Counting problems and N=4 string vacua
Strings 2016, Beijing

Shamit Kachru (Stanford)
[on works in progress with A. Tripathy (Stanford/Harvard)]

Tuesday, August 2, 16

1. Introduction
In this talk, I will report on two projects (still in
progress) related to counting objects in string vacua
with 16 supercharges.
Canonical examples:
heterotic on tori,
type II on K3...

This is perhaps a peculiar, specific class of problems.
My interest comes from two sources of deeper
motivation.
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1. I believe our current way of specifying/formulating
string vacua is primitive.

We use 2d worldsheet
CFTs, or supergravity
solutions.

Alternative formulations -- perhaps using auxiliary
geometric objects or governing symmetries -- could
be useful.
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Examples of what I have in mind:
In 4d N=2 gauge theory,
instead of
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Our results can be viewed as a generalization
implicated to
in:string theory of some of the struc

viously encountered in duality and N = 2 Yang-Mills theory. For example, our r

gest that the BPS
states
in
string
theory
should
be
regarded
as
“gauge
bosons
”
* Governing prepotentials which hint at the

Harvey,
M algebra. Weexistence
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Moore
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Tuesday, August 2, "
16

* String theory accounting of the Bekenstein-Hawking
entropy of supersymmetric black holes

Strominger,
Vafa

II. Black hole counting functions
One can construct a wide class of 5D charged, rotating
black holes as follows.
Breckenridge,
Peet, Myers,
Vafa
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We consider type IIB string theory on K3 ⇥ S 1.
The charges are:
1 2
N = Q1 Q5 = qe + 1
2
1
JL = qe · qm
2
1 2
L 0 = qm
2

This is a D1-D5 configuration with momentum on the
4
R
circle and angular momentum in
.
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The counting formula for these black holes states that
Sp(2, Z) and was studied
in [4]. The 5D BPS
the degeneracies
are degeneracies
given by: are then the Fouri
Dijkgraaf,Verlinde,
Verlinde; Strominger,
Shih,Yin; ....

ients in
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of BPS black
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anboth
overall facto
the “4D-5D
lift,”
this

4D N=4 vacua and their 5D cousins.
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The object which plays a starring role here is the
Acknowledgments
Igusa cusp form .

his work was supported in part by DOE grant DEFG02-91ER-40654. We are gratef

an Adams and Greg Moore for useful conversations and correspondence.
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It is a degree 2 Siegel modular form, and enjoys relations
to other interesting automorphic objects.
For instance, from the relation to the D1-D5 system, it
should not be surprising that it enjoys a connection
to elliptic genera of symmetric products of K3:
X

n 0

[n]
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The “correction factor” is itself interesting.
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The interpretation of this factor is that it is counting BPS
states of the wrapped 5-brane, with momentum on the
4
R
circle and angular momentum in .
This function (or more properly, its inverse) also has
an interpretation in Gromov-Witten theory - counting
curves in K3 of genus controlled by y and selfintersection controlled by q.

Katz, Klemm,
Vafa
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There is a small puzzle. This function is counting
one angular momentum quantum number.
But a massive particle in 5D has little group
SO(4) ' SU (2) ⇥ SU (2)

There is room for another quantum number for the
other SU(2) spin.
An appropriate function governing the “Motivic GromovWitten theory” was found by Katz-Klemm-Pandharipande:
KKP (p, y, u) = p

Y
k
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On inspection of the functions 10,1 , KKP , it is clear
that they restrict to the modular discriminant when the
angular chemical potentials are turned off:
10,1 (p, y

= 0) =

KKP (p, y

= u = 0) =

(p) ⌘ ⌘(p)

24

These functions, too, all come from invariants of
symmetric powers of K3. One has for instance
1
=p
(p)

1

X

n
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n

just counting the Euler characters of the D1-D5 moduli
space (a drastic restriction of the full elliptic genus).
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The other functions are “promotions” of this formula,
exchanging the Euler character for
y (M ) :=

X

y p ( 1)q hp,q (M )
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We know we can “promote” 10,1 to a Siegel modular
form counting black holes.
Question: Is there a similar promotion of the Hodge
counting function KKP ?
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The answer seems to be yes. We will work up to
it in stages.

Step 1: We would like to find a “Hodge elliptic genus,”
generalizing KKP the way the full elliptic genus
generalizes 10,1 .
This is a little subtle, because -- just like the full
Hodge polynomial (but unlike the Euler character) -the object we want isn’t obtained from a limit of a
torus partition function in a (half) twisted theory.
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Still, you could obtain the full Hodge polynomial
of a target manifold in a (2,2) superconformal theory by
computing
Tr y JL uJR

Ramond ground states

You can define a similar object here (but then must be
careful in thinking about invariance properties). It is:
Tr ( 1)

FL +FR JL JR L0

y

u

q

Right R ground states

This is the Hodge elliptic genus ZHodge (q, y, u) .
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Example:
We have computed this object for K3 compactification. It
is given by:
8
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this is very rough
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As expected, it restricts to the elliptic genus at u=1.
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Step 2: We can now “second quantize” it by defining
Z(p, q, y, u) = p

P
1

n

n

n

p ZHodge (Sym (K3); q, y, u)

This object then clearly satisfies:
Z(u = 1) =

10,1

Gets 3 charge
black holes right

But also it satisfies:
Z(q = 0) =
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1
KKP

Counts both
angular momenta

BMPV black holes were originally studied in the setting
where the two angular momenta are related to
worldsheet fermion numbers via
1
J1 = (FL + FR )
2
1
J2 = (FL FR )
2

and one matched the entropy of solutions with
J1 = J2 = J

We believe Z captures counting of states with (small)
inequality of the two angular momenta.
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This particular class of automorphic objects we’ve
discussed, have a natural role in studies of Mathieu
moonshine.

Eguchi, Ooguri,
Tachikawa

The work of KKP found evidence of moonshine in
the motivic GW invariants.
Our own work gave a more precise moonshine
interpretation to the coefficients of these automorphic
forms, as arising from traces in a Co moonshine module.
Cheng, Duncan,
Harrison, SK

The Hodge elliptic genus and its lift to Z will
naturally extend this story.
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III. Arithmetic underlying BPS counts?
Now, lets move to another (related) story. Consider
some elliptic curve, like
y 2 + y = x3

x2

10x

20

You might be interested in the count of points
on this curve, over Fp .
(Such point counts are very natural objects for
number theorists).
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Suppose this number of points is

.

Then, let

You extend this definition to non-prime coefficients in a
standard way:

and to more composite index coefficients via
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These definitions have been for “primes of good
reduction”; the coefficient is modified in a simple way at
primes of bad reduction (i.e. when the curve is singular
viewed as a curve over
).
For the particular curve I mentioned, 11 is a prime of bad
reduction.
Then if we gather the resulting coefficients together

we find an elegant result:
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This is a cusp form of weight 2 for

!

This is a particular example of a famous relation
between
elliptic
curvesproved
and weight
cusp forms following
what
was
actually
is a2conjecture
about
from Taniyama-Shimura
(now
the
modularity
theorem):
properties of modular forms!

et had shown that if a solution to Fermat’s equatio
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Here are some natural questions:
Are there analogous results for modular
forms associated to counting points on higher
dimensional varieties?
Do these point counts have any
interesting physical interpretation, say
related to the appearance of automorphic
forms in various string theory BPS
state counts?

c.f. Candelas, de la Ossa;
Schimmrigk
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A basic result is that motives with the same
structure as “rigid” CY manifolds, should be
modular (in the sense that their point counts
give automorphic forms for SL(2,Z) or congruence
subgroups thereof).

Gouvea,
Yui

A special exception occurs in d=2: the only
non-trivial Calabi-Yau space is K3. It is not
rigid, but K3 surfaces which are singular (in
the sense that their Picard number is 20!) are
thought to be modular.
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Now, an observation about N=4 string vacua. Consider
some simple list of CHL strings:
p
2
3
5
7

f (⌧ )
24
⌘ (⌧ )
⌘ 8 (⌧ )⌘ 8 (2⌧ )
⌘ 6 (⌧ )⌘ 6 (3⌧ )
⌘ 4 (⌧ )⌘ 4 (5⌧ )
3
3
⌘ (⌧ )⌘ (7⌧ )

weight
12
8
6
4
3

k
10
6
4
2
1

Jatkar, Sen;
Krishnan,
Govindarajan

These arise as Zp orbifolds of type II on K3 ⇥ T 2.
The (inverse)1/2 BPS counting functions are shown;
the 1/4 BPS counting Siegel forms are also known.
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We can also look at the axio-dilaton moduli spaces of
these theories:
p
2
3
5
7

1,1
Hinv

20
12
8
4
2

Mdilaton
SL(2, Z)\H
1 (2)\H
1 (3)\H
1 (5)\H
1 (7)\H

Also shown is the dimension of the middle cohomology
of K3 invariant under the orbifold action. Note that it
is controlled by k.
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Here are some interesting and somewhat suggestive
Let us return to our list of N=4 models.
facts:
Here are some other
interesting facts:
* For each of our test cases, the moduli space of the
* For each
of our test cases, theis moduli
space
of the
axio-dilaton
of genus
zero.
axio-dilaton

is of genus zero.

* There is a standard construction associated with
* There is a standard construction associated with
such moduli spaces, yielding something called a
such moduli spaces, yielding something called a
Kuga-Sato
variety.
Kuga-Sato variety.

Friday, May 20, 16

uesday, May 24, 16
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Example:
We have
observed
the
following
striking
fact:
MODULAR FORMS AND CALABI-YAU VARIETIES
Xiv:1404.1154v2 [math.NT] 12 May 2014

KAPIL PARANJAPE1 AND DINAKAR RAMAKRISHNAN2

The Kuga-Sato variety obtained by taking the
Paranjape
Ramakrishnan
have curve
foundover
several
Introduction
k-fold
fiberand
product
of
the elliptic
the
! Calabi-Yau manifolds (via the
examples
of
Let f (z)
=
a q be
a holomorphic
2
axio-dilaton
moduli
space
(fornewform
eachof weight
k), isk ≥birational
relative to Γ I(N)
acting on the upper half
plane H. Suppose
the
coconstruction
mentioned)
whose
zeta
functions
to a Calabi-Yau
whose
counts
yield
the
efficients a are all rational.
Whenpoint
k = 2, a celebrated
theorem
of
Shimura asserts that there corresponds an elliptic curve E over Q such
are
related
to the CHL
counting
functions
cusp form
BPS
states
for that k!
that controlling
for all primes p ! N, athe
= p +1/2
1 − |E(F
)|. Equivalently,
there
is, for every prime !, an !-adic representation ρ of the absolute Galois
appropriately.
group G of Q, given
by its action on the !-adic Tate module of E,
∞

n

n

n=1

1

n

p

p

!

Q

such that ap is, for any p ! !N, the trace of the Frobenius F rp at p on
ρ! .
The primary aim of this article is to provide some positive evidence
for the expectation of Mazur and van Straten that for every k ≥ 2,
any (normalized) newform f of weight k and level N should, if it has
rational coefficients, have an associated Calabi-Yau variety X/Q of
dimension k − 1 such that
(Ai) The {(k − 1, 0), (0, k − 1)}-piece of H k−1(X) splits off as a submotive Mf over Q,
(Aii) ap = tr(F rp | Mf,! ), for almost all p, and
(Aiii) det(Mf,! ) = χ!k−1 ,
where χ! is the !-adic cyclotomic character.

Most basically,
itself arises from counting points
on a Calabi-Yau eleven-fold birational to the 10-fold
Kuga-Sato fiber product over
.
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In fact we expect (Aiii) to hold for every p not dividing !N.

Paranjape,
Ramakrishnan

It would be extremely interesting if this presaged a
role for an auxiliary geometry whose number
theoretic properties govern the physics of N=4
string compactifications.
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