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④ After the Page⑤ The radiation t.me the distant
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⑥ What is

"complexity
" ?

① How is complexity generated ?
② How complex is the structure of

the Hawking

radiation code for
the interior ?



What does
"complexity

"
mean anyway ?
-
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Idea from computer science :

COMPLEXITY OR X
= minimum number of

"

simple
"

pieces required to
build ×

Ambiguity : What simple building
blocks ?

Complexity of
time-outon É•

Complexity = length of
geodesic between

I &

• e-
it't
is a metric(Nie1sen)-

polynomialy
related sung penalizing

complex

to circuit complexity ¢nonlocal ) operations
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① Complexity grows

② Physical criteria involving spectrum
and eigenstates determine

when complexity

growth
terminates

③ For integrable/
chaotic examples

the congregate

points truncate complexity
growth in

polynomial/exponential
time



An alternative notion of complexity
-
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SIMPLE ( INTEGRABLE) DYNAMICS

complex [CHAOTIC) DYNAMICS

⇒
"

complexity
"
~ spread of the wavefunction

across

time in some
basis .

• Which basis ? For a given
initial state 1%7

pick the basis
that minimizes

the spread

over time ( minimize
number of building

blocks )

spread of
wavefunction in the

spread
⇒ COMPLEXITY (f)

~ minimizing basis
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i 2+141+33 - HIYA

)>
n = time
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Nn>
MFO

14N > = 1-1^14101 >

Let J3= { IBI
> : i-0,1

" N} = orthonormal
basis.

The distribution PrP=KYlt1Bn
> In quantifies

the spread of IYAD
in B



Quantifyingthe-spreadasanumberpr.lt) = 1<4141 Bn > 12

① ↳ It) = @
HIM µ =

- Enpnlnpn

② ↳ It) = § Cnpnlt) co < C ,
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e.g.cn = nk ⇒
pion moment of Pn

[To study operator growth
people often study the

mean operator size ⇒
Cn -n ]
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{ 1403, two, TRIES,
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THE For any
basis B

Crit ≤ Colt for
at least

a finite duration ,
and forever

info time
evolution is

discrete
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Minimize spread by following
the orthogonal

changes én
Are state .



H-qmpks-cik-fgenooatedzmethodI.banczos
Method or Tridiadonalization

.

Recursion : 1 Anti >=µ - an)1kn) - bnlkn
- i>

Ikn> = bitten>

An
- < knltllkn> bn= <An IAN>

"2

⇒ ttlkn> = anlkn>
+ bnnlknti> tbnlkn - 1)
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ib
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THE

⇒ µ - [ , Al bz HAMILTONIAN] Efficient numericalb.2A? ?? . .
. algorithms

exist•

•

◦

⇒ If you
write 1%7=2%11-11 kn>

then 92£ YA) = an Halt
)tbn+,Yn+iᵗ> + bnYn.it

)

Universal 1- dimensional
chain dynamics

in the Krylov basis for any
quantum system

.

Setting pnltd -1%1812

Clt)= { Cnpnlt)
og ( (f) =@

HI {Priti} )

moments of {Pnlt) } entropy
of {pnlt)}



Method's Survival Amplitude and Partition sum

1411-1>= § Units lkn> ;
two> = Iko>

Survival

sits = < yet) 1%3=5401 ÉHᵗ /%) = Amplitude

= generates moments of
H
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• Each moment < Kol limn Iko> is a sumof weighted
paths through thisgraph
• Ifyou know a◦

• • • an- , and b ,
• • • bn there

is a unique path with an eontributngtotktl
• Soinilarly for bk

⇒ set →Mn → { an , bn }



-FDStaks_ : t.gs#pEe-BF1n,n >
Time evolve by H= .tk ⇒ lfplt ) = 1%+2 it>

Recall : Partitition Sum : zp.it
= { e-

'B- it> En

-

Spectral Form Factor : 12ps - iop

Observes : Slt)= Survival Amplitude polt) - survival
Prob

= < lfptait 1Up> ⇒ =RB¥§
=

ZBÉ÷
Thus the spectral form factor is

one element

in the probabilities { pact} defining spread
complexity

⇒
Fo9TFDstakI

Partition pg
survival → banczos

Coefficients

spectrum -1% sum
Amplitude

"(Analytically
continued ) _M

SPREAD
COMPLEXITY



Lethal3 Analytic formula for random matrix models
•consider Nxn random matrices drawn from the

measure : 1- g- BIT#
( H )] B--1

a 0£

2 GUE

4 GSE

2ps ,N
with V=V ( Utu) eg

. VIHT-E.vn Talkin)

and a generic initial
state Ci

, 0,0, go,
in the

basis in
which thematrix

is drawn.

•It is well known
amongst physicists

that

Pai- 7nF Hi -XJP e- BE
#IN]
( eigenvalues

and V'cwj-P.v.fd.EE?-- ( Soos VIE ))

• Extending results of
Dumitriu & Edelman (2002)

for Gaussian ensembles,
we can show

that

Plaoi
- an -is bi - boo -da (↑Éb%→ B- 1)→r[

VIM]

2--1

• Take the large Nlimit ( n'
→ ◦ ≤ F- In ≤ 1

and evaluate all integrals by saddhepointtSTEP Relates the

⇒ see)=j◦d÷ÉÉÉÉ⇒ density of"

states to ensemble

average ñ&b
•This integral equation canbe

solved

•The correlations in the Lanzos
coefficients are

boundby

expanding to2ⁿᵈorder around the
saddtepoint



RESULTS_
For the TFD state ion SYK and random matrix

models
,
and for generic initial

states in

random matrix models.

g.
Peak Oles )

( (t) _
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\
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① Simple cloud ②

. maximally complex
internalstatedgas

EXACT SOLUTIONS IN INTEGRABLE MODELS (particles
on

group
manifolds)

AN chaotic
models are alike,

but every

⇒% integrable model
is integrable in

its

own way •

( Inverse Tolstoy
Principle)
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How complex is the representation of the interior ?
-

If Reattain B, some
.

Ii operator onr will
A- radiation B.= black hole affect B. characterize
Hilbert space low energy these operators_Hilbert space

9- ask if • acting on Raffects
B. use the

methods of
•"quantum error correction

" lQoc)

u

Uli>code -_ toiphys TV __dude

Logical states e

An operation , or Els ) = [ Em 98in
"

quantum channel
"

densifymatrix or
?%É " Kraus operators

or
"error

"
on

≈ a.measure ofeompkaity
Trtphys .

- RADIATION of the operation

l-NTRQDUCEANAUXILIARYENVIRONMENTE.is)=Ñenv[ Hds teoseolnenv)U{ ]
env. spanned by { lend } , with Eminem Neko

>

⇔
" isometric extension

"
• .

.



The error is " correctable "⇔ does not affect
the representation

Hadeauxiliary
"reference " space Use the

↓
= copy of V
code space reference

asa probe

e ⊕ 3 ④ 3 oftte action

on Jtphys
✓ a-

maximally entangle
these by hand

14
'

> = ⇐[ "% ④ Helmi>phys Menu)
i → ref. ,i=l . -d

%EEEPFE.ci#ooaetabieifandontyif
Iq , / ref: env)

= Say , Cret) + System)
- scref: env )

= MUTUAL INFO . BETWEEN THE

AUXILIARY RGRORGNCG &
ENVIRONMENT

AFTER TRACING 007 JTPHYS

=

PSSY :2d IT gravity
+ matter & 80W brane

(
EOW BRANE STATE

INCREASE

EOW i
r

-

Mi > = 'ñÉHi%⊕k>rbrane

≈micro
state ←y /

RADIATION
BULK

MAX: ENTANGLED
EXCITATIONS WITH EOW BRANE



Want

Iq . /Ri :ReUenu)=Sy.IT?.)tSlReUenJ-Sp.lRiuReuenv)
→ Rényi Entropy

Replica Method

5*5%7++4>-8
" )

Tensor

•%fp%n,
= §

.

[Grau overlaps]
"

[
channel

]
. . .

Similarly Tishri a Trsifiureuenv

frat. .

overlaps ) ( + • • •

• OTHER

Ri URE Venu 31 WORMHOLES

DISCONNECTED

•
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MAXIMALLY
CONNECTED
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⑨ If disconnectedgeometries
dominate ,

Iq . 1 Ri
: Re , env)

-o ⇒ the quantum
channel does

not affect tte black
hole interior

② If
connected geometries dominate

↳
dimension of

Iq • (Ri
,
Re env ) = 2 log

di

interior code sqbspace

⇒ channel affects
the

interior

③ Random Errors
The unitary Ug is Haas

random

-

Result : The
connected phase dominates

when the rank
I of the

channel
NGED

Satisfies I ⇒ bag
,
@SBH gyk

EXCEEDINGLY

COMPLEXOPGRATIONS

k = dohtensioa of
radiation Ifilttert space

d dimension of
interior

code subspace

spas = BH entropy
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is a unitary radiation includes

transformation of
the

a very complicated

initial state dual description
of remaining interior

Today
⑥

"complexity
"
can

have different useful definitions

① chaos
efficiently generates

complexity

② The Hawking
radiation code for

the black

hole interior
is exponentially complex


