) group theoretic color factor



C(l 2I 3| 4) =fa1a2b fba3a4
a L1 y=(ky + ka)? = (ks + ka)?

2 3 K
n(l_LI_4) =< % ) 812(813 L 823)

512523513

fabc g iﬂf&bc i r]j\r{[TvaJ7 Tb]TC}

Sab — (ka i kb)z
K4 = s12823 A (M2 color-stripped tree




2 3 /C
4
n(1_|_|_4) = ( ) S12(513 % 823)
512523513

consider antisymmeitry

Sab — (ka i kb)z

K4 = s12823A5°°(1,2,3,4) color-stripped tree



2 3 /C
4
n(1_|_|_4) = ( ) S12(513 % 823)
512523513

consider antisymmeitry

n(z_Ll_4 )

Sab — (ka i kb)z

K4 = s12823A5°°(1,2,3,4) color-stripped tree



2 3 /C
4
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|
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| 3 IC
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2 3 /C
4
n(1_|_|_4) = ( ) S12(513 % 823)
512523513

consider antisymmeitry

| 3 IC
O ( % ) S21(S23 — S13)

521513523

n( I_LI_3 )

Sab — (ka i kb)z
K4 = s12823 A (M2 color-stripped tree
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2 3 /C
4
n(1_|_|_4) = ( ) S12(513 % 823)
512523513

consider antisymmeitry

| 3 IC
O ( % ) S21(S23 /\S13)

521513523

2 4 /C
n( Lol ( - ) S12(S14 — S24)

5125245714

S5S24 — S13 S14 — S23

Sab — (ka i kb)z
K4 = s12823 A (M2 color-stripped tree
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Amusingly that symmetric four-point tree numerator is more
complicated then many 4-pt multiloop numerators for N=4 sYM

!1;
Bern, Rozowsky, Yan (1997) .‘;
(3-particle cuts checked later) |

Sab = (gt kb)2 (keeps going)
K4 = s12823 A (M2 color-stripped tree
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Look at the rest of 3-loops -- nice expressions!

Integral| N = 4 Yang-Mills
(a)-(d) g2

(e)-(g) s(l; + k:4)°‘2

.5'(11 -+ 12)2 —+ f([‘; —+ 1.1)2
— sl — tly — st

S(ll -+ 12)2 - t(13 + 14)2
(s =)l

1
3

suppressing a factor of:
K4 =stA7 (.
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How can we know if an amplitude is correct?

Integrand satisfies all D-dimensional generalized
unitarity cuts.

Bern, Dixon, Dunbar, and Kosower ('94,'95) Bern, Dixon, and Kosower ('96)

Britto, Cachazo, and Feng ('04)

compare contributions from
the infegrand to on-shell
knowledge you already
have about the theory

Z A(p1, D2, 3, L2, 1) X A(—Ll1, —l2, —l3, D3, Da)
states

see also Britto (“10), Bern,Huang(‘11), JIMC,Johansson(’11) and refs therein
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Correct?
all cuts:

Leaves no graph topologies untouched for
contributions to be hiding in.

spanning set: any set sufficient to
guarantee satisfaction of all cuts given
the theory

Bern, JJMC, Dixon,
Johansson, Roiban (2010)




Correct?

(as tree multiplicity increases

Workhorse: N=1 In ]'OD expressions can be unwieldy)
Relatively New: N=2 in 6D Cheung, O’Connell;

Dennen, Huang, Siegel; Boels;
Bern, JJMC, Dennen, Huang, Ita

Super New Shiny: N=1 in 10D Caron-Hout, O’Connell;

Bern, JIJMC, Dixon,

Solved D-dim. cuts special to maximal susy: ,
Johansson, Roiban;

Iterated 2-particle, Box



Construction with graphs:

& Amplitudes organized around graphs makes unitarity
checks straightforward -- easy to identify the
contribution to a cut from the integrand

% Anything sufficient for verification and
straightforward to implement can be efficiently used for
construction -- spirit of modern graphy umfarl’ry

amplitude construction SORDEGEGE

can ta rg et prec Ise SECICIS CSES
contributions S
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H. KAWAI, D.C. LEWELLEN and S.-H.H. TYE (1985)

The information in the string tree-level S-Matrix of Gravity is completely
described by the string tree-level S-Matrix of Yang-Mills theory

@ No closed all-multiplicity expression, KLT had é6-point, and gave an
algorithm for going to higher point in many situations

Bern, Dixon, Perelstein, Rozowsky (1997)
Complete KLT-relations in field theory

@ Closed form all multiplicity expression

@ Higher multiplicity expressions make manifest just how scrambled
these relations get

@ But this, through graph organized unitarity allows the climb to
four-loops N=8 supergravity

There have recently been beautiful new tree-level gravity expressions

Hodges ‘11, 12; Cachazo, et al., ‘12 --see Cachazo’s talk


http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Bern%2C%20Z%2E%22
http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Bern%2C%20Z%2E%22
http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Dixon%2C%20Lance%20J%2E%22
http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Dixon%2C%20Lance%20J%2E%22
http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Perelstein%2C%20M%2E%22
http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Perelstein%2C%20M%2E%22
http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Rozowsky%2C%20J%2ES%2E%22
http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Rozowsky%2C%20J%2ES%2E%22

KLT field theory expressions: e

Bern, Dixon, Perelstein, Rozowsky (‘97)

Gravity tree amplitudes:
MUSe(1, .. om.— 1, 70—l — 1) Z [A”ee(l, e el L)

X Z f(’l;)?([,)/agee(’l;l, o ,i(n/Q—l), 1. M= [,1, e [,n/g_z, n)]

perms(v;,o({ ot "~ Color-ordered gauge tree amplitudes
1 = perm({ 2i%. % n/2

| =perm({n/2+1,..., n—2}) b

J
f(il, R ,ij) = 81’7;9. H Sl,im e Z g(Zm, Zk) :

m=1 k=m-+1

3’ m—1
f(l17 G l]’) — ot H Sl ari— ) i Z g(lka lm)
m=2 k=1

g(%]) 7 { gi’j ol } Sa.b — (ka i kb)Q

else
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http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Bern%2C%20Z%2E%22
http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Bern%2C%20Z%2E%22
http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Dixon%2C%20Lance%20J%2E%22
http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Dixon%2C%20Lance%20J%2E%22
http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Perelstein%2C%20M%2E%22
http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Perelstein%2C%20M%2E%22
http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Perelstein%2C%20M%2E%22

These the tools that can take you to four loops
-- but it can take a while to get there

\ \
Bern, JJMC, Dixon, Johansson, Roiban 09, 10
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Generic D-dimensional YM theories i cos)
have a novel structure at tree-level

A’;;Lee L g(m—2) Z (C(QD)(Z()Q)

gEcubic

Color factors and :

numerator factors E{:N" = —}W Anhsymme’rry
satisfy similar lie 95

algebra properties

R -

Color-Kinematic Duality!




Gravity? PaLco)

color factors just sitting there obeying
antisymmetry and Jacobi relations.

Proven at tree-level given CK and KLT

Bern, Dennen, Huang, Kiermaier ‘10




Gravity? g )

color factors just sitting there obeying
antisymmetry and Jacobi relations.

Z n(g)ﬁ(g) = Gravity amplitude

D(Q) in a related theory

G Ecubic

Proven at tree-level given CK and KLT

Bern, Dennen, Huang, Kiermaier ‘10




How to find duality-satisfying numerators at tree-level?

a straightforward algorithm
works for all multiplicity, we'll just go through 4-pt

@ 1) Write all m-point graphs and all independent Jacobi
relations between their numerators
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How to find duality-satisfying numerators at tree-level?

a straightforward algorithm
works for all multiplicity, we'll just go through 4-pt

@ 1) Write all m-point graphs and all independent Jacobi
relations between their numerators

2. & 2. 9 g9

ILI_Z} 1l4 l—&lt

U

Wednesday, July 25, 12



How to find duality-satisfying numerators at tree-level?

a straightforward algorithm
works for all multiplicity, we'll just go through 4-pt

@ 1) Write all m-point graphs and all independent Jacobi
relations between their numerators

2. & 2.9 e.. 3
ILI_Z} 1l4 l—&lt

U

Tl o RO Ty,
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How to find duality-satisfying numerators at tree-level?

@ 2) Solve linear equations to get a GRAPH BASIS in terms of
(m-2)! Jacobi-independent numerators (e.g. can let them
all be half-ladders)

So for 4-pt solve for any of the 3
numerators in terms of 2: Ng = Nt T Ny,
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How to find duality-satisfying numerators at tree-level?

Only two numerators left
need only 1 tree at 4-pt o 3 9" '3

4(1,973 4) g NELET AR T |

T g T

A(1,2, 390 .
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How to find duality-satisfying numerators at tree-level?
z |

BASIS, and solve the linear relations

A2 = 7? o
S

n, =t X <A4(1,2,3,4) ”)
| ot il h S |

—_ p— — |

e —————— — e — ———— e —— — e B — B

Note residual gauge freedom in: Il
@ This is it--you have a duality-satisfying representation.

(symmetric is trickier -- functional relations)



Features:

@ Completely straightforward solution of linear relations
(trickiest bit is drawing graphs)

@ Makes all residual gauge-freedom manifest: gauge
freedom = completely unconstrained numerator functions.
(can use to, e.g. make symmetric numerator functions)

o Amplitude encoded results ==> independent of
dimension and helicity structure

Aside: Interestingly enough 4-pt kinematics satisfying Jacobi
first noticed by Zhu; Goebel, Halzen, Leveille in early 80s looking
at a mysterious “radiation zero” in an electroweak process
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Since ‘08 there have been many interesting ways of
writing down free-level color-kinematic satisfying
numerators

Rearranglng the Lagranglan: Bern, Dennen, Huang, Kiermaier ‘10

Teasing c-k numerators out of b 3
Kiermaier '10

KLT: Bjerrum-Bohr, Damgaard, Sondegaard, Vanhove ‘10

Sh”ing-inSigh’f & Pure SPinOI’S: Mafra, Schlotterer, S’riebe'rger ‘11
- See Schlotterers talk

Self-dual understanding -> MHV:

Montiero, O’Connell ‘11

Constructing effective field theories:
Bjerrum-Bohr, Damgaard, Monteiro, O'Connell ‘12

Applying loop-methods: Broedel, JIMC 11
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http://inspirebeta.net/author/Mafra%2C%20Carlos%20R.?recid=897331&ln=en
http://inspirebeta.net/author/Mafra%2C%20Carlos%20R.?recid=897331&ln=en
http://inspirebeta.net/author/Mafra%2C%20Carlos%20R.?recid=897331&ln=en
http://inspirebeta.net/author/Schlotterer%2C%20Oliver?recid=897331&ln=en
http://inspirebeta.net/author/Schlotterer%2C%20Oliver?recid=897331&ln=en
http://inspirebeta.net/author/Stieberger%2C%20Stephan?recid=897331&ln=en
http://inspirebeta.net/author/Stieberger%2C%20Stephan?recid=897331&ln=en
http://inspirehep.net/author/Bjerrum-Bohr%2C%20N.E.J.?recid=1092779&ln=en
http://inspirehep.net/author/Bjerrum-Bohr%2C%20N.E.J.?recid=1092779&ln=en
http://inspirehep.net/author/Damgaard%2C%20Poul%20H.?recid=1092779&ln=en
http://inspirehep.net/author/Damgaard%2C%20Poul%20H.?recid=1092779&ln=en
http://inspirehep.net/author/Monteiro%2C%20Ricardo?recid=1092779&ln=en
http://inspirehep.net/author/Monteiro%2C%20Ricardo?recid=1092779&ln=en
http://inspirehep.net/author/O%27Connell%2C%20Donal?recid=1092779&ln=en
http://inspirehep.net/author/O%27Connell%2C%20Donal?recid=1092779&ln=en

Graph rep at tree level

@ Antisymmetry of kinematic numerators makes manifest
(n-2)! basis relations (Kleiss Kuijf relations) between

color ordered amplitudes E{\}m :}W
s

@ After full color-kinematic duality imposed (kinematic
Jacobi), makes manifest a (n-3)! basis
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BC)

In new representations its clear only (n-3)! independent
color-ordered tree partial-amplitudes for n-point interaction.

e.g. 5 pt has 2 indep. color-ordered amps not 6:
A% (12345)  AL'®°(12354)
6 pt has 6 indep. color-ordered amps not 12:
AL (123456) AF"°°(123564) A" (123645)

A€ (123546) AFT°°(123465) Ag°°(123654)

Conjectured a general formula expressing any n-point color

ordered amplitude in terms of chosen (n-3)! basis for SYM.




Bjerrum-Bohr, Damgaard, Vanhove '09; Stieberger '09

Monodromy relations in open string leads to string generalization of
(n-2)! Kleiss-Kuijf and (n-3)! relations and thus string proof of field
theory relations as real and imaginary parts with &' — O

A(1,2,....N) €12 A(2,1,3,...,N — 1, N) 4 em(s12+513) A(2.3,1,...,N —1,N)

+ ... 4 eim(si2tsizttsin-1) A(2.3,... N—1,1,N)=0

Real part yields Kleiss-Kuijf (n-2)!:

AYM(]_,Q,...,N)—I-AYM(2,1,3,...,N—1,N)—|—...—|—AYM(2,3,...,N—1,1,N):O

Imaginary part yields (n-3)! :

512 AY]V[(271737"'7N_17N)+---+(312+313+---+31N—1) A(27377N_1717N):O

Feng, (R) Huang, Jia ’10; Jia, (R) Huang, Liu ’10; Cachazo |2

Bringing power of BCFWV to bear, direct all multiplicity field theory
proofs of (n-3)! relations.
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Mafra, Schlotterer, Stieberger ’| |

Understanding the string roots of (n-2)! and (n-3)! relations led to
complete pure spinor n-point open-disk amplitude in

terms of color ordered gauge theory amplitudes!
- See Schlotterers talk

A(L2,.. Nid) = Y AN 2, (N =2), N —1,N) FT(o)
TESN_3

e decomposes into (N — 3)! field theory subamplitudes AX&ASN_B

o string effects (o dependence) from generalized Euler integrals F7 (o)
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BDPR-KLT field theory expressions: o Ldellen e

Bern, Dixon, Perelstein, Rozowsky (‘97)

Gravity tree amplitudes:

MUSe(1, .. om.— 1, 70—l — 1) Z [A”ee(l, e el L)
verms(2,...,n—2)
X Z f(’l;)?([,)/agee(’l;l, B ,i(n/Q—l), 1. N [,1, e [,n/g_z, n)]
ReTieligs "~ Color-ordered gauge tree amplitudes

i=perm({2,..., n/2})
| =perm({n/2+1,..., n—2})

j—1 J
f(il,...,ij) = H (Sl,z’m"' Z g(imvik))ﬂ

m=1 k=m-+1

5’ m—1
f(l17°°°7lj’) — Ol H (Slm,nl 7 Z g(lk7lm)>
= =1

g(i,7) = { 56,5 /A } Bum=(k, + k)"

0 else
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http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Bern%2C%20Z%2E%22
http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Dixon%2C%20Lance%20J%2E%22
http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Dixon%2C%20Lance%20J%2E%22
http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Perelstein%2C%20M%2E%22
http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Perelstein%2C%20M%2E%22
http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Perelstein%2C%20M%2E%22

BDPR-KLT field theory expressions: o Ldellen e

Bern, Dixon, Perelstein, Rozowsky (‘97)

Gravity tree amplitudes:

MES(L, .. om— 1, m)(= 1) Pl O
verms(2,...,n—2)
> Z f(?;)?([,)/a;t{ee(’l;l, g ,’i(n/z_l),l, (5 SRR (G 7_7')]
perms(,t) "~ Color-ordered gauge tree amplitudes

i=perm({2,..., n/2})
| =perm({n/2+1,..., n—2})

j—1 J
f(il,...,ij) = H (Sl,z’m"' Z g(imvik))ﬂ

m=1 k=m-+1

5’ m—1
f(l17°°°7lj’) — Ol H (Slm,nl 7 Z g(lk7lm)>
= =1

g(i,7) = { 56,5 /A } Bum=(k, + k)"

0 else
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BDPR-KLT field theory expressions: o Ldellen e

Bern, Dixon, Perelstein, Rozowsky (‘97)

Gravity tree amplitudes:

MES(L, .. om— 1, m)(= 1) Pl O
verms(2,...,n—2)
> Z f(?;)?([,)/a;t{ee(’l;l, g ,’i(n/z_l),l, (5 SRR (G 7_7')]
perms(,t) "~ Color-ordered gauge tree amplitudes

i = perm({ 2. ®ul 21
| =perm({n/2+1,...,n—2})

New (n-3)! amplitude relations allowed re-expression of field theory

KLT in terms of different “basis” amplitudes: Left-right symmetric, etc.
BC] ’08; Bjerrum-Bohr, Damgaard, Feng, Sendergaard ’|0;
These relations allowed proofs of KLT for gravity and gauge amplitudes

in field theory:
Y Bjerrum-Bohr, Damgaard, Feng, Sendergaard '|0; Du, Feng, Fu 'l |;

Generalized (monodromy) relations allowed rewriting of String Theory

KLT in closed form:“momentum-kernel”
Bjerrum-Bohr, Damgaard, Sendergaard,Vanhove ’10

Wednesday, July 25, 12


http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Bern%2C%20Z%2E%22
http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Bern%2C%20Z%2E%22
http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Dixon%2C%20Lance%20J%2E%22
http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Dixon%2C%20Lance%20J%2E%22
http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Perelstein%2C%20M%2E%22
http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Perelstein%2C%20M%2E%22
http://www.slac.stanford.edu/spires/find/wwwhepau/wwwscan?rawcmd=fin+%22Perelstein%2C%20M%2E%22

BDPR-KLT field theory expressions: o Ldellen e

Bern, Dixon, Perelstein, Rozowsky (‘97)

Gravity tree amplitudes:

MES(L, .. om— 1, m)(= 1) Pl O
verms(2,...,n—2)
> Z f(?;)?([,)/agee(’l;l, g ,’i(n/z_l),l, TVe=T8ENT . i b o2, 7_7')]
perms(,t) "~ Color-ordered gauge tree amplitudes

i=perm({2,..., n/2})
| =perm({n/2+1,..., n—2})

If you write color-ordered trees in graph
expressions with CK satisfying ns will recover:

_Z‘M:Lree ik Z TL(Q)?L(Q)
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Bargheer, He, and McLoughlin ‘12

Dualn‘y for BLG Theory

Bagger,Lambert,Gustavsson (BLG)
--also see Schwarz's talk

a b e abc d
T, T s
D=3 Chern-Simons gauge theory
Generalized Color-Kinematics identity:

Verified at 4 and 6 point. Double copy gives correct
N=16 SUGRA in 3D of Marcus and Schwarz.

Il Very cool result !!
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This is all (semi)-classical

@The world is QUANTUM -
wouldnt it be great to
generalize to loop-order
corrections?




This is all (semi)-classical

@ The world is QUANTUM -
wouldnt it be great to
generalize to loop-order
corrections?

1

G a "One should always
' generalize.” - C. Jacobi




Whats the right generalization?

(—D)-_ dDm 1 n(9)c(9)

Hypothesize duahty holds unchanged to all loops!

Representation freedom: c(G)A(G)
n(G) — n(9) + A(9), Z < D(G) ) A

geEcubic

Conjecture there is always a choice of 2\ such that C-K rep exists.




If conjectured duality can be imposed for:

Gauge:

then, through unitarity & tree-level expressions:
Gravity:

S, oL a’p,. 1 n(G)n(9)
(%/Z)n‘”QLM _Z. /H(ZW)D 5(9) D(9)

What we always wanted out of “loop level” relations!




Unitarity

Methods

Gauge Tree

CK rep:
Double
Copy

Double
Copy

KLT

Unitarity
Methods Gravity

Loops




We know this works beautifully at 1
and 2 loops for N=4 and N=8!

Green, Schwarz,
Brink (1982)

\

Bern, Dixon,
Dunbar, Perelstein

2-loop: K f T perms | and Rozowsky
(1998)
_/

prefactor contains

— tree
helicity structure: K = stAg

Duality: 'N'= 8 sugra is obtained if 1 =2  “numerator squaring”
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BCDJKR

Original solution of
three-loop four-point
N=4 sYM and N=8

sugra

Integral| AN = 4 Yang-Mills N = 8 Supergravity
(a)-(d) s (5]
(e)_(g) 3(11 + k‘4)2 [S (11 + k4)‘2]‘2

(h) | s(ly +12)* +t(lz3 +14)* |(s(lh +12)* +t(l3 4+ 14)* — st)* — s*(2((I1 + 12)* — t) + 13)I3
— slz — tl; — st —t2(2((I3 + 14)* — 8) + 1)1 — s (21315 + 21715 + 1515 + 1713)
— t2(20513 + 213015 + 1315 + 131350) + 2stl51G

1) | s(li +12)* —t(ls + 14)? (s(ly + 12)* —t(ls + 14)*)?

— (s —t)I3 — (8°(l + L)* + (I + 11)* + 3stu)l;
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Recipe for finding /\ so
dressings satisfy duality:

o Every edge represents a set of
constraints on functional form of the

numerators of the graphs. Small
fraction needed.

Find the independent humerators (solve the linear equations!)

o Build ansat fog such ‘masters” graph numerators using functions
seen onh exploratory cuts

o Impose relevant symmetries

o Fit to the theory!

Wednesday, July 25, 12



Wednesday, July 25, 12



N@® — N®(k,. ka, k3, Is, lg, l7),

N(b) = N(d)(kl. kz., k}. 15. I6~ I?,),

N© = N@(k,. k», k3, Is, lg, I7),

ND = N®(ks, ki, k2, 7,16, k13 — Is + 1 — I7)

+ N k3, ky ky. by, lg. ka3 + 15 — 15),

NO = Nk, k,, ks, s, lg, I7),

N® = N©O(k, ky, k3, s, lg, I7),

N® = _N@(k,, ky, k3, ls, lg, ky» — s — 1)

— NO(ky, k3, kp, lg — Is, s — lg + 17 — ky 5, 1g),

NG = N® &k, k,, ks, ls, 17, )

— N(c)(_kj{, kr. k). —ks —Is —lg, =l — [7. [g).

NO = N©(k,, ka, k3, Is,lg, l7) — N©(k2, k1, k3, Is, lg, I7),
N® = NO(ky, ka, k3, Is, lg, I7) — N (ka, ky, k3, Is, 16, I7),
N = N@(k,, kr, ks, I5, lg, I7) — N®(ka, ky. ka, Is. lg, [7),
N(m) — O~

1\7(,0) — 0.
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BCJ (2010)

Only, e.g., require maximal
cut information of (e) graph
to build full amplitude!

Integral I'® | A = 4 Super-Yang-Mills (/A = 8 supergravity) numerator
(a)—(d) s”

(e)—(g) (3(—7'35 Tas + 1) — t (725 + Tas) + u (725 + T35) — 82)/3
(h) (s (2715 — T16 + 2726 — T27 + 2735 + T36 + T3r — U)
+t (T16 + T26 — Ta7 + 2736 — 2T15 — 2727 — 2735 — 3T17) + 8° ) /3
(s (—725 — T26 — T35 + T36 + Tas + 2t)
+t (26 + T35 + 2736 + 2745 + 37ap) + U T25 + 8° )/3
s(t—u)/3
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BCJ (2010)

Note:
BOTH N=4 sYM and N=8 sugra

manifestly have same overall
powercounting!

(kl a ]-C4)2 P == (kl L k3)2 R 2K, - [,j

Integral I‘®)

N = 4 Super-Yang-Mills (v/N = 8 supergravity) numerator

(a)—(d)

32

(e)—(8)

(s (—T35 + Tas +t) — t (725 + Tas) + u (725 + 735) — 8° ) /3

(h)

(8 (2715 — T16 + 2726 — T27 + 2735 + T36 + T37 — U)
+t (T16 + T26 — Ta7 + 2736 — 2T15 — 2727 — 2735 — 3T17) + 8° ) /3

(s (—T25 — T26 — T35 + T36 + Tas + 2t)
+t (T26 + T35 + 2736 + 2745 + 37Ta6) + uT2s + 8% ) /3

s(t—u)/3
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Other Loop Level
Examples




JJMC, Johansson (2011)

Five point 1-loop N=4 SYM & N=8 SUGRA

Venerable form satisfies duality (no freedom)




JJMC, Johansson (201 1)

Five point 1-loop N=4 SYM & N=8 SUGRA

Venerable form satisfies duality (no freedom)




JJMC, Johansson (2011)

Five point 1-loop N=4 SYM & N=8 SUGRA

Venerable form satisfies duality (no freedom)

Bern, Dixon, Dunbar, Kosower;
Cachazo
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JJMC, Johansson (2011)
Five point 2-loop N=4 SYM & N=8 SUGRA

3
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JJMC, Johansson (2011)

Five point 2-loop N=4 SYM & N=8 SUGRA
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JJMC, Johansson (2011)

Five point 2-loop N=4 SYM & N=8 SUGRA

3

Wednesday, July 25, 12



Five point 3-loop N=4 SYM & N=8 SUGRA JIMC, Johansson (to appear)
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Five point 3-loop N=4 SYM & N=8 SUGRA JIMC, Johansson (to appear)
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Five point 3-loop N=4 SYM & N=8 SUGRA JIMC, Johansson (to appear)
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Four loop planar (extracted cusp anom. dim)




Full four loop N=4 SYM & N=8 SUGRA Bern, JJMC, Dixon, Johansson, Roiban (2012)
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Full four loop N=4 SYM & N=8 SUGRA Bern, JJMC, Dixon, Johansson, Roiban (2012)

NN
\ N

i
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Roiban (2012)

Dixon, Johansson,
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Full four loop N=4 SYM & N=8 SUGRA Bern, JJMC, Dixon, Johansson, Roiban (2012)
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Full four loop N=4 SYM & N=8 SUGRA Bern, JJMC, Dixon, Johansson, Roiban (2012)

A
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Roiban (2012)

Dixon, Johansson,
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Integrated Amplitudes




L =
Z ﬂ d°p, 1 n(G)n(g)
| (2m)P S5(9) D(9)
Note 70 and 77, can come from different reps of same
theory, or even different theories altogether.

N =4sYMQRN =4 sYM = N = 8 sugra
N=pDSsYMRIN =4 sYM = N =4+ p sugra

Only one gauge representation need have duality imposed,
consequence of general freedom:
T B — o

n(g) = n(9) + A(G), Z ( D(G)

G Ecubic
can only depend on algebraic property of c(G) not numeric

values. So as long as 72 (G ) satisfies same algebra (i.e. duality)
can shift 72,( G ) as we please.
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Recall 1 & 2 Loop 4-point

Green, Schwarz,
Brink (1982)

\

Bern, Dixon,
Dunbar, Perelstein

2-loop: K f T perms | and Rozowsky
(1998)
_/

prefactor contains

— tree
helicity structure: K = stAg

Duality: 'N'= 8 sugra is obtained if 1 =2  “numerator squaring”
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Green, Schwarz,
Brink (1982)

\

Bern, Dixon,
Dunbar, Perelstein
2-loop: K' ‘ T perms | and Rozowsky
(1998)

/

prefactor contains
helicity structure:

— o+ Alree
K —.stA4

Duality: N = 8 sugra is obtained if 1 =2  “numerator squaring”
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2 )

Green, Schwarz,

1-loop: K' Brink (1982)
! 3
Note: numerators independent of loop momenta,

same frue for 5-point 1-loops, so can come out of integrals for
double copy

Double copy 1-loop 4&5 point
-> N( 4 X N 4 <

a2 => N>=4 SUGRA -

1-loop 4pt Bern, Morgan I nfeg ra-l-ed (Spt JIMC, Johansson)
1-loop 5pt  Bern, Dixon, <,

Kosower T — EX P resions

Bern, Boucher-Veronneau, Johansson ‘11 did the one-loop double-
copy reproducing calculations of Dunbar Norridge ‘96; Dunbar,
Ettle, Perkins ‘10

Aside: Dunbar, Ettle, Perkins have been doing powerful work solving N=4 Sugra

all-multiplicity 1-loop MHV using soft and colinear factorizations ‘11,12 -- wealth
of data to try to match to!
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\

Bern, Dixon,

2-loop: K' , T perms | and Rozowsky
(1998)

/

Same for 2-loop 4-point

Double copy 2-loop 5 point
> N<=4 X N=4 <
=> N>=4 SUGRA

2-loop 4pt Bern,
DeFrietas,Dixon

Boucher-Veronneau, Dixon ‘11 did the first 2-loop N=4 SUGRA
calculation

Very strong checks from IR knowledge: that soft divergences exponentiate

Naculich, Schnitzer; Naculich, Nastase, Schnitzer; White;
Brandhuber, Heslop, Nasti, Spence, Travaglini
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Closing remarks on surprises in the UV
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Predictions and thoughts on
divergences for N=8 SUGRA in D=4

Superspace power counting Deser, Kay (1978)
Green, Schwarz, Brink (1982)

Howe and Stelle (1989)
Marcus and Sagnotti (1985), etc

Partial analysis of unitarity cuts; If ¥’ = 6 harmonic Bern, Dixon, Dunbar,

superspace exists; algebraic renormalisation argument Perelstein, Rozowsky (1998)
Howe and Stelle (2003,2009)

If W=7 harmonic superspace exists Howe and Stelle (2003)

If offshell V=8 superspace exists; Grisaru and Siegel (1982);
lightcone gauge locality arguments; Howe, Stelle and Bossard (2009)

Algebraic renormalization arguments; \léiaenrrr]rfgiee};r Bé‘l)\:;‘ﬁzorl‘:’rggﬁgn((22%11%))
E. -y symmetry. ’ ’
(7)

Ramond, Kallosh (2010);
Biesert, et al (2010

Explicit identification of potential susy invariant Kallosh; Howe and Lindstrém
counterterm with full non-linear susy and duality. (1981)

Assumes Berkovits’ superstring non-renormalization
theorems carries over to D=4 = 8 supergravity and Green, Russo, Vanhove (2006)
;4

extrapolates to 9 loops. N

Consensus is for valid 7-loop counterterm in D=4,
trouble starting at 5-loops
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Do we have an example of a valid
counterterm that doesnt vanish for any
accepted symmetry reason?

Yes: N = 4 supergravity at three loops in 4 Dimensions

Consensus: valid R™4 divergence exists for N=4
SUGRA in D = 4. Analogous to 7 loop divergence
OF N - 8 SUPergraV”‘y Bossard, Howe, Stelle;

Bossard, Howe, Stelle, Vanhove

Calculation impossible 2 years ago feasible due to
loop-level color-kinematics and double copy




2010 3-loop N-4 SYM CK—rep 3-loop
Feynman Diags “for N=0 (Qcp) = N=4 SUGRA!

The N = 4 Supergravity UV Cancellation

/B, Davies, Dennen, Huang

/
/ / Graph (t::liv«?,rgwa]:l1{:«3)/((12)2 [34]251‘,}1”69(%)8)

AN
(b) (c) (a)-(d) 0
263 205 1 5551 326317\ 1
(e) 768 € _3' + 27648 €2 + ( T68 (3 + 110592 ) ¢
(f) 175 1 11 4 (593 . 2175?1) 1
T 2304 3 T 42 288 53 165888 ) ¢
11 1 2057 1 10769 226201\ 1
(2) 36'7?'+'6912'71'+'( 2304 & "'165888) P

41 1 3227 3329 \ 1

(h) 536 2 + (2304 o 18432)
(i) _ 2087 - 10495 ) 1
5304 53 — 110592 ) =

. 101 3227\ 1
(J) (‘TE‘C3 - 1152)
377 287

(k) 144C '+'432

/ (1) 835

Spinor helicity used to clean up

Sum over diagrams is gauge invariant

All divergences cancel completely!
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/B, Davies, Dennen, Huang

(divergence)/((12)%[34]° st A"™*°(%)®)
0
263 1 205 1 5551 326317\ 1
768 <3 T 37648 2 T (_ 768 63 T 110592) €

_dms 1 11, (593 B 217571) 1
2304 3 = 4 &2 288 53 165888 ) ¢

1 2057 1 10769 2262014 1
—35 o + goraw + (305°(3 — Tosess) ¢

2304 165888
4 1 (3227 B 3329);
536 2 9304 53 7 18432 )
1y (_ 2087 - 10495 ) 1
2 2304 53 T 110592 ) <

101 3297\ 1
Jr(12 3_1152)E

+ (-5 G+ 5)

835 7385
144 (3 + 3456)

1
€
1
€

() - Spinor helicity used to clean up

Sum over diagrams is gauge invariant

All divergences cancel completely!

EXPlana‘Hons? Kallosh "12

Tourkine and Vanhove ‘12
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Bern, JJMC, Dixon; Johansson, Roiban(2012)

An interesting development at 4-loops!

In the new manifest representation,
we have the power to identify
remarkable structure between YM
and Gravity

10 B
lﬁ)) Stu(82+t2+u2)2Miree(@+2@‘l— @

— 9256 -+ 2025 <« 12- and 13-propagator integrals D=11/2

8

T 11-propagator integrals; same as in sYM

SU(N.)
Aff” | :—6910ICN§(N3@ +12(@+2@ @))
pole

D= 11/2 X ( Tr1324 + TT1423) + 1 (TI'1243 + TI'1342 —|— u TI'1234 + TI'1432))
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Bern, JJMC, Dixon, Johansson, Roiban (2012)

23 10
- (E) St’LL(S2 —|—t2 —|—’LL2)2 Miree(
pole 8 \2

2025 ‘ *mﬁ, ; A ey
—256 —— < 12-and 13- propagatorlntegrals
i | SAME

T— 11-propagator integrals; same as in sYM ‘z DIVERGENCE

(4)|[SUNe) 10 1 a2 [ Ar2
A, 1 = —6g ICNC(NC + 12
pole

X (s (Tri304 + Trig03) + ¢ (Tri243 + Trig4a2) + v (Trioss + Tf1432))

Gravity UV divergence is directly proportional fo
subleading color single-trace divergence of N = 4 super-

Yang-Mills theory.

Same holds for 1-3 loops.
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Status of 5-loop SUGRA Calculation

Bern, JJMC, Dixon, Johansson, Roiban

Calculation of N=4 sYM 5-loop Amplitude Complete

arXiv this week?

@ Critical step towards getting N=8 5-loop SUGRA
Amplitude {\)NOI"kIn towards finding complete Color-
Kmema’rlc sa’rlsfylng form in progress)

® 416 cubic graphs contributing (in this representation)

144
i gl2stuAtreeN§ﬂl234(ch @ o @ ) ®+®)

No single color-trace terms beyond O(1/Nc”2) suppression (like L<=4)
No double-trace contributions (like L<=4).

Saturates predicted divergence in D=26/5

Clearly if pattern persists for N=8 SUGRA (matching subleading single-
trace behavior), N=8 will be UV finite in D=26/5 -- calculation ongoing
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Where do we want to end up with these methods?

@ Fundamentally rewrite S-matrix so important symmetries and
S'|'I"UC'|'UI"€S can be made manIFQS'l' - See Arkani-Hamed’s talk

@ Ok, that may not be immediate, so a direct way to write

down master(s). (structure constants??)
Bjerrum-Bohr, Damgaard, Monteiro, O'Connell.

@ As an intermediate step, we'll be happy with greater control

over more fluidly flowing between representations (c.f.
pOIY‘l'OPQS) Arkani-Hamed, Bourjaily, Cachazo, Hodges, Trnka

@ Generalizations (c.f BLG )

Bargheer, He, and McLoughlin

@ Existence in higher-genus perturbative string theory?
Matfra, Schlotterer, Stieberger

@ What is non-perturbative implication/barrier to
understanding gravity as a double-copy?
Lots to do!
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http://inspirehep.net/author/Damgaard%2C%20Poul%20H.?recid=1092779&ln=en
http://inspirehep.net/author/Damgaard%2C%20Poul%20H.?recid=1092779&ln=en
http://inspirehep.net/author/Monteiro%2C%20Ricardo?recid=1092779&ln=en
http://inspirehep.net/author/Monteiro%2C%20Ricardo?recid=1092779&ln=en
http://inspirehep.net/author/O%27Connell%2C%20Donal?recid=1092779&ln=en
http://inspirehep.net/author/O%27Connell%2C%20Donal?recid=1092779&ln=en
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