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Part of the project

NON-PERTURBATIVE
DYSON-SCHWINGER EQUATIONS

AND NOVEL SYMMETRIES OF QFT
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DYSON-SCHWINGER EQUATIONS
INVARIANCE OF (PATH) INTEGRAL

(01(x1) .. Op(xa)) = ;/r DO e #5101 (x1) ... Op(n)

UNDER “SMALL" DEFORMATIONS
OF THE INTEGRATION CONTOUR

b — b+
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DYSON-SCHWINGER EQUATIONS

QUANTUM EQUATIONS OF MOTION

(01(x1) ... Op(xn)0S[®P]) =

n

hZ(Ol(xl) N O,'_l(X;_l)(soi(X;)Oi+1(X;+1) e

i=1



QOO

kN

DYSON-SCHWINGER EQUATIONS
WITH SOME LUCK

GOOD CHOICE OF (POSSIBLY NON-LOCAL) OBSERVABLES

0i(x)

IN SOME LIMIT (CLASSICAL, PLANAR, ... )

THE DS EQUATIONS CLOSE
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For example, in

GAUGE THEORY
O —s A= Adx € LicU(N)
15¢ S Al = 1 F F
1516] — S ]——4g2/R4tr A wFa

0i(x;) — Wg(y) =trg Pexpj(I{A
¥

W) = 1 (Wo(r)
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GAUGE THEORY: PLANAR LIMIT

FINITE )= g°’N

A W(y) = gAj<WD(7)55YM[A]> =

1
= Ay=y1x9p W(71)W(72) + 2 correctons

MAKEENKO-MIGDAL LOOP EQUATIONS
¢



aaY

A

MATRIX MODEL as a TOY GAUGE THEORY
® € LieU(N)

%5[¢] - %w(cp)

V(X) = vpXP + v XP 4+ X +w

00 = %trm <x - CD)

o
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MATRIX MODEL
PLANAR LIMIT: A = AN FIXED

h—0, N— o0

DS EQUATIONS — LOOP EQUATIONS
y(x)? = V'(x)* + gp—2(x)

y(x) = (0(x)) + V'(x)
gp—2(x) = DEGREE p — 2 POLYNOMIAL IN x

¢
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QFT PATH INTEGRAL INVOLVES SUMMATION
OVER TOPOLOGICAL SECTORS
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FOR EXAMPLE, IN GAUGE THEORY

ind —SymlA]
7= / [VO/ ]

1
82/trFA/\FA—n Aec A,
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NON-PERTURBATIVE DS EQUATIONS

IDENTITIES DERIVED BY

LARGE "DEFORMATIONS" OF THE PATH INTEGRAL CONTOUR

AcA, — A+6Ac Apn1
A POINT-LIKE INSTANTON
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EXPLICIT REALIZATION
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SUPERSYMMETRIC
GAUGE THEORIES

SIGMA MODELS
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N =2 SUPERSYMMETRIC
FOUR DIMENSIONAL GAUGE THEORIES

TWO DIMENSIONAL SIGMA MODELS
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Also, N =1 SUPERSYMMETRIC

Five and Six DIMENSIONAL GAUGE THEORIES
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OBSERVABLES FOR DS EQUATIONS
Y(x)

IN FOUR DIMENSIONAL U(N) GAUGE THEORY

N
Y(x) ~ deten(x — ) ~ ] (x — aa)

a=1

NAIVELY
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OBSERVABLES FOR DS EQUATIONS
Y (x) IN FOUR DIMENSIONS

MORE PRECISELY

o0

1
_ (N k
Y(x) =x"exp — 2 P Tro
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Y(x) = xNexp —Z —Trcbk

Non-perturbatively, e.g. in an instanton background
Y (x) acquires poles in x

¢
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FOR GAUGE GROUP WITH SEVERAL FACTORS

G =U(Np) x...x UN,)

Y(x) — (Y1(x), Ya(x), ..., Ye(x))

Yi(x) degree NV; meromorphic functions of x

¢
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CLAIM
for quiver gauge theories
THERE EXIST
LAURENT POLYNOMIALS or SERIES
Xi(x) = Yi(x)+ ...
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LAURENT POLYNOMIALS or SERIES
f)C,-(x) = Y,(X) + ...
in

Yi(x+ linear combinations of bi-fundamental masses)
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LAURENT POLYNOMIALS or SERIES
Yi(x) = Yi(x) + ...
coefficients depend on gauge couplings

and masses of fundamental hypermultiplets
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such that
{ Xi(x) ) = POLYNOMIAL IN x

DA
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WE CALL %;(x)

THE FUNDAMENTAL GAUGE CHARACTERS
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THE FUNDAMENTAL GAUGE CHARACTERS X;(x)

are four dimensional analogues of the matrix model's

1 1 0\
(NtrDX _ q) + V (X))
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MORE GENERAL LOCAL OBSERVABLES X,,(x)

THE GAUGE CHARACTERS

Xw(x) = Xuy(x = v1)Xy(x = 12) ... Xy, (x —vp) + corrections
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THE CLAIM = SEIBERG-WITTEN GEOMETRY

of low-energy effective theory

NN, V.Pestun, 2012
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(DOUBLE) QUANTUM SEIBERG-WITTEN GEOMETRY
when theory is subject to 2-deformation

Xw(x) — xw(x) — qg-characters
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For example: SU(N) theory
T = % + %
Aq case: N =N, Nr =2N
fundamental gg-character

Y(x+ € +e)+ e2mir H,’-\il(x —m;) Y(x)_1

&
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THE ORIGIN OF gq-CHARACTERS
Xw(x) = PARTITION FUNCTION
OF A POINT-LIKE DEFECT %,(x)
Zw(x) CAN BE ENGINEERED
USING INTERSECTING BRANES

¢
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Brane-world scenarios

propose that the Standard Model is confined to a brane
while gravity propagates in the bulk
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Brane-world scenarios

propose that the Standard Model is confined to a brane
which could originate from the string theory D-branes

with closed strings propagating in the bulk
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Brane-world scenarios

propose that the Standard Model is confined to a brane
which could originate from the string theory D-branes

spanning a nearly flat, or a nearly AdS space
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What if there is more to the world then meets the eye?
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What if there is more then one stack of branes?
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What if there is more then one stack of branes?
Branes that intersect?



VAYAY,

A

The intersections could be either
the defects in the worldvolume or
our braneworld could be an intersection
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Local model: U, c2, cc

For example, when 1 < a,b <3
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Local string model: (U,., C2)) x R? C R
When 1 < a, b < 4 one preserves (0,2) susy in Rb!

34
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Useful pictures
n1» = dimMNj, branes along (C%z

3

12
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Useful pictures
n1» = dimMNj branes along (C%2 and ny3 = dimMN»3 branes alond C§3

3




QO

N

n12 = dimMNj, branes along (C%z, np3 = dim/MNo3 branes along (C§3,
n34 = dim/MN34 branes along C§4
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Useful pictures

n1» = dimMNjo branes along (C%2, np3 = dimMNb3 branes along (C%3,
n34 = dim/MN34 branes along C§4, n14 = dimMNy4 branes along Cﬂ
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ni» = dimMNjo branes along (C%z, np3 = dimMNb3 branes along (C§3,
n34 = dimMN34 branes along C§4, n14 = dimMNy4 branes along C%4
np4 = dimMNb4 branes along (C%4

3
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n1» = dimNj branes along (C%z, np3 = dimNMNb3 branes along (C§3,
n3 = dim/Ny3 branes along C%, np4 = dimMNo3 branes along (C§4,
n1s = dimNi4 branes along C2,, n3q = dim/Ns4 branes along C3,
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Integrate out the degrees of freedom
on all but one of the stacks

To produce observables on the remaining stack of branes
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Degrees of freedom associated with k instantons

Chan-Paton spaces

k=+£instant h
K=C #instanton ¢ arge, N,p = Cab
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Degrees of freedom associated with instantons:
Rectangular complex /,p, Jop matrices, 1 < a< b <4
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Degrees of freedom associated with instantons
Square complex matrices B;, a=1,...,4
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Local ADHM data
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Surface operators from intersecting braneworlds
Sewn quiver gauge theories, using orbifolds
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Partition Z-function of gauge origami
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Partition Z-function of gauge origami
Equivariant integral over the space of solutions

of generalized ADHM equations
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Generalized ADHM equations

Hab + Eabcd/i;r;d =0
pab = [Ba, Bb] + labJab
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Generalized ADHM equations |.

Hab + 5abcdlufld =0
tab = [Ba, Bp] + lapJab
> [Bay B+ hanlly — Slydan = ¢ - 1k
a

a<b

7 hermitian k x k matrix equations
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Generalized ADHM equations I.

Hab + 5abcd,ulj;d =0,
forall 1 <a< b <4, where
tab = [Ba, Bp] + lapJab

and

p=>[Ba B+ lally = Sydon = - 1k
a a<b
7 hermitian k x k matrix equations

Divide by the U(k) action
¢
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Generalized ADHM equations II.

Balbe + €abea B Jj = 0

for all a,b,c,d, s.t. €3pcd # 0
2k Y~ .. p Nap complex equations
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Generalized ADHM equations lIl.

Japled — 11,01, =0

for all a,b,c,d, s.t. €apcd #0

JabBE M pe =0

foralll<a<b<c<4,andp>1
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THE MAIN CLAIM

with a suitably defined perturbative factors
the partition Z-function
of gauge origami

is an entire function of all Za<b nap Coulomb parameters
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APPLICATIONS

THE NONPERTURBATIVE DS EQUATIONS
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APPLICATIONS

BPS/CFT CORRESPONDENCE
NN, 2002-2004

Correlators of chiral observables
in four dimensional supersymmetric theories
are holomorphic blocks (form-factors)
of some conformal field theory
(or a massive integrable deformation thereof)
in two dimensions

¢



Z-FUNCTIONS

OF A-TYPE QUIVER THEORIES, WITH OR WITHOUT DEFECTS

OBEY THE BPZ/KZ-TYPE EQUATIONS

of chiral algebras for 2d CFT and SCFTs
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