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Familiar curves (Seiberg-Witten, mirror, A-polynomial)...

...typically carry some of the following information: )

@ various moduli: a, Q, SU(N)
@ Q- or S-deformation: t = —e“17 %

e quantum deformation: q = e
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Familiar curves (Seiberg-Witten, mirror, A-polynomial)...

...typically carry some of the following information: )

@ various moduli: a, Q, SU(N)

@ Q- or S-deformation: t = —e“17 %

e quantum deformation: q = e

Our aim: capture all information about a, t, i by introducing...

(Quantum) Super-A-polynomial: 7\()?, Via,q,t)

In the knot theory context: Ayiat)

generalization of A-polynomial
A A,
A(x,y) =0 / \

Alxyt) A™ty:a)

in terms of two parameters:
a=q" — SU(N) gauge group \ /
t — categorification
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Knot invariants and physics

Polynomial knot invariants (Jones, HOMFLY, etc.) arise as Wilson loops
in Chern-Simons theory: ZgU(N)(K; q) = <TrRefKA>

z39® | (Kiq)
We are interested in colored polynemials: J,(K; q) = Zﬁ,ﬂ%@q) J
Symn—1\"1!
JoBug)=q+¢ -4 J
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Knot invariants and physics

Polynomial knot invariants (Jones, HOMFLY, etc.) arise as Wilson loops
in Chern-Simons theory: ZgU(N)(K; q) = <TrRe§KA>

7593 (i)
We are interested in colored polynemials: J,(K; q) = Zﬁ,ﬂ%@q) J
Symn—1\"1!
JoBug)=q+¢ -4
Po(31;a,q,t) = ag~! + aqt? + a3

Homological knot invariants — e.g. superpolynomial...

. i.e. Poincare polynomial of triply-graded homology theory (a = g"):

Pr(K;a,q,t) = Z a'q't* dm#E (K)

i,k
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Classical and quantum A-polynomial

A-polynomial — Volume conjecture

Asymptotics J,_, ., encoded in an algebraic curve:

{(x,y) eC* xC* | A(x,y) = 0}

Intricate, integer coefficients, e.g. A(31;x,y) = (y — 1)(y + x3)

a/8



Classical and quantum A-polynomial

A-polynomial — Volume conjecture

Asymptotics J,_, ., encoded in an algebraic curve:

{(x,y) eC* xC* | A(x,y) = 0}

Intricate, integer coefficients, e.g. A(31;x,y) = (y — 1)(y + x3)

Quantum A-polynomial — AJ-conjecture

A(%,9) J(Kiq) = 0

With operators X and y such that: yX = gky

Moreover: ordinary A-polynomial arises in the classical limit

Ais o h
A%9) = Axy) )
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Classical and quantum A-polynomial

A-polynomial — Volume conjecture

Asymptotics J,_, ., encoded in an algebraic curve:

{(x,y) eC* xC* | A(x,y) = 0}

Intricate, integer coefficients, e.g. A(31;x,y) = (y — 1)(y + x3)

Quantum A-polynomial — AJ-conjecture

A(%,9) J(Kiq) = 0

With operators X and y such that: yX = gky

Moreover: ordinary A-polynomial arises in the classical limit

Ais o h
A%9) = Axy) )

Can we extend all this to the realm of homological knot invariants?!
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Super-volume conjectures

All versions of volume conjecture generalize to (a, t)-depedent versions,
with color dependence of superpolynomials governed by:

o (classical) super-A-polynomial, AS'P**(x,y; a, t)

@ quantum super-A-polynomial, Z\S“per(f(,f/; a,q,t)

H. Fuji, S. Gukov, P.S. (appendix by H. Awata), arXiv: 1203.2182
H. Fuji, S. Gukov, P.S., arXiv: 1205.1515
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Super-volume conjectures

All versions of volume conjecture generalize to (a, t)-depedent versions,
with color dependence of superpolynomials governed by:

o (classical) super-A-polynomial, AS'P**(x,y; a, t)

@ quantum super-A-polynomial, Z\S“per()?,f/; a,q,t)

H. Fuji, S. Gukov, P.S. (appendix by H. Awata), arXiv: 1203.2182
H. Fuji, S. Gukov, P.S., arXiv: 1205.1515

Refined and Q-deformed A-polynomials

o refined A-polynomial: A™f(x,y;t) = AP (x,y; 1, t)

o @-deformed polynomial: AR4¢f(x y:3) = AsPer(x,y;a, —1)
—  Aganagic-Vafa (1204.4709), augmentation polynomial of L. Ng
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(Quantum) Super-A-polynomial for 3; knot

From refined Chern-Simons theory, or structure of Hf}k, we find:

ASPe(R 9 a,q,t) = ag + a9 + 92

a2t (% — 1)R3(1 + aqt32?)
q(1 + at3x)(1 + at3¢g—1%2)

a(l+ at>3®)(q — ¢*t?% + t2 (¢ + @ + (1 + g°)at) X + ag®t°%> + a*qto%*)
a q2(1 + at3%)(1 + at3g—1%?)

do =

ay =

Starting with P,(31; a,q,t) =1 and P, we find recursively:

n—1 _—1 —1
Po(31ia,q.t) = S Sgan Hehgr Ve pumse ke




(Quantum) Super-A-polynomial for 3; knot

From refined Chern-Simons theory, or structure of Hf}k, we find:

ASPe(R 9 a,q,t) = ag + a9 + 92

a2t (% — 1)R3(1 + aqt32?)
q(1 + at3x)(1 + at3¢g—1%2)

a(l+ at>3®)(q — ¢*t?% + t2 (¢ + @ + (1 + g°)at) X + ag®t°%> + a*qto%*)
a q2(1 + at3%)(1 + at3g—1%?)

ay =

Starting with P,(31; a,q,t) =1 and P, we find recursively:

n—1 _—1 —1
Po(31ia,q.t) = S Sgan Hehgr Ve pumse ke

Classical super-A-polynomial from g — 1 limit, as well as asymptotic
analysis of P,_.:

AUPr(x,yia,t) = a%t*(x — 1)x3 + (1 +at>x)y® —a(1 — t>x+ t3(2+2at)x* + at®x> +a2t6x‘)yJ

Note: AsPer(x y; 1, —1) = (1 —x)(y — 1)(y + x°)



Super-A-polynomial for figure-8 knot

We find quantum curve:

KsuPer(&Y; a,q,t) = ag + a1y + a9> + asy> J

Classicial limit and asymptotics:
AP (x yia t) = a%t®(x — 1)2x2 + at®x?(1 + at®x)%y3+
+at(x — 1)(1 + t(1 — t)x + 2at3(t + 1)x> — 2at*(t + 1)x> + a%t%(1 — t)x* — a%t3x®)y

—(1 4 at3x)(1 + at(1l — t)x + 2at?(t + 1)x* + 2a%t*(t + 1)x> + a%5(t — 1)x* + a%t"x®%)y?

y
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In summary...

(Some) properties of super-A-polynomial:

@ generalizes many properties of ordinary A-polynomial
@ quantizability constraints satisfied when a and t are roots of unity
@ analogous, and framed AP arises for branes in topological strings

o AsUPer describes SUSY vacua of dual 3d, A/ = 2 theory associated to
the knot complement
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@ analogous, and framed AP arises for branes in topological strings

o AsUPer describes SUSY vacua of dual 3d, A/ = 2 theory associated to
the knot complement

find AsUPe" for other knots...

...fundamental derivation of ASUPer?

consider different gauge groups, spacetimes, representations, etc.

°
o
@ understand the structure and properties of ASUP¢"
o
°

further implications for dual 3d A/ = 2 theories?
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@ quantizability constraints satisfied when a and t are roots of unity
@ analogous, and framed AP arises for branes in topological strings

o AsUPer describes SUSY vacua of dual 3d, A/ = 2 theory associated to
the knot complement

o find ASUPe" for other knots...

o ...fundamental derivation of ASUP®?

@ understand the structure and properties of ASUP¢"
o consider different gauge groups, spacetimes, representations, etc.
o further implications for dual 3d N = 2 theories?

A\

THANK YOU!



