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  Lamprou	
  McCandish,	
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  Seminara,	
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  on	
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Shape	
  dependence	
  of	
  the	
  entropy	
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  deforma@on	
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  a	
  spherical	
  surface.	
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Gauge	
  fields	
  and	
  Edge	
  Modes	
  

Center	
  variables	
  =	
  	
  Electric	
  field	
  on	
  the	
  separa@ng	
  surface.	
  	
  

Shannon	
  term	
  

⇢ ! pq, ⇢q , S =

X
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Gauge	
  fields	
  and	
  Edge	
  Modes	
  

Shannon	
  term	
  

Splihng	
  of	
  Hilbert	
  space	
  in	
  each	
  	
  
charge	
  sector.	
  	
  

Consequences	
  of	
  this	
  for	
  UV	
  finite	
  quan@@es	
  remain	
  to	
  be	
  seen…	
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Gauge	
  fields	
  and	
  Edge	
  Modes	
  

Shannon	
  term	
  

Splihng	
  of	
  Hilbert	
  space	
  in	
  each	
  	
  
charge	
  sector.	
  	
  

Expect	
  a	
  similar	
  story	
  for	
  gravity:	
  	
  Electric	
  field	
  à	
  geometry	
  of	
  the	
  surface	
  

⇢ ! pq, ⇢q , S =

X

q
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Quantum	
  entropy	
  in	
  semiclassical	
  
gravity	
  



Results	
  in	
  semiclassical	
  gravity	
  
•  QFT	
  in	
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  gravita@onal	
  background.	
  

•  Correc@ons	
  to	
  black	
  hole	
  entropy.	
  	
  BPS,	
  non	
  
BPS…	
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  thermodynamics,	
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Results	
  in	
  semiclassical	
  gravity	
  

•  BeIer	
  understanding	
  of	
  the	
  quantum	
  Bousso	
  
bound.	
  	
  



Classical	
  Bousso	
  bound	
  	
  	
  

Ai

Af
✓ =

1

A

dA

d�
 0

Set	
  of	
  null	
  rays	
  with	
  
	
  nega@ve	
  expansion	
  

�



Classical	
  Bousso	
  bound	
  	
  	
  

Ai

Af

S  Ai �Af

4GN

Bousso	
  
	
  Flanagan,	
  Marolf,	
  Wald	
  

S

✓ =
1

A

dA

d�
 0



Quantum	
  Bousso	
  Bound	
  

•  	
  2	
  versions	
  

2)	
  	
  Strominger,	
  Thompson	
  
	
  	
  	
  	
  	
  	
  Bousso,	
  Fischer,	
  Leichenauer,	
  	
  
	
  	
  	
  	
  	
  	
  Wall	
  	
  +	
  Koeller	
  	
  

	
  	
  
1)	
  	
  Bousso,	
  Casini,	
  Fischer,	
  	
  JM	
  



Quantum	
  Bousso	
  Bound	
  

Strominger,	
  Thompson	
  
Bousso,	
  Fischer,	
  Leichenauer,	
  	
  
Wall	
  	
  +	
  Koeller	
  

•  Quantum	
  focusing	
  conjecture	
  



•  Classical	
  focusing	
  theorem	
  

✓ ⌘ 1

A

dA

d�

�

d✓

d�
 0 , since T�� � 0



Quantum	
  Focusing	
  conjecture	
  
	
  	
  
Bousso,	
  Fischer,	
  Leichenauer,	
  	
  
Wall	
  	
  +	
  Koeller	
  

S1,gen

S2,gen

hT��i �
1

2⇡
lim
A!0

S00
out

A

Quantum	
  null	
  energy	
  condi@on.	
  Proven	
  in	
  	
  
some	
  cases.	
  	
  

=) �S  �A

4GN
Classical	
  Bousso	
  bound	
  

•  Define	
  the	
  ``quantum	
  expansion’’	
  

⇥ ⌘ 1

A

dSgen

d�
,

d⇥

d�
 0

�
Weak	
  gravity:	
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  Focusing	
  conjecture	
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  Leichenauer,	
  	
  
Wall	
  	
  +	
  Koeller	
  

•  Define	
  the	
  ``quantum	
  expansion’’	
  

•  Conjecture	
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A
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�
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Entanglement	
  and	
  holography	
  



Minima	
  area	
  surface	
  in	
  the	
  bulk	
  

Ryu	
  Takayanagi	
  
Hubeny,	
  Rangamani,	
  Takayangi	
  

S =
(Area)min

4GN

Entanglement	
  in	
  theories	
  with	
  gravity	
  
duals	
  



S =
(Area)min + ↵

0(curvature) + · · ·
4GN

+ Sbulk + o(GN )

Wald,	
  Myers,	
  Jacobson,	
  	
  …	
  	
  ,Dong	
   Faulkner,	
  Lewkowicz,	
  JM	
  
Barrella,	
  Dong,	
  Hartnoll,	
  Mar@n	
  	
  	
  

Minima	
  area	
  surface	
  in	
  the	
  bulk	
  

Entanglement	
  in	
  theories	
  with	
  gravity	
  
duals	
  



Rela@ve	
  entropy	
  

S(⇢,�) = Sbulk(⇢,�)

K =
A

4GN
+Kbulk

Lashkari,	
  Van	
  Raamsdonk	
  
Jafferis,	
  Lewkowycz,	
  JM,	
  Suh	
  
	
  	
  

Only	
  holds	
  for	
  restricted	
  semiclassical	
  states…	
  	
  	
  
	
  
All	
  dof	
  are	
  visible	
  in	
  the	
  bulk	
  (cutoff	
  independent	
  indica@on	
  	
  	
  
that	
  all	
  of	
  black	
  hole	
  entropy	
  comes	
  from	
  the	
  atmosphere)	
  	
  



Rela@ve	
  entropy	
  

S(⇢,�) = Sbulk(⇢,�)

K =
A

4GN
+Kbulk

Lashkari,	
  Van	
  Raamsdonk	
  
Jafferis,	
  Lewkowycz,	
  JM,	
  Suh	
  
	
  	
  

Two	
  points	
  of	
  view:	
  	
  
	
  
1-­‐	
  Only	
  holds	
  for	
  restricted	
  semiclassical	
  states…	
  	
  	
  
	
  
2	
  -­‐All	
  dof	
  are	
  visible	
  in	
  the	
  bulk	
  (cutoff	
  independent	
  indica@on	
  	
  	
  
	
  	
  	
  	
  that	
  all	
  of	
  black	
  hole	
  entropy	
  comes	
  from	
  the	
  atmosphere)	
  	
  



Qualita@ve	
  idea	
  for	
  black	
  hole	
  entropy	
  

Sgen =
Area

4GN
+ Sent

As	
  ε	
  à	
  0	
  ,	
  	
  area	
  term	
  goes	
  to	
  zero	
  and	
  all	
  entropy	
  is	
  entanglement.	
  	
  
	
  
	
  
Is	
  all	
  of	
  black	
  hole	
  entropy	
  just	
  	
  bulk	
  	
  entanglement	
  entropy,	
  	
  with	
  a	
  suitable	
  cutoff	
  ?	
  
	
  
	
  This	
  happens	
  in	
  	
  ``induced	
  gravity	
  theories’’	
  (not	
  well	
  defined)…	
  	
  	
  
	
  
	
  	
  	
  

S(⇢,�) = Sbulk(⇢,�) Is	
  a	
  cutoff	
  independent	
  indica@on	
  of	
  this.	
  	
  

Conserva@ve	
  :	
  	
  do	
  not	
  mix	
  the	
  leading	
  order	
  with	
  the	
  subleading	
  order…	
  
	
  
Dreamer:	
  	
  figure	
  out	
  in	
  what	
  sense	
  this	
  is	
  true….	
  	
  



Ryu-­‐Takayanagi	
  
formula	
  	
  

Einstein’s	
  	
  
equa@ons	
  

Einstein	
  equa@ons	
  from	
  the	
  
entanglement	
  formula	
  	
  

Ini@ally	
  	
  



Lashkari,	
  McDermoI,	
  Van	
  Raamsdonk,	
  	
  Faulkner,	
  	
  
	
  Guica,	
  	
  Hartman,	
  	
  Myers,	
  Swingle	
  	
  	
  
Jacobson	
  

Ryu-­‐Takayanagi	
  
formula	
  	
  

Einstein’s	
  	
  
equa@ons	
  

Einstein	
  equa@ons	
  from	
  the	
  
entanglement	
  formula	
  	
  

Can	
  go	
  in	
  the	
  other	
  direc@on	
  

(not	
  in	
  full	
  generality	
  yet…)	
  



Wormholes	
  



	
  Wormholes	
  and	
  entangled	
  states	
  
two interior regions. It is important not to confuse the future interior with the left exterior.

Sometimes the left exterior is referred colloquially as the “interior” of the right black hole,

but we think it is important not to do that. Note that no signal from the future interior

can travel to either of the two exteriors.

Interior
Future

Past 
Interior

L R

Left

Exterior
Right

Exterior

Figure 1: Penrose diagram of the eternal black hole in AdS. 1 and 2, or Left and Right,
denote the two boundaries and the two CFT’s that the system is dual to.

The system is described by two identical uncoupled CFTs defined on disconnected

boundary spheres. We’ll call them the Left and Right sectors. The energy levels of the

QFT’s En are discrete. The corresponding eigenstates are denoted |n⇤L, |n⇤R. To simplify

the notation the tensor product state |n⇤L ⇥ |m⇤R will be called |n, m⇤.
The eternal black hole is described by the entangled state,

|�⇤ =
�

n

e��En/2|n, n⇤ (2.1)

where � is the inverse temperature of the black hole. The density matrix of each side is a

pure thermal density matrix.

This state can be interpreted in two ways. The first is that it represents the thermofield

description of a single black hole in thermal equilibrium [6]. In this context the evolution of

the state is usually defined by a fictitious thermofield Hamiltonian which is the di⇥erence

of Hamiltonians of the two CFTs.

Htf = HR �HL. (2.2)

The thermofield hamiltonian (2.2) generates boosts which are translations of the usual

hyperbolic angle ⇥. One can think of the boost as propagating upward on the right side

4

Full	
  Schwarzschild-­‐AdS	
  
Geometry	
  	
  

=	
  
Entangled	
  state	
  in	
  	
  
two	
  non-­‐interac@ng	
  	
  

CFT’s.	
  	
  
Israel	
  
JM	
  

|�⇥ =
X

n

e��En/2|En⇥CPT
L � |En⇥R



Wormhole	
  physics	
  

•  Integrated	
  null	
  energy	
  condi@on	
  à	
  no	
  signal	
  
propaga@on.	
  (recall	
  recent	
  entanglement	
  based	
  proof)	
  

•  Allowing	
  interac@ons	
  between	
  the	
  two	
  sides	
  
à	
  can	
  have	
  nega@ve	
  energy	
  à	
  can	
  have	
  
signal	
  propaga@on.	
  	
  

Gao	
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•  Connected	
  with	
  “black	
  holes	
  as	
  mirrors”	
  

•  If	
  one	
  has	
  access	
  to	
  a	
  state	
  that	
  is	
  maximally	
  
entangled	
  with	
  a	
  black	
  hole,	
  then	
  informa@on	
  
that	
  is	
  sent	
  into	
  the	
  black	
  hole	
  can	
  be	
  
recovered	
  by	
  looking	
  at	
  a	
  small	
  amount	
  of	
  
Hawking	
  radia@on.	
  	
  

Hayden	
  Preskill	
  



	
  Wormholes	
  and	
  entangled	
  states	
  

Informa@on	
  

Hawking	
  	
  
radia@on	
  

	
  2nd	
  side	
  is	
  	
  
	
  the	
  quantum	
  	
  
computer	
  that	
  	
  
	
  extracts	
  	
  the	
  
	
  informa@on	
  from	
  
	
  the	
  radia@on	
  

Extracted	
  	
  
Informa@on	
  



Not	
  just	
  entanglement	
  entropy…	
  



.	
  

Entanglement	
  wedge	
  vs.	
  causal	
  wedge	
  

ART

4GN
 ACausal wedge

4GN
 Afinal

4GN

Hubeny	
  Rangamani	
  
(	
  also	
  for	
  subregions)	
  

MaIer	
  	
   MaIer	
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Entanglement	
  wedge	
  vs.	
  causal	
  wedge	
  

ART

4GN
+ Sbulk  ACausal wedge

4GN
+ Sbulk  Afinal

4GN
+ Sbulk

2nd	
  Law	
  



Different	
  no@ons	
  of	
  entropy	
  

ART

4GN
+ Sbulk  ACausal wedge

4GN
+ Sbulk  Afinal

4GN
+ Sbulk

Fine	
  grained	
  entropy	
  	
   These	
  should	
  be	
  coarse	
  grained	
  entropies	
  
	
  
Restrict	
  the	
  algebra	
  of	
  observables	
  to	
  gravity	
  	
  
	
  fields.	
  Simple	
  operators	
  ac@ng	
  within	
  a	
  scrambling	
  @me	
  
	
  
Entropy	
  of	
  all	
  states	
  compa@ble	
  with	
  the	
  density	
  matrix	
  
of	
  the	
  simple	
  states.	
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Restrict	
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  to	
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  fields.	
  Simple	
  operators	
  ac@ng	
  within	
  a	
  scrambling	
  @me	
  
	
  
Entropy	
  of	
  the	
  maximal	
  entropy	
  state	
  compa@ble	
  
	
  with	
  the	
  density	
  matrix	
  of	
  the	
  simple	
  algebra…	
  

Kelly,	
  Wall,	
  Papadodimas,	
  Raju,….	
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Tensor	
  Networks	
  

•  Method	
  to	
  write	
  wavefunc@ons.	
  Ansatz	
  for	
  
the	
  wavefunc@on.	
  	
  

•  Wavefuc@on	
  constructed	
  out	
  of	
  simpler	
  
objects,	
  out	
  of	
  simpler	
  tensors.	
  	
  

•  Originated	
  as	
  a	
  numerical	
  method.	
  	
  
•  They	
  embody	
  the	
  renormaliza@on	
  group.	
  	
  
•  There	
  are	
  some	
  qualita@ve	
  similari@es	
  with	
  
gravity.	
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Examples	
  

•  Matrix	
  product	
  states.	
  	
  

 (s1, s2, · · · , sN ) = Tr[Ts1Ts2 · · ·Tsn ]

Tsi = (Tsi)
k
l

D ⇥D matrix

2D2 , or 2ND2 ⌧ 2

N

	
  	
  
Vertex	
  =	
  tensor	
  	
  
Open	
  line	
  =	
  open	
  	
  index	
  	
  
Link	
  =	
  contracted	
  index	
  	
  

Subspace	
  of	
  the	
  	
  
	
  Hilbert	
  space	
  !	
  	
  

white	
  

Works	
  for	
  states	
  with	
  only	
  	
  
short	
  range	
  entanglement	
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Link	
  =	
  contracted	
  index	
  	
  

Subspace	
  of	
  the	
  	
  
	
  Hilbert	
  space	
  !	
  	
  

white	
  

Works	
  for	
  states	
  with	
  finite	
  	
  
Amount	
  of	
  long	
  range	
  
	
  entanglement	
  



Scale	
  invariant	
  wavefunc@ons	
  

Each	
  vertex	
  is	
  a	
  five	
  index	
  tensor.	
  	
  	
  Each	
  line	
  is	
  an	
  index	
  contrac@on.	
  	
  

Vidal	
  



Scale	
  invariant	
  wavefunc@ons	
  

Can	
  give	
  rise	
  to	
  	
  
The	
  RT	
  formula.	
  	
  
	
  
Does	
  work	
  for	
  some	
  	
  
Tensors.	
  Works	
  too	
  	
  
	
  well	
  à	
  all	
  Renyi	
  entropies	
  

Random	
  tensors:	
  	
  
Hayden,	
  Nezami,	
  Qi,	
  Thomas,	
  	
  
Walter,	
  Yang	
  

Swingle	
  

Qualita@vely	
  similar	
  to	
  the	
  bulk	
  	
  in	
  AdS/CFT	
  



As	
  a	
  unitary	
  transforma@on	
  

0	
  

0	
  

0	
  0	
   0	
  0	
  

0	
  

0	
   0	
   0	
   0	
  0	
  0	
  0	
  



As	
  a	
  unitary	
  transforma@on	
  

Looks	
  like	
  	
  de	
  SiIer	
  evolu@on.	
  
	
  
Is	
  expected:	
  CFT	
  in	
  de	
  	
  
SiIer	
  conformal	
  frame	
  	
  
	
  
	
  
	
  
Connec@on	
  to	
  ``kinema@c	
  space’’	
  	
  (space	
  of	
  pairs	
  of	
  points)	
  	
  
	
  
Could	
  also	
  use	
  it	
  as	
  a	
  representa@on	
  of	
  the	
  cosmological	
  wavefunc@on…	
  	
  

0	
  

0	
  

0	
  0	
   0	
  0	
  

0	
  

0	
   0	
   0	
   0	
  0	
  0	
  0	
  

�dt

2 + dx

2 �! �dt

2 + dx

2

t

2

Czech,	
  Lamprou,	
  McCandish,	
  Sully	
  



Peeking	
  	
  into	
  the	
  interior	
  



Spa@al	
  direc@on	
  along	
  horizon	
  	
  

Thermal	
  states	
  



Similar	
  to	
  the	
  stretching	
  of	
  the	
  geometry	
  behind	
  the	
  horizon.	
  	
  
Hartman	
  JM	
  

Time	
  evolu@on	
  of	
  thermofield	
  double	
  



What	
  networks	
  to	
  choose	
  ?	
  

•  Choose	
  ``simple’’	
  elementary	
  tensors	
  =	
  small	
  
tensors	
  

•  View	
  network	
  as	
  preparing	
  the	
  state	
  by	
  simple	
  
opera@ons	
  from	
  a	
  simple	
  product	
  state.	
  	
  

	
  	
  
•  Complexity	
  	
  =	
  number	
  of	
  simple	
  gates	
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Complexity	
  =	
  Ac@on	
  ?	
  

•  Complexity	
  =	
  ac@on	
  of	
  the	
  WdW	
  patch	
  ?	
  

Wheeler	
  de	
  Wit	
  patch	
  	
  

Nice	
  qualita@ve	
  agreement	
  à	
  @me	
  dependence	
  
	
  
Singularity	
  ?	
  	
  
	
  
Other	
  physical	
  interpreta@on	
  ?	
  

Brown,	
  Roberts,	
  Susskind,	
  	
  
Swingle,	
  Zhao	
  

tL	
  tR	
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Tensor	
  networks	
  and	
  the	
  holographic	
  
encoding	
  

Bulk	
  indices	
  à	
  put	
  in	
  	
  
	
  the	
  bulk	
  wavefunc@on	
  
à get	
  the	
  boundary	
  one.	
  	
  

	
  	
  

Qi	
  
Almheiri,	
  Dong,	
  Harlow	
  
Harlow,	
  Pastawski,	
  Preskill,	
  Yoshida	
  
Yang,	
  Hayden,	
  Qi	
  
	
  
	
  
	
  

H
Bulk

�! H
Boundary

Tensor	
  network	
  is	
  	
  an	
  encoding	
  of	
  the	
  bulk	
  into	
  the	
  boundary	
  



•  Capture	
  many	
  qualita@ve	
  features!	
  	
  

	
  

•  Local	
  lorentz	
  invariance	
  in	
  the	
  bulk	
  ?	
  

	
  	
  



Conclusions	
  

•  Quantum	
  entropy	
  is	
  a	
  tool	
  to	
  prove	
  general	
  
results	
  in	
  QFTs	
  	
  (lorentz	
  invariance	
  is	
  non-­‐trivial	
  !).	
  	
  

•  Gravity	
  +	
  QFT	
  à	
  interes@ng	
  entropy	
  statements,	
  
which	
  are	
  being	
  proved.	
  2nd	
  Law.	
  Bousso	
  bound.	
  
Holographic	
  entanglement	
  formulas…	
  

•  Weird	
  states	
  such	
  as	
  wormholes	
  à	
  constrain	
  
how	
  space@me	
  emerges.	
  	
  

•  Tensor	
  networks	
  capture	
  interes@ng	
  proper@es	
  
of	
  black	
  hole	
  geometries.	
  	
  	
  	
  (But	
  not	
  local	
  bulk	
  lorentz	
  
invariance,	
  so	
  far…)	
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