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1.  Some interesting physics problems

Typical metals (including those which become 
superconducting at low temperatures) are governed by 

Fermi liquid theory:
Non-Fermi liquids A. J. Schofield 2

can be obtained relatively simply using Fermi’s golden
rule (together with Maxwell’s equations) and I have in-
cluded these for readers who would like to see where
some of the properties are coming from.

The outline of this review is as follows. I begin with
a description of Fermi-liquid theory itself. This the-
ory tells us why one gets a very good description of a
metal by treating it as a gas of Fermi particles (i.e. that
obey Pauli’s exclusion principle) where the interactions
are weak and relatively unimportant. The reason is
that the particles one is really describing are not the
original electrons but electron-like quasiparticles that
emerge from the interacting gas of electrons. Despite its
recent failures which motivate the subject of non-Fermi
liquids, it is a remarkably successful theory at describ-
ing many metals including some, like UPt3, where the
interactions between the original electrons are very im-
portant. However, it is seen to fail in other materials
and these are not just exceptions to a general rule but
are some of the most interesting materials known. As
an example I discuss its failure in the metallic state of
the high temperature superconductors.

I then present four examples which, from a theo-
retical perspective, generate non-Fermi liquid metals.
These all show physical properties which can not be
understood in terms of weakly interacting electron-like
objects:

• Metals close to a quantum critical point. When a
phase transition happens at temperatures close to
absolute zero, the quasiparticles scatter so strongly
that they cease to behave in the way that Fermi-
liquid theory would predict.

• Metals in one dimension–the Luttinger liquid. In
one dimensional metals, electrons are unstable and
decay into two separate particles (spinons and
holons) that carry the electron’s spin and charge
respectively.

• Two-channel Kondo models. When two indepen-
dent electrons can scatter from a magnetic impu-
rity it leaves behind “half an electron”.

• Disordered Kondo models. Here the scattering
from disordered magnetic impurities is too strong
to allow the Fermi quasiparticles to form.

While some of these ideas have been used to try and un-
derstand the high temperature superconductors, I will
show that in many cases one can see the physics illus-
trated by these examples in other materials. I believe
that we are just seeing the tip of an iceberg of new types
of metal which will require a rather di!erent starting
point from the simple electron picture to understand
their physical properties.

Figure 1: The ground state of the free Fermi gas in mo-
mentum space. All the states below the Fermi surface
are filled with both a spin-up and a spin-down elec-
tron. A particle-hole excitation is made by promoting
an electron from a state below the Fermi surface to an
empty one above it.

2. Fermi-Liquid Theory: the electron quasi-
particle

The need for a Fermi-liquid theory dates from the
first applications of quantum mechanics to the metallic
state. There were two key problems. Classically each
electron should contribute 3kB/2 to the specific heat
capacity of a metal—far more than is actually seen ex-
perimentally. In addition, as soon as it was realized
that the electron had a magnetic moment, there was
the puzzle of the magnetic susceptibility which did not
show the expected Curie temperature dependence for
free moments: ! ! 1/T .

These puzzles were unraveled at a stroke when
Pauli (Pauli 1927, Sommerfeld 1928) (apparently
reluctantly—see Hermann et al. 1979) adopted Fermi
statistics for the electron and in particular enforced the
exclusion principle which now carries his name: No two
electrons can occupy the same quantum state. In the
absence of interactions one finds the lowest energy state
of a gas of free electrons by minimizing the kinetic en-
ergy subject to Pauli’s constraint. The resulting ground
state consists of a filled Fermi sea of occupied states
in momentum space with a sharp demarcation at the
Fermi energy "F and momentum pF = h̄kF (the Fermi
surface) between these states and the higher energy un-
occupied states above. The low energy excited states
are obtained simply by promoting electrons from just
below the Fermi surface to just above it (see Fig. 1).
They are uniquely labelled by the momentum and spin
quantum numbers of the now empty state below the
Fermi energy (a hole) and the newly filled state above
it. These are known as particle-hole excitations.

This resolves these early puzzles since only a small
fraction of the total number of electrons can take part

Basic quantum mechanics together with the kinematics of 
the Fermi surface determines robustly:

CV (T ) � T, �(T ) � T 2
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The Fermi liquid fixed point is infrared stable (except for 
the Cooper channel instability).  This explains its ubiquity in 

metals. Landau; ..... ; Shankar;
Polchinski

But a variety of experiments yield phase diagrams with 
decidedly  “non-Fermi liquid” behavior, even in the regime 
where Fermi liquid theory would be expected to apply:
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These materials suggest a challenge: can we classify IR 
stable (or almost stable) fixed points of finite density 

quantum matter?

We have few tools to do this.  Perhaps the newest one is 
holography.  Here, I’ll describe new results from studies of 
holography at finite density.  Reductively, this can just be 

viewed as an attempt to better understand the zoo of black 
brane solutions in string theory (and their dual physics).

II.  Holography at finite charge density

A. Simplest case

Doped finite T holographic matter is mapped, in AdS/CFT, 
to a charged black brane geometry.
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The simplest action that supports a (“bottom-up”) 
holographic dictionary for such doped matter is:

3

The spirit of the discussion of this paper will be similar
to that of [3]; we will not restrict to any specific theory.
Since Einstein gravity coupled to matter fields captures
universal features of a large class of field theories with
a gravity dual, we will simply work with this universal
sector, essentially scanning many possible CFTs.5

The role played by the IR CFT in determining the
low-frequency form of the Green’s functions of the d-
dimensional theory requires some explanation. Each op-
erator O in the UV theory gives rise to a tower of op-
erators O!k in the IR CFT labeled by spatial momentum
!k. The small " expansion of the retarded Green function
GR(",!k) for O contains an analytic part which is gov-
erned by the UV physics and a non-analytic part which
is proportional to the retarded Green function of O!k in
the IR CFT. What kind of low-energy behavior occurs
depends on the dimension #k of the operator O!k in the

IR CFT and the behavior of GR(" = 0,!k).6 For example,
when #k is complex one finds the log-periodic behavior
described earlier. When GR(" = 0,!k) has a pole at some
finite momentum |!k| = kF (with #kF real), one then finds

gapless excitations around |!k| = kF indicative of a Fermi
surface.

Our discussion is general and should be applicable to
operators of any spin. In particular both types of scal-
ing behavior mentioned earlier for spinors also applies
to scalars. But due to Bose statistics of the operator in
the boundary theory, this behavior is associated with in-
stabilities of the ground state. In contrast, there is no
instability for spinors even when the dimension is com-
plex.

Our results give a nice understanding of the low-energy
scaling behavior around the Fermi surface. The scaling
exponents are controlled by the dimension of the corre-
sponding operator in the IR CFT. When the operator is
relevant (in the IR CFT), the quasi-particle is unstable.
Its width is linearly proportional to its energy and the
quasi-particle residue vanishes approaching the fermi sur-
face. When the operator is irrelevant, the quasi-particle
becomes stable, scaling toward the Fermi surface with
a nonzero quasi-particle residue. When the operator is
marginal the spectral function then has the form for a
“marginal Fermi liquid” introduced in the phenomeno-
logical study of the normal state of high Tc cuprates [8].

It is also worth emphasizing two important features of
our system. The first is that in the IR, the theory has not
only an emergent scaling symmetry but an SL(2, R) con-
formal symmetry (maybe even Virasoro algebra). The
other is the critical behavior (including around the Fermi
surfaces) only appears in the frequency, not in the spatial

5 The caveat is there may exist certain operator dimensions or
charges which do not arise in a consistent gravity theory with
UV completion.

6 The behavior at exactly zero frequency GR(! = 0,"k) is con-
trolled by UV physics, not by the IR CFT.

momentum directions.
The plan of the paper is as follows. In §2, we introduce

the charged AdS black hole and its AdS2 near-horizon
region. In §3, we determine the low energy behavior of
Green’s functions in the dual field theory, using scalars as
illustration. The discussion for spinors is rather parallel
and presented in Appendix A. In §IV–VI, we apply this
result to demonstrate three forms of emergent quantum
critical behavior in the dual field theory: scaling behavior
of the spectral density (§IV), periodic behavior in log" at
small momentum (§V), and finally (§VI) the Fermi sur-
faces found in [3]. We conclude in §VII with a discussion
of various results and possible future generalizations. We
have included various technical appendices. In particu-
lar in Appendix D we give retarded functions of charged
scalars and spinors in the AdS2/CFT1 correspondence.

II. CHARGED BLACK HOLES IN ADS AND
EMERGENT INFRARED CFT

A. Black hole geometry

Consider a d-dimensional conformal field theory (CFT)
with a global U(1) symmetry that has a gravity dual. At
finite charge density, the system can be described by a
charged black hole in d + 1-dimensional anti-de Sitter
spacetime (AdSd+1) [5] with the current Jµ in the CFT
mapped to a U(1) gauge field AM in AdS.

The action for a vector field AM coupled to AdSd+1

gravity can be written as

S =
1

2$2

!

dd+1x
!
"g

"

R +
d(d " 1)

R2
" R2

g2
F

FMNFMN

#

(1)
where g2

F is an e!ective dimensionless gauge coupling7

and R is the curvature radius of AdS. The equations of
motion following from (1) are solved by the geometry of
a charged black hole [5, 9]

ds2 # gMNdxMdxN =
r2

R2
("fdt2 + d!x2) +

R2

r2

dr2

f
(2)

with

f = 1 +
Q2

r2d!2
" M

rd
, At = µ

$

1 " rd!2
0

rd!2

%

. (3)

r0 is the horizon radius determined by the largest positive
root of the redshift factor

f(r0) = 0, $ M = rd
0 +

Q2

rd!2
0

(4)

7 It is defined so that for a typical supergravity Lagrangian it is a
constant of order O(1). gF is related in the boundary theory to
the normalization of the two point function of Jµ.
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The black hole solution takes the form:

with an “emblackening factor” and gauge field:
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to that of [3]; we will not restrict to any specific theory.
Since Einstein gravity coupled to matter fields captures
universal features of a large class of field theories with
a gravity dual, we will simply work with this universal
sector, essentially scanning many possible CFTs.5

The role played by the IR CFT in determining the
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GR(",!k) for O contains an analytic part which is gov-
erned by the UV physics and a non-analytic part which
is proportional to the retarded Green function of O!k in
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depends on the dimension #k of the operator O!k in the

IR CFT and the behavior of GR(" = 0,!k).6 For example,
when #k is complex one finds the log-periodic behavior
described earlier. When GR(" = 0,!k) has a pole at some
finite momentum |!k| = kF (with #kF real), one then finds

gapless excitations around |!k| = kF indicative of a Fermi
surface.

Our discussion is general and should be applicable to
operators of any spin. In particular both types of scal-
ing behavior mentioned earlier for spinors also applies
to scalars. But due to Bose statistics of the operator in
the boundary theory, this behavior is associated with in-
stabilities of the ground state. In contrast, there is no
instability for spinors even when the dimension is com-
plex.

Our results give a nice understanding of the low-energy
scaling behavior around the Fermi surface. The scaling
exponents are controlled by the dimension of the corre-
sponding operator in the IR CFT. When the operator is
relevant (in the IR CFT), the quasi-particle is unstable.
Its width is linearly proportional to its energy and the
quasi-particle residue vanishes approaching the fermi sur-
face. When the operator is irrelevant, the quasi-particle
becomes stable, scaling toward the Fermi surface with
a nonzero quasi-particle residue. When the operator is
marginal the spectral function then has the form for a
“marginal Fermi liquid” introduced in the phenomeno-
logical study of the normal state of high Tc cuprates [8].

It is also worth emphasizing two important features of
our system. The first is that in the IR, the theory has not
only an emergent scaling symmetry but an SL(2, R) con-
formal symmetry (maybe even Virasoro algebra). The
other is the critical behavior (including around the Fermi
surfaces) only appears in the frequency, not in the spatial

5 The caveat is there may exist certain operator dimensions or
charges which do not arise in a consistent gravity theory with
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6 The behavior at exactly zero frequency GR(! = 0,"k) is con-
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The black hole solution takes the form:

with an “emblackening factor” and gauge field:
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The AdS/RN solution has a metric:

with gauge field and “emblackening factor”:

 

Chamblin, Emparan,
Johnson, Myers

Friday, July 20, 2012



In the case of a 4d bulk, the extremal limit (the ground 
state of the doped theory) has a near-horizon geometry:

ds2 = �r2dt2 + dr2

r2 + dx2 + dy2

The failure of the      to shrink, means that there is an 
extensive ground-state entropy. 

R2

While e.g. free spins or phonons above the Debye 
temperature could do this, it seems very exotic for a state 

of strongly coupled quantum matter.

Fascinating “1/N” non-Fermi liquids have been found in this 
context, in a way that relies strongly on the AdS2 quantum 

critical region. S.S. Lee; MIT group;
Leiden group; ... ;

DeWolfe, Gubser, Rosen

Friday, July 20, 2012



B.  Other homogeneous, isotropic scaling geometries

In order to investigate whether the features of the Einstein-
Maxwell extremal black brane are generic, it is reasonable 
to write down simple toy actions with more than the two 

fields, and see what the extremal solutions are like.

One simple extension is to add a scalar “dilaton”:

L =
⇥
�g

�
R� 2(⇤�)2 � e2�⇥F 2 � 2�� V (�)

⇥

Various simple choices with such an action yield 
qualitatively new near-horizon geometries for charged 

black branes.
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Case i) No dilaton potential

In this case, one can find asymptotically AdS solutions with 
near-horizon geometry (at extremality) governed by the 

solution:

ds2 = �r2zdt2 + r2(dx2 + dy2) + dr2

r2

By rescaling w, t, x and y appropriately the constant C3 can be set to zero and C1

to unity. One then gets that Q is determined in terms of � by

Q2 =
6

(�2 + 2)
(2.12)

The final values of the metric components are then

a = C2w, b = w⇥, ⇤ = � K log(w) . (2.13)

Note that since a vanishes linearly with w, the metric component gtt has a second
order zero at w = 0, as is needed for an extremal solution. In the extremal solution
found above the gauge coupling gU(1) ⇥ e��⇤ becomes arbitrarily weak at the horizon,
as ⇤ ⇤ ⌅. Conversely, when w ⇤ ⌅ the gauge coupling becomes very strong.

The scaling exponents that characterize the solution actually indicate that in
the near-horizon region, the metric takes the form characterizing a Lifshitz fixed
point with anisotropic scaling [26] (see also [27]). The dynamical critical exponent is

fixed to z =
(1+(�2 )

2)

(�2 )
2 = 1/⇥. The scaling symmetry is not exact, it is broken by the

logarithmic dependence of the dilaton on w.
As was mentioned above the scaling solution eq.(2.9), eq.(2.10), eq.(2.12), is an

exact solution to the equations of motion. However for our purposes it does not have
the correct asymptotic behavior.6 We are interested in solutions which asymptote
to AdS4. In the §2.4 and in appendix A, we will discuss how a new solution can
be obtained after adding a perturbation to the above solution. This solution is
asymptotically AdS4 and has an asymptotically constant dilaton. After a coordinate
transformation we see that the charge Q is fixed to a universal value in the scaling
solution, eq. (2.12). In contrast in the asymptotically AdS4 case the charge Q will
be directly related to the number density in the dual theory 7, and has physical
significance. In addition the AdS4 solution will also depend on ⇤0 – the asymptotic
value of the dilaton. The asymptotically AdS4 solution will therefore be characterized
by two parameters, Q and ⇤0.

The solution we have discussed above, with a Lifshitz-symmetric metric, was in
fact already found in §3 of [29], where however the focus was on black brane solutions
with di�erent (Lifshitz instead of AdS) asymptotics 8.

2.2 Attractor behavior

Note that the solution in eq.(2.13) has no free parameters. The exponents ⇥, K, and
the constant C2 which appear in it are determined in terms of the parameter �, as in

6Solutions of similar systems with this kind of asymptotic behavior will appear in [28], where
they can be interpreted in terms of a microscopic dual theory with Schrödinger symmetry.

7This follows directly from the gauge field eq. (2.3) and the AdS/CFT dictionary.
8Other interesting examples of black hole solutions which asymptote to 4D Lifshitz metrics with

various values of the dynamical exponent z have appeared in [30].

– 7 –

The “dynamical critical exponent” z, and the constant K, 
are determined by the dilaton coupling parameter in the 

action.

The solution runs to weak/strong coupling at the horizon 
in the electrically/magnetically charged solution.

M. Taylor;
Goldstein, S.K,
Prakash, Trivedi

Friday, July 20, 2012



Physically, there are several interesting differences from the 
AdS/RN geometry:

* Vanishing entropy density at T=0.

* The metric exhibits scaling with finite z; the near-horizon 
geometry of AdS/RN is recovered in the            limit.

* The dilaton breaks the scaling symmetry.  However, 
similar exactly “Lifshitz-invariant” solutions with various z 

arise in slightly different low-energy theories.

* One can still obtain non-Fermi liquids in these 
geometries, by considering transport of fermions on probe 

D-branes. z=2 yields linear resistivity.

z �⇥

S.K., Liu,
Mulligan; ....

Hartnoll,
Polchinski,
Silverstein,

Tong

Friday, July 20, 2012



Case ii) Including a dilaton potential Charmousis, Gouteraux,
Kim, Kiritsis, Meyer

If one arranges for a global solution where in the near-
horizon geometry a dilaton potential of the schematic form

V (�) � e�⇥

dominates, then one finds a more general class of 
homogeneous, isotropic near-horizon geometries.  They are 
characterized by both a “dynamical critical exponent” z and 

a “hyperscaling violation exponent”   :�
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1 Introduction

Holography [1] is a powerful tool to study strongly interacting largeN quantum field theories
[2, 3, 4, 5]. In the holographic context, a d (spatial) dimensional quantum field theory is
mapped to a higher-dimensional (usually (d+2)-dimensional) gravitational theory, with the
(d+1) “field theory dimensions” arising as the boundary of the space-time. While the initial
interest in concrete examples centered on applications to AdS gravity theories and their
conformal field theory duals, the class of metrics of interest in gauge/gravity duality has been
considerably enlarged in recent years. One simple generalisation is to consider metrics which
can be dual to scale-invariant field theories which are, however, not conformally invariant,
but instead enjoy a dynamical critical exponent z ⇤= 1 (with z = 1 reducing to the case of
the AdS metric):

ds2 = � 1

r2z
dt2 +

1

r2
(dr2 + dx2

i ) . (1.1)

These metrics are invariant under the scaling

t ⇥ ⇥zt, xi ⇥ ⇥xi, r ⇥ ⇥r . (1.2)

They arise as exact solutions of simple gravity theories coupled to appropriate matter [6, 7],
with the simplest such theory also including an abelian gauge field in the bulk. This simple
generalisation of AdS is motivated by consideration of gravity toy models of condensed matter
systems (where Lorentz invariance needn’t emerge in the deep infrared, and e.g. doping with
charge density can naturally lead to z ⇤= 1).1 Such metrics have also been found as solutions
in string theory, and supergravities which arise simply from string constructions, in [9].

More recently, it has been realized that by studying systems including a scalar “dilaton”
in the bulk, one can find even larger classes of scaling metrics. Such theories have been
studied in e.g. [10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21] (with very similar metrics also
characterizing the “electron stars” studied in e.g. [22]). By including both an abelian gauge
field and the scalar dilaton, one can in particular engineer the full class of metrics [13]

ds2d+2 = r�2(d��)/d
�
�r�2(z�1)dt2 + dr2 + dx2

i

⇥
. (1.3)

These exhibit both a dynamical critical exponent z and a “hyperscaling violation” exponent
� [24], as emphasized in [20]. This metric is not scale invariant, but transforms as

ds ⇥ ⇥�/dds (1.4)

under the scale-transformation (1.2). Very roughly speaking, in a theory with hyperscaling
violation, the thermodynamic behaviour is as if the theory enjoyed dynamical exponent z but

1An alternative class of non-relativistic scaling metrics characterizing the so-called Schrödinger space-
times, which may also have condensed matter applications, was discussed in [8].
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With hyperscaling violation, such metrics are not scale 
invariant; they are however conformal to Lifshitz metrics.

Again, they are supported by a running scalar field whose 
trajectory typically hits extreme values (very weak or very 

strong coupling) at the extremal horizon, signaling a 
breakdown of the low-energy action used.

Before expanding on this point, let us describe the most 
interesting features of such geometries:

a)  The free energy density scales in a way different from 
naive dimensional analysis, given the dimension. In a scale 

invariant field theory in d space dimensions:

F
V � T d+1
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These metrics instead have (finite T deformed) horizons 
which yield:

F
V � T d+1�� .

In many respects, then, the thermodynamics of the dual 
theories is such that there are          “effective” space 

dimensions.
d� �

Notably:

This matches (at leading large N) the scaling expected for a 
theory with a Fermi surface.

Ogawa, Takayanagi, Ugajin; 
Huijse, Sachdev, Swingle� = d� 1⇤ C ⇥ T

1
z

dim’l analysis made up by
powers of e.g. Fermi momentum

in a Fermi liquid
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b) The entanglement entropy shows interesting behavior.  
Recall that there is a holographic entanglement entropy 

formula:

Ryu,
Takayanagi
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“Typical” phases of matter are expected to obey a (UV-
cutoff dependent) “area law” for the entanglement entropy.  

But these holographic geometries yield:

SA � L log(L)

in the case when 

� = d� 1. Ogawa, Takayanagi, Ugajin;
Huijse, Sachdev, Swingle

These are hence doubly promising as a step towards a bulk 
representation of a large N theory which has a Fermi 
surface, for the leading large N degrees of freedom.

(However, no spectral weight at low energy and finite k
in the supergravity approximation....) Hartnoll,

Shaghoulian
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So, while there’s progress, much remains to be done to find 
a convincing putative large N dual for a theory with a Fermi 

surface (at leading order).

C.  On “IR incompleteness”

Many of the most interesting solutions we just discussed in 
B are “IR incomplete” due to the running dilaton.  It runs 

either to very strong or very weak coupling at the horizon.

Either extreme is potentially problematic.

Strong coupling for obvious reasons.  Weak coupling 
because of what the “dilaton” means in full constructions:
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* In the case it is the literal string dilaton, because of the 
fact that

Mstring = gsMPlanck

extreme weak coupling means that the string tower is 
becoming light.  This shows up in the action in 

unsuppressed higher curvature terms.

* Often in “consistent truncations,” the dilaton is a radion.  
Then weak coupling is large volume, and a Kaluza-Klein 

tower comes down in mass.  

In fact, black hole solutions in string theory where such 
corrections are crucial have been understood. Dabholkar,

Kallosh,
Maloney
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For magnetically charged black branes, where one is in the 
strong-coupling situation, we were able to show in a toy 

model that the “IR incompleteness” is cured in the running-
dilaton solutions.  They terminate in a constant-coupling 

AdS2 geometry (with parametrically smaller entropy than 
its Maxwell-Einstein cousin).  Harrison, S.K., Wang

In the second case, we’ve been able to see in some cases 
what the “very near-horizon fate” of the emergent Lifshitz 

solution (with running dilaton) is:

many similar cases such singularities are known to be harmless and physically admissible
[10], it is an open question in this case what the correct interpretation of the singularities
is.1 The results of this note will not apply to the solutions, like those of [6], which have exact
Lifshitz scaling symmetry.

More generally, these metrics also emerge naturally in relativistic systems which are
doped by finite charge density. For instance, asymptotically AdS extremal black branes
whose near-horizon geometry is of the Lifshitz form were found in [11, 12] by studying the
solutions of the theory with action

S =

⇤
d4x

⇧
�g

�
R� 2(⌃⇤)2 � e2�⇥F 2 � 2�

⇥
. (1.3)

In these theories, although the metric in the IR takes the Lifshitz form with z =
1+(�2 )

2

(�2 )
2 , the

scalar dilaton is logarithmically running. Both electrically and magnetically charged black
branes give rise to such geometries: in the former the dilaton runs towards weak coupling
at the horizon (in the sense that g ⇥ e��⇥ ⌅ 0), while in the latter, the dilaton runs
towards strong coupling. Related solutions with Lifshitz asymptotics were first discussed in
[13], and several other papers exploring closely related solutions have subsequently appeared
[14, 15, 16, 17, 18, 19, 20, 21, 22].

It was noted already in [11, 12] that the running of the dilaton means that one cannot
trust the Lifshitz form of the solutions to the action (1.3) in the very deep IR. In the case
of the magnetically charged branes, this is because as g grows, quantum corrections should
be expected to grow in importance – see §4.2 of [12]. For electrically charged branes, on the
other hand, it would be expected that in string theory �⇥ corrections (i.e., higher-derivative
terms) would become important.

We have already seen cases in string theory where �⇥ corrections “resolve” a horizon which
is naively singular [23]. Here, we discuss an analogous phenomenon for black branes. Instead
of �⇥ corrections we will focus on the quantum corrections to the near-horizon geometry of
the magnetically charged black branes in quantum-corrected versions of the theory (1.3). As
a simplest toy model for these corrections in g, we will promote the gauge kinetic term in
(1.3)

e2�⇥F 2 ⌅ f(⇤)F 2 (1.4)

with the “gauge coupling function” f(⇤) taking the form

f(⇤) = e2�⇥ + ⇥1 + ⇥2 e�2�⇥ + ⇥3 e�4�⇥ + · · · = 1

g2
+ ⇥1 + ⇥2 g2 + ⇥3 g4 + · · · (1.5)

The new terms ⇤ ⇥i in the gauge coupling function are meant to mock up the quantum
corrections which become important as the coupling constant grows near the horizon. We

1It is rather natural to think that because theories with dispersion relation � = kz for z > 1 have more
“soft modes” than conventional relativistic theories, the tidal forces are a dual avatar of the more complicated
structure of IR singularities in such theories.
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Result:  the “attractor potential” for the dilaton now has a 
near-horizon minimum, and one can find flows that:

Harrison, SK, Wang
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Figure 2: Here we see a log-log plot of the crossover from Lifshitz scaling to AdS4 in the
metric functions a(r) and b(r). The crossover occurs around r = 1011. For r < 1011, the
Lifshitz region persists over several decades in r, while for r > 1011, the solution becomes
AdS4. Left: a�(r); right: b(r). The flow in a(r) just reflects the fact that the coe⇥cient of
the linear term in a(r) ⇥ r is di�erent in the Lifshitz and AdS4 regions. The change in slope
in the log-log plot for b(r) indicates the di�erence between a solution with dynamical scaling
(z = 5, for our choice of parameters) and the z = 1 characteristic of AdS4.

4 Discussion

One of the common ways of obtaining dynamical scaling in holographic theories has been
to study charged black brane solutions of Einstein-Maxwell-dilaton gravity. However, the
resulting Lifshitz solutions have a running dilaton, and therefore the deep IR behaviour is
not expected to maintain the scaling form of the metric [11]. Instead, it is expected that
in the magnetic (electric) black branes, quantum corrections (�� corrections) should modify
the very near-horizon geometry. We have argued here that one generic consequence, in the
magnetic case, can be the re-emergence in the deep IR of an attractor fixed point with fixed
dilaton and an AdS2 � R2 geometry (as occurs also in the Einstein-Maxwell system in the
absence of a dilaton). Then, the richest solutions exhibit three scaling regions: a UV AdS4

fixed point, an intermediate region (which can extend over many decades in energy scale)
with dynamical critical exponent governed by the detailed form of the dilaton coupling, and
a deep IR AdS2 �R2 geometry.

We close with some comments/questions.

• We chose to incorporate a certain set of corrections in g in (1.5), just keeping ⇥1,2. Clearly,
in general one would have there an infinite series. Our approximation in truncating at the
order we did could only be justified if for some reason ⇥2 were large enough to yield a weak-
coupling value of ⇤H , with further terms of higher order in g being negligible. There is no
reason to expect this to happen in general. However, the important point is that once there
are multiple orders in g appearing in the gauge coupling function, there will generically be
critical points in the attractor potential. The Lifshitz solutions only obtain when one has
a “runaway attractor” (as described in [11]), and so the fact that generic corrections yield
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Figure 3: Left: Shown in blue is the numerical solution for ⇤(r) in the Lifshitz scaling regime,
with the exact Lifshitz solution shown in red. Right: Log-log plot of ⇤(r) showing crossover
from Lifshitz scaling to AdS4. As in Figure (2), the crossover occurs around r = 1011, where
we see ⇤(r) transition from a log-running function to a constant solution ⇤⇥.

other non-runaway critical points explains why we feel the results we’ve described here do
capture one generic possible fate for the near-horizon geometry of the magnetic branes.

• In the magnetically charged branes, g runs toward strong coupling at the horizon,which
explains why higher order corrections in g can become important and change the very near
horizon geometry. In the electric case, instead g flows towards weak coupling. Then, one
expects that in a theory like string theory which has a UV scaleMs = gMP , �� corrections will
become important. It would be interesting to show that generic higher-derivative corrections
(with suitable g dependence) yield a similar result for the electrically charged black-branes.
This is technically slightly more involved because of the need to deal with higher derivative
equations of motion, but it should be tractable. It is easy to see that higher derivative
corrections with suitable g dependence do yield AdS2 � R2 solutions to the equations of
motion.

• It was clear from the beginning that because of the running dilaton, the Lifshitz-like
solutions of [13, 11] should not be expected to remain valid down to arbitrarily low energy
scales - one has not attained a true scale-invariant fixed point if the scalar field breaks the
scaling symmetry of the metric. On the other hand, there are plenty of Lifshitz solutions (in
macroscopic theories [6] and in string theory [7]) which have exact scale invariance and do not
involve a running scalar. Then, there is no excuse for quantum corrections or �� corrections
to grow large and smoothly deform the near-horizon geometry, as happened here. In these
exact Lifshitz solutions, we expect the quantum or stringy fate of the horizon could be
quite di�erent. In fact, the singularities there may be a feature, mirroring the stronger IR
singularities present in scale-invariant field theories with z > 1. Some interesting work trying
to resolve this issue by studying Coulomb branch probes of such theories is underway [25].

• There has also been recent interest in more general metrics with both dynamical critical
exponent z and hyperscaling violation parameter ⇥, which arise in very similar Einstein-
Maxwell-dilaton theories with simple dilaton potentials [15, 16, 18, 26, 27]. This is in part
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Such metrics also do arise in microscopic D-brane 
constructions.  

3 2+1 super-Yang-Mills and D2-branes

We start by considering a collection of N D2-branes in the super-Yang-Mills limit,

U =
r

!!
= fixed, g2

Y M =
gs!
!!

= fixed, !
! " 0, (12)

where gs = e!" , gY.M is the Yang-Mills coupling constant which has dimensions of

(energy)1/2 and U is the expectation value of the Higgs. After taking the limit (12)

we decouple the bulk from the theory on the D2 branes which turns out to be a U(N)

super-Yang-Mills in 2+1 dimensions, with 16 supersymmetries. At a given energy scale,

U , the dimensionless e!ective coupling of the gauge theory is g2
eff # g2

Y MN/U and, hence,

perturbative super-Yang-Mills can be trusted in the UV region where geff is small

g2
Y MN $ U. (13)

The supergravity solution of N D2-branes [14] yields in this limit

ds2 = !
!

!

U5/2

gY M

!
6"2N

dx2
|| +

gY M

!
6"2N

U5/2
dU2 + gY M

"

6"2N/Ud"2
6

#

e! =

!

g10
Y M6"2N

U5

#1/4

. (14)

The type II supergravity description can be trusted when the curvature (7) in string units

and the e!ective string coupling are small

g2
Y MN1/5 $ U $ g2

Y MN. (15)

We see that a necessary condition is to have N % 1. In the region geff & 1 we have

a transition between the perturbative super-Yang-Mills description and the supergravity

description.

In the region U < g2
Y MN1/5 the dilaton becomes large. In other words the local value

of the radius of the eleventh dimension, R11(U), becomes larger than the Planck scale

since R11 = e2!/3lp. Even though the string theory is becoming strongly coupled we

will be able to trust the supergravity solution if the curvature is small enough in eleven

dimensional Planck units. The relation between the eleven dimensional metric and the

ten dimensional type IIA string metric, dilaton and gauge field is

ds2
11 = e4!/3(dx11 + Aµdxµ)2 + e!2!/3ds2

10 (16)

which implies that the curvature in 11D Planck units is

l2pR # e2!/3 1

geff
#

1

N1/3

!

g2
Y M

U

#1/3

. (17)
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It is trustworthy when:

In this case, the “IR incompleteness” is saved by the flow to 
a strong coupling limit which is the M2-brane CFT.  (The 

UV incomplete weak coupling region is 2+1 SYM).  

Perlmutter; Dong, Harrison, S.K.,
Torroba, Wang; Narayan; 

Ammon, Kaminski, Karch; ...

A prototypical simple example is the D2 solution, 
which has                      :

Itzhaki, Maldacena,
Sonnenschein, Yankielowicz

(z = 1, � = � 1
3 )
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In fact, even without the running dilaton, the e.g. Lifshitz 
horizons have a mystery; while curvature invariants are 
constant, there are strong tidal forces at the extremal 

horizon.  The first mechanism just discussed can “resolve” 
this issue in the dilatonic solutions.

Other resolutions in other contexts also exist. Bao, Dong, Harrison,
Silverstein; Way

III.  Less symmetric horizons

Low-T phases with translation/rotation breaking are 
ubiquitous in condensed matter systems -- charge/spin 

density waves, nematic phases, ...

Can we classify, at least coarsely, dual gravity horizons?
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As a starting point for a classification, we would like to 
classify the most general homogeneous, anisotropic 

extremal black brane geometries.

Here, by homogeneous, we do not mean that there is 
normal translation symmetry.  Rather, we mean that for a 

theory in d spatial dimensions, there should be a d-
dimensional group action which relates each point to its 

neighbors.

That, is there should be d Killing vectors whose 
commutators give rise to a Lie algebra.  Only the trivial

algebra gives “normal” translations.

Iizuka, SK,
Kundu, Narayan,

Sircar, Trivedi

Saturday, March 31, 2012
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Example:

Imagine in our three-dimensional space, we enjoy usual 
translation symmetries along two of the directions.  But 

along the third, one must translate as well as rotating in the 
transverse plane, to get a symmetry.

ple where a Type VII near-horizon geometry can arise from an asymptotically AdS

spacetime is given in §5. A brief discussion of subtleties which might arise when
time is involved in the generalised translations is contained in §6. The paper ends

with some discussion in §7. Important supplementary material is contained in the
Appendices §A-§D.

Before closing the introduction, let us comment on related literature. There is a

formidable body of work on brane solutions in the string theory and general relativity
literature; for a recent review with further references, see [12]. A classification of

extremal black holes (as opposed to black branes), quite di!erent from ours, has
been discussed in [13]. Our solutions can be viewed as black branes with new kinds
of “hair”; simple discussions of how branes in AdS space can violate the black hole

no-hair theorems are given in the papers on holographic superconductivity, see e.g.
[14] and [15] for discussions with additional references. Early examples of black

branes with interesting horizon structure were discussed in studies of the Gregory-
Laflamme instability; the original papers are [16] and a recent discussion appears

in [17]. As we mentioned previously, solutions with instabilities of the Type VII
kind have appeared already in the context of AdS/CFT duality in the interesting
papers [9, 10, 11]. Lifshitz symmetry has characterized one new type of horizon

to emerge in holographic duals of field theories at finite charge density in many
recent studies; this was discussed in [18] and [19] (see also [20] for string theory

and supergravity embeddings of such solutions). The attractor mechanism has also
inspired a considerable literature. The seminal paper is [21]. For a recent review
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2. Generalised Translations and The Bianchi Classification

It is worth beginning with a simple example illustrating the kind of generalised
translational symmetry we would like to explore. Suppose we are in three dimensional

space described by coordinates x1, x2, x3 and suppose the system of interest has the
usual translational symmetries along the x2, x3 directions. It also has an additional
symmetry but instead of being the usual translation in the x1 direction it is now a

translation accompanied by a rotation in the x2 ! x3 plane. The translations along
the x2, x3 direction are generated by the vectors fields,

!1 = "2, !2 = "3, (2.1)

whereas the third symmetry is generated by the vector field,

!3 = "1 + x2"3 ! x3"2. (2.2)
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vector fields which
generate our generalised

translations

These generate a homogeneous space, in the sense that 
each point in an infinitesimal neighborhood can be 

transported to each other point.
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However, the commutation relations define a Lie algebra 
which is invariantly distinct from the algebra of translations:

It is easy to see that the three transformations generated by these vectors trans-

form any point in the three dimensional plane to any other point in its immediate
neighborhood. This property, which is akin to that of usual translations, is called

homogeneity. However, the symmetry group we are dealing with here is clearly dif-
ferent from usual translations, since the commutators of the generators, eq.(2.1,2.2)
take the form

[!1, !2] = 0; [!1, !3] = !2; [!2, !3] = !!1, (2.3)

and do not vanish, as they would have for the usual translation 3.

In this paper we will be interested in exploring such situations in more generality
where the symmetries are di!erent from the usual translations but still preserve

homogeneity, allowing any point in the system of interest to be transformed to any
other by a symmetry transformation 4.

When can one expect such a symmetry group to arise? Let us suppose that there
is a scalar order parameter, "(x), which specifies the system of interest. Then this

order parameter must be invariant under the unbroken symmetries. The change of
this order parameter under an infinitesimal transformation generated by the vector

field !i is given by

#" = $!i(") (2.4)

and this would have to vanish for the transformation to be a symmetry. It is easy

to see that requiring that this is true for the three symmetry generators mentioned
above, eq.(2.1), eq.(2.2), leads to the condition that " is a constant independent

of the coordinates, x1, x2, x3. Now, such a constant configuration for " is invariant
under the usual translation along x1, generated by %1, besides being invariant also
under a rotation in the x2!x3 plane (and the other rotations). Thus we see that with

a scalar order parameter a situation where the generalised translations are unbroken
might as well be thought of as one that preserves the usual three translations along

with additional rotations.

Now suppose that instead of being a scalar the order parameter specifying the
system is a vector V , which we denote by V i%i. Under the transformation generated
by a vector field !i this transforms as

#V = $[!i, V ]. (2.5)

Requiring that these commutators vanish for all three !i’s leads to the conditions,

V 1 = constant, V 2 = V0 cos(x
1 + #), V 3 = V0 sin(x

1 + #) (2.6)

3In fact this symmetry group is simply the group of symmetries of the two dimensional Euclidean
plane, its two translations and one rotation.

4In a connected space this follows from the requirement that any point is transformed to any
other point in its immediate neighborhood by a symmetry transformation.
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Or in a picture:
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Many varieties of entanglement play a fundamental role in the structure of the new
phases of quantum matter, and it is often long-ranged. Remarkably, the long-range
entanglement appears in the natural state of the new materials at low enough tem-
peratures, and does not require delicate preparation of specific quantum states after
protection from environmental perturbations.

The structure of Sommerfeld-Bloch theory of metals is summarized in Fig. 1.
The electrons occupy single-particle states labelled by a momentum k below the

Band
Insulator

E

k

Metal

Superconductor

Fig. 1. Schematic of the phases of matter which can be described by extensions of the independent
electron theory.

Fermi energy EF . The states with energy equal to EF define a (d� 1)-dimensional
‘Fermi surface’ in momentum space (in spatial dimension d), and the low energy
excitations across the Fermi surface are responsible for the metallic conduction.
When the Fermi energy lies in an energy gap, then the occupied states completely
fill a set of bands, and there is an energy gap to all electronic excitations: this defines
a band insulator, and the band-filling criterion requires that there be an even number
of electrons per unit cell. Both the metal and the band insulator are states which are
adiabatically connected to the states of free electrons illustrated in Fig. 1. Finally,
in the Bardeen-Cooper-Schrie�er theory, a superconductor is obtained when the
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Happily, for the application to phases in 3 spatial 
dimensions, all possible algebras of this sort have been 

classified.  This is the Bianchi classification, also of use in 
theoretical cosmology.
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The basic mathematical structure is as follows:

* For each of the 9 inequivalent algebras, there are three 
“invariant one-forms” left invariant under all three 

isometries.

* A metric expressed in terms of these forms with constant 
coefficients will automatically be invariant, then.

* The one-forms actually satisfy the relations:

3. General Set-Up and A Simple Example

Here we turn to describing more explicitly a spacetime metric incorporating the
generalised translational symmetries described above and to asking when such a

metric can arise as the solution to Einstein’s equations of gravity coupled with matter.
Mostly we will work in 5 dimensions, this corresponds to setting d = 4 in eq.(1.1).
In addition, to keep the discussion simple, we assume that the usual translational

symmetry along the time direction is preserved so that the metric is time independent
and also assume that there are no o!-diagonal components between t and the other

directions in the metric. This leads to

ds2 = dr2 ! a(r)2dt2 + gijdx
idxj (3.1)

with the indices i, j taking values 1, 2, 3. For any fixed value of r, t, we get a three

dimensional subspace spanned by xi. We will take this subspace to be a homogeneous
space, corresponding to one of the 9 types in the Bianchi classification.

As discussed in [2], for each of the 9 cases there are three invariant one forms,
!i, i = 1, 2, 3, which are invariant under all 3 isometries. A metric expressed in terms

of these one-forms with xi independent coe"cients will be automatically invariant
under the isometries. For future reference we also note that these one-forms satisfy

the relations

d!i =
1

2
C i

jk!
j " !k (3.2)

where C i
jk are the structure constants of the group of isometries [2].

We take the metric to have one additional isometry which corresponds to scale
invariance. An infinitesimal isometry of this type will shift the radial coordinate

by r # r + ". In addition we will take it to rescale the time direction with weight
#t, t # te!!t", and assume that it acts on the spatial coordinates xi such that the

invariant one forms, !i transform with weights #i under it, 5 !i # e!!i"!i.

These properties fix the metric to be of the form

ds2 = R2[dr2 ! e2!trdt2 + $ije
(!i+!j)r!i $ !j] (3.3)

with $ij being a constant matrix which is independent of all coordinates.

In the previous section we saw that a situation where the usual translations were
not preserved but the generalised translations were unbroken requires a vector (or

possibly tensor) order parameter. A simple setting in a gravity setting which could
lead to such a situation is to consider an Abelian gauge field coupled to gravity. We

will allow the gauge field to have a mass in the discussion below. Such a theory with
a massive Abelian gauge field is already known to give rise to Lifshitz spacetimes [18],

5The dilatation generator could act more generally than this. A discussion of the more general
case is left for the future.
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with C the structure constants of the algebra.
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Now, in holography we really have an extra spatial 
dimension.  We also have time.  Natural assumptions:  we 

maintain also the (near-horizon) symmetries:

r � r + �, t� e��t⇥t ;
t� t + const .
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I.e. given the Bianchi type, there is a finite set of constants 
one must solve for to get the scaling metric.
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* One can find solutions in 8 of the 9 Bianchi types just by 
considering Einstein gravity coupled to a massive vector 
field.  The equations reduce to algebraic equations, not 

differential equations.

* 7 of the types are, as far as we can tell, entirely new 
classes of black brane horizons not considered heretofore.

* Close analogues of our Bianchi VII solutions were found 
previously, arising from instabilities in other holographic 

phases.

* We found solutions in 8 of the 9 Bianchi classes,
just by considering a theory of Einstein gravity coupled
to a massive (Abelian) vector (with negative CC).   The 
equations reduce to algebraic equations, not differential.

* 7 of the types, as far as we can tell, are entirely new as 
symmetries of black-brane solutions.

* Close analogues of type VII have been previously found as 
instabilities of other holographic phases. Domokos, Harvey;

Nakamura, Ooguri, Park;
Donos, Gauntlett

* Gluing these solutions into AdS seems possible; we did it 
explicitly for type VII.  Though, we did it numerically....

c.f. S.K., Kallosh,
Shmakova
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Work in Progress:

* We are refining the classification of homogeneous 
horizons, and demonstrating connections to AdS.

* We are trying to import some of the lessons from AdS 
constructions directly back to field theory, studying 

quantum critical bosonic systems coupled to a Fermi 
surface using field theory techniques.

* We are trying to find general classes of black brane 
solutions in AdS flux vacua of string theory (e.g. type IIA 
flux vacua arising on Calabi-Yau threefolds).  These may 

shed light on issues of microscopic interpretation of some
singular configurations, for instance.
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