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Gauge-gravity duality

transport, thermalization, quantum chaos, … 
e.g. in high Tc superconductors, quark-gluon plasma, etc  

Grant application Vici full proposal form 2020  p 7
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Horizon: thermodynamic, dissipative, short-lived excitations 
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Hydrodynamics

3

interested in a macroscopic dynamical process of the
system at a finite temperature, will these gapless de-
grees of freedom remain the relevant IR variables?
(Throughout this review we restrict to systems in
a phase which is translationally and rotationally in-
variant, i.e. macroscopically a (quantum) liquid.)

The answer is no. At a finite temperature, there is
now a background bath of such gapless modes. Any
additional excitation will quickly be “swallowed” by
the bath, and cannot have any direct macroscopic
e↵ect. In other words, while it takes little energy
to create such an excitation, it becomes incoherent
quickly. The typical time scale (and length scale)
for such an excitation to become “incoherent” de-
fines the relaxation time ⌧ (and relaxation length
`).2 In the dispersion relation of such an excitation,
the frequency should have a finite imaginary part
of order 1/⌧ to reflect a lifetime of order ⌧ and be-
comes “gapped,” thus the standard lore that finite
temperature generates a gap for all excitations.

There is, however, a caveat. Consider a long wave
length perturbation of a system away from equilib-
rium, i.e. with wavelength � � `. Then at a time of
order ⌧ , typical non-conserved quantities will have
relaxed back to equilibrium. But for a conserved
quantity, which cannot be destroyed locally, relax-
ation back to equilibrium can only be achieved by
transports. See Fig. 1 (a) and (b). As a result it
will take time t� � ⌧ for a conserved quantity to
relax. In particular, as � ! 1, t� ! 1. Thus for
macroscopic physical processes involving spacetime
scales much larger than ⌧ and `, the only relevant IR
variables are those associated with conserved quanti-
ties, as non-conserved quantities can be considered
as in equilibrium.

More precisely, non-conserved quantities should
be considered as in “local equilibrium” defined by
the conserved quantities. To see this, consider a re-
gion of size �x satisfying ` ⌧ �x ⌧ � in a time range
⌧ ⌧ �t ⌧ t�. The variations of conserved quantities

2 For most systems in nature, ⌧ and ` are microscopic, i.e.
much smaller than macroscopic spacetime scales of physical
interests. In this review we will focus on such systems. Of
course what one means by microscopic and macroscopic are
relative. A somewhat extreme example is the Quark-Gluon
Plasma (QGP) created at RHIC or LHC. The size of a QGP
droplet is tiny, of order 10fm, but defines the “macroscopic
scale” of interest. The typical relaxation length of the QGP
is about 1fm, which qualifies as being microscopic compared
with the size. For a strongly interacting system, typically
⌧ ⇠ 1

� where � is the inverse temperature.

in this spacetime region are small and can be consid-
ered as approximately uniform. Recall that an equi-
librium state is specified by the values of conserved
quantities such as energy and charge. Non-conserved
quantities in this spacetime region should then be
regarded as relaxing into the local equilibrium state
specified by the local values of conserved quantities.
In other words, conserved quantities are low vari-
ables which provide the background for fast relax-
ing non-conserved quantities. In a non-equilibrium
EFT, we integrate out fast variables and concentrate
on the dynamics of slow variables.

FIG. 1. Relaxation of di↵erent types of excitations. The
horizontal direction is along some spatial direction. The
straight dashed lines denote the global equilibrium values
and the solid lines denote values of some perturbed quan-
tities. (a) Perturbations in non-conserved quantities can
relax back to equilibrium values locally–deviations sep-
arated at length scales larger than the relaxation length
` relax independently–in a time of order of the relax-
ation time ⌧ . (b) Conserved quantities can only relax
through transports, i.e. excesses have to be transported
to regions with deficits to achieve equilibrium. (c) In a
spacetime region with ` ⌧ �x ⌧ �, ⌧ ⌧ �t ⌧ t� a sys-
tem can be considered as in local equilibrium specified
by the local values of conserved quantities.

So far we talked about generic situations. In
certain special situations there can be additional
non-conserved slow variables. For example, when
a system is tuned to a (finite temperature) criti-
cal point, the order parameter(s) experiences critical
slow-down. Its relaxation scales become much larger
than those of typical non-conserved quantities. Such
non-conserved slow variables should also be kept in

Non-conserved

Conserved

Fast relaxation 
in τth

Slow relaxation 
in Δt≫ τth

φfast

φslow

Picture from Glorioso, Liu `18

Separation of scales:  Δt ≫ τth, ΔL ≫ λth ⟹ local theory of conserved charges: 
<latexit sha1_base64="NHl7/D7tm+YyE/oZTummJGhpK+w="></latexit>

@tna(x, t) +r · ja(x, t) = 0, ja = ↵0
abnb + ↵1

abrnb + · · ·

Transport coefficients



A hallmark of applied holography
Shear viscosity/entropy

Universal 
holographic answer
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Holographic approach to real systems

I. Proxies: e.g. 𝒩 = 4 sYM for QCD, ABJM for non-Fermi liquids

⟹ how good is the proxy? 



Holographic approach to real systems

II. Bottom-up models: Einstein’s Gravity + matter 

e.g. QCD: Gravity + matter in 5D ⟺ Tµν , tr F2 , qq, …  
Fix by e.g. confinement, chiral symmetry breaking, gapped spectrum,…   
However no consistent truncation of QCD to gravity  ⟹ full world-sheet
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Holographic approach to real systems

I. Proxies: e.g. 𝒩 = 4 sYM for QCD, ABJM for non-Fermi liquids

⟹ how good is the proxy? 

II. Bottom-up models: Einstein’s Gravity + matter 

⟹ qualitative understanding, inspire ideas  
     reproduce by traditional methods ? e.g. hydrodynamics, 
     toy QFT models    

e.g. QCD: Gravity + matter in 5D ⟺ Tµν , tr F2 , qq, …  
Fix by e.g. confinement, chiral symmetry breaking, gapped spectrum,…   
However no consistent truncation of QCD to gravity  ⟹ full world-sheet



Outline

Part I: High Tc superconductors, linear in T resistivity

- Pseudo-Goldstone hydrodynamics 
- SYK inspired microscopic models 

Part II: QCD

- 𝒩 = 4 sYM vs. QCD 
- Spin hydrodynamics 
- Magnetic fields and QCD



Part I: High Tc superconductors



Pseudo-Goldstone hydrodynamics



High Tc superconductors



High Tc superconductors

Linear in T resistivity

Giraldo-Galdo `18

LaSrCuO



Charge density 
fluctuations

High Tc superconductors

Arpaia, Ghiringhelli `21

Linear in T resistivity

Giraldo-Galdo `18

LaSrCuO



Spontaneous breaking of translations  
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Charge density modulations



Spontaneous breaking of translations  
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Weak explicit breaking ⟸ disorder ⟹  pseudo-Goldstone 

Charge density modulations



Charge density modulations

Spontaneous breaking of translations  
  

<latexit sha1_base64="t2C8QtIwZCUv6kTtfiWsLX8wxh4="></latexit>

!(k) = ±csk � iD�k
2

A curious relation between diffusion and relaxation from holography 
  

<latexit sha1_base64="XAXmjcpGGJy4jdFgptPlKA23uCc="></latexit>

lim
k!0

!(k) = ±csk0 � i⌦

Weak explicit breaking ⟸ disorder ⟹  pseudo-Goldstone 



Models in 3+1D with explicit and spontaneous breaking of translations
Amadeo, Ammon, Amoretti, Andrade, Arean, Argurio, Baggioli, Domokos, Donos, Erdmenger, 
Gauntlett, Gouteraux, Greininger, Jarvinen, Jimenez-Alba, Jokela, Krikun, Li, Ling, Lippert, Martin, 
Meyer, Musso, Nakamura, Niu, Ooguri, Pando-Zayas, Pantelidou, Poovuttikul, Park, Schalm, Vegh, 
Xian, Wu, Zaenen, Ziogas, Zhang  `09 - `22

Gauge-gravity with charge density waves

Holographic Q-lattices 
<latexit sha1_base64="avUhfSkXGmttgJTzH534NmVtRgM="></latexit>
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Weak explicit breaking
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G��, Gj�, Gjj

<latexit sha1_base64="UNSiECwf3QWj1OscDOVNnLgn81E="></latexit>

⌦ = k20D� +O(k40)

Amoretti, Arean, Gouteraux, Musso `18`19; Donos, Martin, Pantelidou, Ziogas `19; Baggioli, Gray, Grieninger  `21

Donos, Gauntlett `13

Goldstones Explicit Spontaneous
<latexit sha1_base64="6FPe/E5upMEXKrNcdRtM/h6mJis="></latexit>

�I = � ei I ,  I = kxI , � = k0 r + �vr
2 +O(r3)



Locality in hydrodynamics

Hydrodynamic equations:
<latexit sha1_base64="21w2D8an8zbyfNcsrJLXFqOzS2Y="></latexit>

ṅa(k, t) +Mab(k)nb(k, t) = 0
local

Gouteraux, Delacretaz, Ziogas `21



Locality in hydrodynamics

Hydrodynamic equations:
<latexit sha1_base64="21w2D8an8zbyfNcsrJLXFqOzS2Y="></latexit>

ṅa(k, t) +Mab(k)nb(k, t) = 0
local

Kadanoff, Martin `63

<latexit sha1_base64="q3XDLhS5qq4dsHYQIr0jGX0H6aI="></latexit>

ṅa(k, t) +Mab(k) (nb(k, t)� �bc(k)�µc(k, t)) = 0

local

In presence of external sources: 
<latexit sha1_base64="K8B0tmXXBfcBo4u3YYX4r7/KItM="></latexit>

H0 ! H0 �
Z

�µa(x, t)na(x, t)

Gouteraux, Delacretaz, Ziogas `21

Susceptibility matrix

<latexit sha1_base64="8yuJrN0o/BUpsu1Os8TPH09TzG4="></latexit>

�ab = � �2W

�µa�µb
local beyond 
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⇠th < �L

except for (pseudo) Goldstones or near criticality   
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⇠th < �LTypically   



Pseudo-Goldstone hydrodynamics

<latexit sha1_base64="gUJQDIfWyyXSmm8hmioJN09HkxY="></latexit>
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Weak explicit breaking:
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Susceptibility:

<latexit sha1_base64="EHWTyRnsI88cTGIpaRDp6uK1XCg="></latexit>

��� =
1

k2 + k20

Superfluid as example: 

Delacretaz, Gouteraux, Hartnoll, Karlsson `21, Gouteraux, Delacretaz, Ziogas `21; 
Ammon, Arean, Baggioli, Gray, Grieninger  `21



Pseudo-Goldstone hydrodynamics
Delacretaz, Gouteraux, Hartnoll, Karlsson `21, Gouteraux, Delacretaz, Ziogas `21; 
Ammon, Arean, Baggioli, Gray, Grieninger  `21

Josephson relation:
<latexit sha1_base64="+FAI3YUwuZegyStMir2Rvgx3hag="></latexit>
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Susceptibility:
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⌦ = k20D� +O(k40)



Pseudo-Goldstone hydrodynamics
Delacretaz, Gouteraux, Hartnoll, Karlsson `21, Gouteraux, Delacretaz, Ziogas `21; 
Ammon, Arean, Baggioli, Gray, Grieninger  `21

Josephson relation:
<latexit sha1_base64="+FAI3YUwuZegyStMir2Rvgx3hag="></latexit>
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Susceptibility:
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k2 + k20
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⌦ = k20D� +O(k40)

• Can be proved also using Schwinger-Keldish formalism, …



Implications for high Tc superconductors

Spontaneous + weak explicit breaking of translations: 

<latexit sha1_base64="oG1jBuPf/4XvGN3SPDdfvDJuPLI="></latexit>
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⌦ = k20D� +O(k40)

pseudo-Goldstone  
relaxation



<latexit sha1_base64="PqGpxImZAD0L+f3GeRuDaGKvZos="></latexit>

D ⇡ ~
kBT

c2s

Implications for high Tc superconductors

Spontaneous + weak explicit breaking of translations: 
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⌦ = k20D� +O(k40)

<latexit sha1_base64="UNSiECwf3QWj1OscDOVNnLgn81E="></latexit>

⌦ = k20D� +O(k40)

pseudo-Goldstone  
relaxation

Planckian diffusivity bounds: Zaanen `04; Hartnoll `14 
Hartman, Hartnoll, Mahajan `17

<latexit sha1_base64="/s7E8UT6ZQpX5VpuKJYYgpkMoEM="></latexit>
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Gouteraux, Delacretaz, Ziogas `21; 



SYK-Yukawa model



Linear in T resistivity: microscopics

Girallo-Gallo et al `18

LaSrCuO

Jaoui et al `22

Bilayer graphene

 SYK-type model based on quantum criticality Patel, Guo, Esterlis, Sachdev `22

Generic description: fermi surface + gapless scalar 
Chubukov, Kachru, P. A. Lee, S. S. Lee, McGreevy, Metlitski, Raghu, Sachdev, Senthil, Torroba, … `89 - `22



Holographic non-Fermi liquids 

AdS2 x R2

AdS4

A
ABJM 

+ 
probe 

fermion 

<latexit sha1_base64="7okkWVlhF/YtLGgyI3qeQjMFp64="></latexit>

Gf =
1

i! + ✏(k) + ig|!|⌫(k)
Faulkner, Liu, McGreevy, Vegh; Cubrovic, Schalm, Zaanen `09 

Probe fermion  
+ AdS2



Holographic non-Fermi liquids 

AdS2 x R2

AdS4

A
ABJM 

+ 
probe 

fermion 

AdS2 ⟹ revival of SYK (fermions scattering off SYK)

<latexit sha1_base64="7okkWVlhF/YtLGgyI3qeQjMFp64="></latexit>

Gf =
1

i! + ✏(k) + ig|!|⌫(k)
Faulkner, Liu, McGreevy, Vegh; Cubrovic, Schalm, Zaanen ’09 

Probe fermion  
+ AdS2



Linear resistivity: microscopics

potential disorder

SYK-inspired 2D quantum critical “clean” metal at large N

Randomness in flavor ⟹ systematic expansion in 1/N

Fermi surface

order parameter

Momentum conservation ⟹ Drude peak without relaxation  
<latexit sha1_base64="F4/vSNcmvTqfEU3W8YSgPcRObFQ="></latexit>

Re[�(!)] ⇠ N�(!)

Patel, Guo, Esterlis, Sachdev `21



Patel, Guo, Esterlis, Sachdev `22

Spatially random  
potential 

Linear resistivity: microscopics

⟹ constant DC conductivity determined by e-e- scattering rate  ~ 



Patel, Guo, Esterlis, Sachdev `22

Spatially random  
potential 

Linear resistivity: microscopics

⟹ constant DC conductivity determined by e-e- scattering rate  ~ 

Spatially random  
interaction 



Patel, Guo, Esterlis, Sachdev `22

Spatially random  
potential 

<latexit sha1_base64="mBIJoQ/ItrrlFWaWG4CvXY4o3Do="></latexit>

Re�(!) ⇠ 1

v2 + g02!
Conductivity

Linear resistivity 
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! ⌧ T

Linear resistivity: microscopics

⟹ constant DC conductivity determined by e-e- scattering rate  ~ 

⟹ conductivity with non-trivial relaxation

Spatially random  
interaction 



Discussion

Relies on diffusivity bounds D ~ 1/T 
Quantum criticality? 
Does it apply to realistic materials? 

Pseudo-Goldstone hydrodynamics: 

SYK-Yukawa model:

Specific to large N 
Charge density waves/fluctuations?  
Does it apply to realistic materials? 

Common to both: Planckian dissipation, disorder,  
                             long range correlations



Part II: QCD



𝒩 = 4 sYM vs. QCD



Approximately conformal EoS

⟹ a good proxy for T > 2Tc    

approx conformality 

Boyd et al  `96

Stefan-Boltzmann limit

~ 80%

Gubser, Klebanov, Peet `96; Klebanov `00 
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N = 4 super Yang-Mills: s(λ = ∞) / s(λ = 0) = 75% 
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Transport from Bayesian analysis
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to the values from kinetic theory [13], with � = 1/3� c2s,
while we vary the shear and bulk relaxation times ⌧⇡ and
⌧⇧ as well as one other second order coe�cient ⌧⇡⇡. We
vary these according to the ratios

⌧⇧sT�2

⇣
,

⌧⇡sT

⌘
and

⌧⇡⇡
⌧⇡

.

Finally, the hydrodynamic fluid undergoes particliza-
tion at a temperature Tswitch, whereby viscous contribu-
tions as well as resonances are included according to the
algorithms presented in [16, 17]. These hadrons are then
evolved using the SMASH hadronic cascade code [18–20].
Experimental data - To compare our model to experi-
ment we start with the dataset used in [6]: PbPb charged
particle multiplicity dNch/d⌘ at 2.76 [21] and 5.02 TeV
[22], transverse energy dET /d⌘ at 2.76 TeV [23], identi-
fied yields dN/dy and mean pT for pions, kaons and pro-
tons at 2.76 TeV [24], integrated anisotropic flow vn{k}
for both 2.76 and 5.02 TeV [25] and pT fluctuations [26]
at 2.76 TeV. On top of this we added identified trans-
verse momentum spectra using six coarse grained pT -bins
separated at (0.5, 0.75, 1.0, 1.4, 1.8, 2.2, 3.0)GeV both for
PbPb at 2.76 [24] and pPb at 5.02 TeV [27], anisotropic
identified flow coe�cients using the same pT bins (statis-
tics allowing) at 2.76 [28] and 5.02 TeV [29]. As in [30]
we use ṽn{k} anisotropic flow coe�cients for pPb at 5.02
TeV [31] [32] as well as mean pT for pions, kaons and
protons at 5.02 TeV [33]. All of these use representative
centrality classes, whereby we also specifically included
high multiplicity pPb classes for its anisotropic flow coef-
ficients, giving a total of 418 and 96 datapoints for PbPb
and pPb collisions respectively.
Posterior distribution - In order to estimate the like-
lihood of all 21 parameters (bold in the model) we used
Trajectum [34] to simulate the full PbPb (pPb) model at
1000 (2000) design points located on a Latin Hypercube
in the parameter space using 6k (40k) events per design
point (the parameter ranges can be found in the poste-
rior distributions later) [35]. For each system we apply
a transformation to 25 principal components (PCs), for
which we train Gaussian emulators [16, 30, 36]. Cru-
cially, the emulator also estimates its own uncertainty
(which we validated) and through the Principle Compo-
nent Analysis this includes correlations among the dat-
apoints. Full details as well as emulator results can be
found in our companion paper [37].

Using either PbPb only or both PbPb and pPb em-
ulators we ran a Markov Chain Monte Carlo (mcmc)
employing the EMCEE2.2 code [16, 30, 38], using 600
walkers for approximately 15k steps. This led to the
converged posterior distributions in Fig. 1, shown with

FIG. 3. We highlight a few interesting or strong correlations
among the posterior distributions shown in Fig. 1.
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FIG. 4. Posterior distributions for the specific shear and bulk
viscosities versus temperature together with their mean and
90% confidence band (blue). The 90% confidence bands for
the prior distribution is shown in gray (extending till 0.08 for
⇣/s, not shown).

(solid) and without (dashed) the pPb data. Fig. 2 shows
results from 100 random samples of the posterior distri-
bution for a representative selection of our datapoints.
In general these compare well, even for pT -di↵erentiated
identified vn{2} distributions for both central and pe-
ripheral collisions.
For pPb the posterior distributions are significantly

wider than the experimental uncertainties, since even for
2000 design points the model is su�ciently complicated
that a significant emulator uncertainty remains. It is for
this reason that including pPb for the posterior (blue
solid versus green dashed in Fig. 1) does not change the
probabilities as much as perhaps expected, though for
parameters especially sensitive to small and short-lived
systems better constraints are obtained (nc, ⌧fs, w, dmin

and �fluct).
Perhaps the most striking feature in Fig. 1 is that the

posterior for the maximum of ⇣/s peaks at zero. This
is in contrast to previous work [6, 7, 39] that prefers a
positive bulk viscosity in order to reduce the mean pT . A
larger bulk viscosity, however, makes it hard to describe
the pT identified spectra (Fig. 2 (middle,top)).
Given the scope of our 21 parameter model it is per-

haps not surprising that constraints on the parameters
and in particular the second order transport coe�cients

shear viscosity bulk viscosity
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larger bulk viscosity, however, makes it hard to describe
the pT identified spectra (Fig. 2 (middle,top)).
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𝒩 = 4 sYM at λ = ∞ is a very good proxy for T ≳ 2Tc QCD ! 



Spin hydrodynamics 



BJ B ~ 1014 T
J ~ 1000ℏ



⟹ relativistic spin hydrodynamics

Time

Magnetic  
field + 

vortices 

BJ B ~ 1014 T
J ~ 1000ℏ









Holography with spin current

Grant application Vici full proposal form 2020  p 4

Scien'fic challenges and key objec'ves 

However, theory lags behind. Formulated in terms of individual particles, the existing first principles theory, 
quantum chromo-dynamics (QCD), is unsuitable for the collective, wave-like motion arising from strong 
correlations between quarks and gluons [4,5]. Just like we use the motion of waves to describe the ocean surface 
rather than motion of the individual water molecules, we need the “theory of waves” for the quark-gluon plasma 
rather than the theory of individual quarks [6].  

While the existing approaches — lattice simulations, perturbation theory, effective field theory, kinetic theory, 
hydrodynamics and holographic duality [7-12] — are suitable for problems of certain nature, e.g. statistical, 
equilibrium or non-equilibrium — this wave theory should 

(1)  provide an overarching description of different type of physical processes in the plasma,  

(2)  explain its recently uncovered properties — e.g. strong vortical structure [13], and transport induced by 
electromagnetic fields and quantum anomalies [14] — and uncover more,  

(3)  deliver basic observables in measurements: particle yields in heavy ion collisions and gravitational waveforms 
in neutron star mergers.  

Two candidates for this wave theory stand out: hydrodynamics and holography. Hydrodynamics explains the 
experimental data perfectly in terms of energy and charge flowing in the plasma [15-18], see fig 4. Holography — 
a relatively new string theory method, see Box 1 — goes beyond and determines the thermodynamic properties 
and parameters such as viscosity and conductivity [22,23,12] that underlie this flow. Holographic models are 
expected to apply also to dense quark matter and neutron stars, while reproducing the first-principles results at 
vanishing density, as first shown in our seminal works [24-26] (fig. 5).  

4

Fig.4. Agreement between hydrodynamic 
simula>ons (solid symbols) [17] and experimental 
data (open symbols) from RHIC depic>ng an energy 
flow parameter in the plasma. 

Momentum (GeV)

Energy flow parameter

Fig.5: Agreement between the effec>ve 
holographic theory developed by the PI [24-26] 
and the first-principles theory of the strong 
force, reported independently in [27].
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Box 1 - Holography in a nutshell : Einstein’s theory of 
gravity in the bulk of a 5 dimensional hypothe>cal 
space with a black hole at the center is mathema>cally 
equivalent to the quantum theory of plasmas on the 
boundary of this space [19-21]. Originally formulated 
in string theory for a specific system [19], this 
equivalence has been applied to real systems, such as 
the quark-gluon plasma (fig.5). Concretely, it maps 
collec>ve flow in the plasma — here denoted by 
current J at the black point — to fluctua>ons near the 
horizon — at the white point — through propaga>on 
of bulk wave, A, toward black hole. Universal 
proper>es of horizon geometry then lead to 
constraints on transport in the plasma. 
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Holography with spin current

⟹ suggests a resolution of BR ambiguity

• 5D Lovelock-Chern-Simons  
• Independent ea and ωab in the presence of torsion

Gallegos, UG `19







Gallegos, Yarom, UG `21`22; Huang, Hongo, Kaminski, Stephanov, Yee `22

Hydrodynamics with torsion
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Diffeomorphism and local Lorentz invariance
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10 dynamical variables: 

Spin “chemical”  
potential
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Beyond hydrostatics

Spin is “slave” to background flow: 
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Figure 4: Left: The normalized variation of the chiral condensate, �⌃(B, T ), as a function of B
for constant T , c = 0.4, zero quark mass, and x = 1. Right: The normalized chiral condensate in
the confined phase (T = 0) as a function of the magnetic field at zero quark mass and x = 1 and
for di↵erent values of the parameter c.

rh is the location of the horizon and r✏ is a cut-o↵ near the boundary. The magnetization

of the ground state is (at any value of B)
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Both the susceptibility and the magnetization diverge at the boundary and have to be

renormalized appropriately. We do this here by subtracting their values for reference

(thermal gas) solutions at T = 0.

In figure 5, we show the magnetic susceptibility �B as a function of temperature for

di↵erent values of c. The plot shows that smaller c leads to larger values of �B. This is

expected by the following argument. Since the function w that controls the coupling of the

magnetic field to the plasma is more pronounced for smaller c, we expect the e↵ect of quarks

become more important, yielding a stronger inverse magnetic catalysis, in other words, a

steeper decrease in Td around B = 0. Now, because at the deconfinement transition near

B = 0 we have dF = 0 and hence dTd/dB = ��BB/S, a stronger decrease in Td with B

results in a larger positive value of �B. Another observation is appearance of kinks at the

chiral transition T = T� that is di↵erent from the deconfinement transition (T� > Td) for

x = 1.

4. Varying number of flavors

In our holographic model both the number of colors Nc and the number of flavors Nf are

taken to be infinite with their ratio x = Nf/Nc fixed. By varying x then it should be

possible to study the influence of the quark sector on (inverse) magnetic catalysis. It is

also interesting to investigate whether the phase diagram show additional features in the

regime with B/⇤2
� 1 for di↵erent values of the ratio x. We address these questions in
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Possible Explanations
• “Valence” vs. “sea” quarks F. Bruckmann et al ’13

〈q̄q〉 =
∫

DAe−S[A]det(D(A,B) +m)tr(D(A,B) +m)−1

Valence⇒ enhances 〈q̄q〉 for any B. Sea⇒ favors A configs.
with larger Dirac eigenvalues⇒ suppresses 〈q̄q〉 for larger B

• B effectively reduces 3 + 1 → 1 + 1, enhancing 〈q̄q〉. But larger
B reduces αs by asymptotic freedom, diminishing 〈q̄q〉.

• Clearly a result of non-trivial interplay between confinement
and chiral symmetry breaking

• Should be able to observe in a phase deconfined with broken
chiral symmetry

• This happens in holographic QCD in the Veneziano limit Jarvinen,
Kiritsis ’12
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B=0

Magnetic fields & QCD: how about anisotropy? 
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Figure 7. �⌃pT, aq as a function of a for several constant T values, with x “ Nf {Nc “ 1. Note the
large slope of the T {⇤ “ 0.14 curve near a{⇤ “ 0. This happens because this temperature is very
close to the critical end point of the first order phase transition, which occurs at a{⇤ „ 0.01. Some
small numerical noise was removed from this figure by fitting to a polynomial.

is first a decrease of the condensate with B, and then an increase.13 The decrease of the
condensate (inverse magnetic catalysis) with a magnetic field was discovered on the lattice
[30, 32]. The analogous behavior we observe here is therefore evidence for the claim made in
[1], namely that a possible cause for the inverse magnetic catalysis is the anisotropy, which
can be induced by the magnetic field as in the lattice studies or explicitly as we do in this
paper. What we see is that just the presence of anisotropy has the same effect as the magnetic
field. We thus call this behavior “inverse anisotropic catalysis”.

5.2 Particle spectra

We observe from the phase diagram, figure 4, that anisotropy may destroy confinement even at
relatively low values of a{⇤. In this section we analyze this phenomenon further by discussing
how the meson and glueball states (at zero temperature) melt as a is increased. Dissociation
of mesons due to anisotropy has also been studied in other holographic models [79, 80].

We will discuss the particle spectrum in the helicity two glueball tower which is relatively
easy to analyze. We have also computed that the spectral functions in other sectors, including
all flavored states, and helicity one flavor singlet states, and find a similar behavior to that
of the helicity two glueballs. The fluctuations in these additional sectors are presented in
Appendix C.

13
In [45], there is also a direct coupling of the magnetic field to the condensate, in addition to the backreaction

through the geometry. This direct effect was found to always increase the condensate, in agreement with lattice

results [37]. An analogous direct coupling is absent in this work.
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B=0

IMC might be due to anisotropy induced by B rather than electromagnetism? 
⟹ a question for lattice QCD! 
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We observe from the phase diagram, figure 4, that anisotropy may destroy confinement even at
relatively low values of a{⇤. In this section we analyze this phenomenon further by discussing
how the meson and glueball states (at zero temperature) melt as a is increased. Dissociation
of mesons due to anisotropy has also been studied in other holographic models [79, 80].
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Pseudo-Goldstone hydrodynamics
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• Proved also using Schwinger-Keldish formalism 
• Applies to QCD in the chiral-limit, antiferromagnets, nematic phases, … 
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Direct magnetic field imaging of graphene in a high mobility channel



Approximately conformal EoS

⟹ a good proxy for T > 2Tc    

approx conformality 

Boyd et al  `96

Stefan-Boltzmann limit

~ 80%

Gubser, Klebanov, Peet `96; Klebanov `00 
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Constructing hydrodynamics action

Most general scalar from T, u, e, Κ and derivatives  ➔  W 
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Constructing hydrodynamics action

W = P (T,m2, M̃2,m · M̃) +O(@u, @T,K?, @m, @M̃)W = P (T,m2, M̃2,m · M̃) +O(@u, @T,K?, @m, @M̃)

ideal fluid pressure gradient corrections
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shear expansion 
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Ideal spin fluid

Pressure of ideal spin fluid: P (T,m2, M̃2,m · M̃)

Gibbs-Duhem relations for ideal spin fluid 
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Beyond hydrostatics

Spin is “slave” to background flow: 
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Parity invariant, conformal, spin fluid: 

ideal fluid dissipative corrections

Earlier studies shear 
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Bjorken flow: conformal, boost and parity invariant

Application to HIC
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Bjorken flow: conformal, boost and parity invariant
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Application to HIC
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Beyond hydrostatics

Spin is “slave” to background flow: 
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mµ = aµ Mab = ⌦ab

up to O(∇2)

Parity invariant, conformal, spin fluid: 

ideal fluid 

dissipative corrections

Earlier studies

shear 
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Application to HIC

Polarization of hyperon:   
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spin potential

freezout surface
Boltzmann type  

distribution

 Bjorken flow: conformal, boost invariant  



Explicit dependence on B in tachyon equation ⟹ catalysis 
Implicit dependence through background fields ⟹ inverse catalysis

Two distinct dependence on B:  

Controlled by x

<latexit sha1_base64="4PgvVG/AQx6e5hqDhtZWSK/anVw="></latexit>

T 00 + C1[B; g(B),�(B)]T
03 + C2[B; g(B),�(B)]T 0 + C3[B; g(B),�(B)] = 0



Explicit dependence on B in tachyon equation ⟹ catalysis 
Implicit dependence through background fields ⟹ inverse catalysis

Two distinct dependence on B:  

<latexit sha1_base64="4PgvVG/AQx6e5hqDhtZWSK/anVw="></latexit>

T 00 + C1[B; g(B),�(B)]T
03 + C2[B; g(B),�(B)]T 0 + C3[B; g(B),�(B)] = 0

Possible Explanations
• “Valence” vs. “sea” quarks F. Bruckmann et al ’13

〈q̄q〉 =
∫

DAe−S[A]det(D(A,B) +m)tr(D(A,B) +m)−1

Valence⇒ enhances 〈q̄q〉 for any B. Sea⇒ favors A configs.
with larger Dirac eigenvalues⇒ suppresses 〈q̄q〉 for larger B

• B effectively reduces 3 + 1 → 1 + 1, enhancing 〈q̄q〉. But larger
B reduces αs by asymptotic freedom, diminishing 〈q̄q〉.

• Clearly a result of non-trivial interplay between confinement
and chiral symmetry breaking

• Should be able to observe in a phase deconfined with broken
chiral symmetry

• This happens in holographic QCD in the Veneziano limit Jarvinen,
Kiritsis ’12

Magnetically induced phenomena and Holographic QCD – p.21

Orders Polyakov loop near Tc 

  ⟹ punishes A with  
      small Dirac eigenvalues
D’Elia, Negro `11; Bruckmann, Endrodi, Kovacs `13

Banks, Casher `80
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Chiral condensate at finite µ

• B facilitates the chiral transition for μ < 0.1⇒ inverse catalysis for small μ  

• Magnetic catalysis instead at μ > 0.1

• A small region of inverse magnetic catalysis in the phase diagram
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Figure 3. Top: The chiral transition temperature T� as a
function of chemical potential for di↵erent values of the mag-
netic field. Note that at large chemical potential, there is
magnetic catalysis, while at small chemical potential, there is
inverse magnetic catalysis. Bottom: Region where (inverse)
magnetic catalysis occurs for small B, which is here defined
by the sign of hq̄qiB/⇤2=0.1 � hq̄qiB/⇤2=0.

that, increasing µ makes it harder for inverse magnetic
catalysis to occur in general. Another observation from
figure 3 (top) is that the interval in µ, where T� decreases
with B, grows with increasing B. Therefore the region
where inverse catalysis is found, which is somewhat lim-
ited in the case of small B of figure 3 (bottom), expands
significantly as B increases.

We can also directly evaluate the quark condensate in
our holographic model. As explained in [29], this can be
read o↵ from the near boundary asymptotics of the bulk
complex scalar field ⌧ that is dual to the quark conden-
sate operator. Normalizing the condensate as

⌃(T, µ,B) =
hq̄qi(T, µ,B)

hq̄qi(0, 0, 0) ,

we plot in figure 4 its dependence on T for various choices

of µ and B. We observe that it always decreases with T ,
making discontinuities at phase transitions in figure 1.
The reason for the absence of T dependence of ⌃ in the
confined phase (green phase in figure 1) is because this
dependence is suppressed with 1/N2

c in our model in the
large N limit [29, 42]. One can also check that this figure
is consistent with our observation of the inverse magnetic
catalysis close to the chiral transition temperature. For
example for µ = 0.05⇤ and T = 0.12⇤ the condensate
attains a finite value at B/⇤2 = 5 while it vanishes at
B/⇤2 = 10.
Finally, as observed in [29] and [20] and discussed in de-

tail in the latter paper, magnetization can be utilized to
distinguish the magnetic and the inverse-magnetic catal-
ysis. In particular, whether the transition temperature
increases or decreases with B is correlated with whether
the magnetization jumps up or down across a first order
transition. Similarly for a second order phase transition,
e.g. the dashed curves in figure 1, one finds that
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,

using the fact that the di↵erence between the entropies
�S(T�(B), B) = 0 for a second order transition. We
observe in figure 5 that, for example, for small µ, B,
one finds dT�/dB < 0, an indication of inverse magnetic
catalysis. In general, although the kinks in M(T ) are
often too small to be visible in figure 5, the findings agree
with those in figure 3.

DISCUSSION

There are two main results in our paper. First is the
phase diagram of a large-N holographic QCD theory with
full-backreaction from the quark sector at finite temper-
ature, baryon chemical potential and magnetic field, cf.
figure 1. We considered massless quarks and fixed the fla-
vor to color ratio, equation (1) to be unity in this work.
Generalization to massive quarks and study of the phase
diagram at di↵erent values of x are two immediate future
directions. Also, we have disregarded the possibility of
inhomogeneous phases in this work. Whether they can
occur and compete with the phases we obtained here is
an interesting question. We have checked the thermody-
namic stability of all the phases shown in figure 1. It is
remarkable that the phase ii) (blue region in figure 1),
which is the deconfined plasma phase with broken chiral
symmetry seems to be a universal prediction of a variety
of holographic models [22, 35, 43–45]. We find that this
phase is also present at every finite B and moreover it
covers a larger part of the phase diagram for larger B.
Our second main result is that inverse magnetic cataly-

sis that is observed on the lattice simulations [16] at van-
ishing µ is also present at finite µ. However, it is impor-
tant to point out the di↵erences in the definitions of this
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full-backreaction from the quark sector at finite temper-
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directions. Also, we have disregarded the possibility of
inhomogeneous phases in this work. Whether they can
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B and anisotropy dependence of transport

Observed earlier 
Erdmenger, Kerner, Zeller ’10; Mateos, Trancanelli `11; Cremonini `11 
Rebhan, Steineder `11; Giataganas `12; Mamo `12; Jain, Samanta,  
Trivedi `14; Critelli, Finelli, Noronha, Rougemont `15`16

B = (0,0,B)

Jarvinen, Nijs, Pedraza, UG `20 

shear viscosity

butterfly velocity

Giataganas, Pedraza, UG ’18 
Jarvinen, Nijs, Pedraza, UG ‘20

Douglas, Maldacena, Shenker ’15 OTOC

vB bounds rate of information transfer
Roberts, Swingle `16
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➔ This talk: Robust (universal) aspects of duality in bottom-up approach



Dynamical bottom-up models

Dual of QCD: noncritical string theory in 5D on dilaton-gravity background  
(Possibly with Ramond sector e.g. 0B) Polyakov ’96; Gubser, Klebanov Polyakov ‘98

• Integrating out massive string modes ⟹ effective 5D gravity + matter   

• IR sum-rules in QCD: OPA semi-closed on relevant/marginal operators
Shifman, Vainshtein, Zakharov ’79 

⟹ see Aharony and Dubovsky @ strings 2019
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Universal results: confinement⟹gapped spectrum 
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Universal results: confinement⟹gapped spectrum 
Linear confinement: 

<latexit sha1_base64="44fl4wXNEcl0MAF55lM5bJ3Q3HY="></latexit>

ds2 = e2As(r)(dr2 + ⌘µ⌫dx
µdx⌫)

q

q

r

<latexit sha1_base64="IJBG3k/SvzxdmgaH5l7RdjJdbFY=">AAAB/XicdVDLSsNAFJ3Ud33Fx87NYBF0E5Lic+dj47KCVSENZTKd2qEzkzBzI9ZQ/BU3LhRx63+482+ctBVU9MCFwzn3cu89cSq4Ad//cEpj4xOTU9Mz5dm5+YVFd2n5wiSZpqxOE5Hoq5gYJrhideAg2FWqGZGxYJdx96TwL2+YNjxR59BLWSTJteJtTglYqemuNoDdgpa55KofHjXNpt6Kmm7F94KDAtj3qr7Fzhep4sDzB6igEWpN973RSmgmmQIqiDFh4KcQ5UQDp4L1y43MsJTQLrlmoaWKSGaifHB9H29YpYXbibalAA/U7xM5kcb0ZGw7JYGO+e0V4l9emEF7P8q5SjNgig4XtTOBIcFFFLjFNaMgepYQqrm9FdMO0YSCDaxsQ/j6FP9PLqpesOsFZ9uVw+NRHNNoDa2jTRSgPXSITlEN1RFFd+gBPaFn5955dF6c12FryRnNrKAfcN4+AdsNlXw=</latexit>

min[As(r)]

<latexit sha1_base64="xCQxYkgQXqlnRov7jhblpnsnq0Q=">AAACAHicdVDLSgMxFM34rPU16sKFm2AR6maYKT53RTcuW7AP6Iwlk962oZkHSUYow2z8FTcuFHHrZ7jzb8z0ASp6IHByzr0k5/gxZ1LZ9qexsLi0vLJaWCuub2xubZs7u00ZJYJCg0Y8Em2fSOAshIZiikM7FkACn0PLH13nfusehGRReKvGMXgBGYSszyhRWuqa+82yGw/ZMXZVhOEureP8mhW7Zsm2nMsc2LYqtsbpnFSwY9kTlNAMta754fYimgQQKsqJlB3HjpWXEqEY5ZAV3URCTOiIDKCjaUgCkF46CZDhI630cD8S+oQKT9TvGykJpBwHvp4MiBrK314u/uV1EtW/8FIWxomCkE4f6icc67B5G7jHBFDFx5oQKpj+K6ZDIghVurO8hHlS/D9pViznzHLqJ6Xq1ayOAjpAh6iMHHSOqugG1VADUZShR/SMXowH48l4Nd6mowvGbGcP/YDx/gX/AZVm</latexit>

V (�) ! eQ�

<latexit sha1_base64="lz1kBDg4Ml/9jeAPi6sGfP/r+T0=">AAACAnicdVDLSsNAFJ3UV62vqCtxM1gUVyFpq1ZwUXTjsgX7gCaUyXTSDp08nJkIJRQ3/oobF4q49Svc+TdO0hZU9MCFwzn3cu89bsSokKb5qeUWFpeWV/KrhbX1jc0tfXunJcKYY9LEIQt5x0WCMBqQpqSSkU7ECfJdRtru6Cr123eECxoGN3IcEcdHg4B6FCOppJ6+d2R7HOFKGdqM3MIGvICZUC339KJpWOcpoGmUTIWTOSlByzAzFMEM9Z7+YfdDHPskkJghIbqWGUknQVxSzMikYMeCRAiP0IB0FQ2QT4STZC9M4KFS+tALuapAwkz9PpEgX4ix76pOH8mh+O2l4l9eN5Ze1UloEMWSBHi6yIsZlCFM84B9ygmWbKwIwpyqWyEeIpWAVKkVVAjzT+H/pFUyrFPDalSKtctZHHmwDw7AMbDAGaiBa1AHTYDBPXgEz+BFe9CetFftbdqa02Yzu+AHtPcvTnmVdw==</latexit>

4

3
 Q <

8

3

⟹

⟹

r

Schrödinger potential

Δ Ε ~ Λ

Gapped spectrum: 

Kiritsis, Nitti, UG ’07 



Confined ⟺ thermal gas
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Universal results:1st order deconfinement
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Non-universal results
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Figure 3: (Color online) Same as in fig. 1, but for the ε/T 4 ratio, normalized to the SB limit.

Note that in ref. [82], by looking at the comparison with the N = 3 lattice results for ∆/T 4

from ref. [36], it was pointed out that the slight discrepancy between the improved holographic
QCD model and the lattice results in the region of the peak (which for the SU(3) lattice data
is located at T ! 1.1Tc, and is slightly lower than the IHQCD model curve) was likely to be a
finite-volume lattice artifact. Here, fig. 2 indeed confirms this: our results for the SU(3) gauge
group are consistent with ref. [36], while the ∆/T 4 maximum for the N > 3 gauge groups is
higher and located closer to Tc. This is related to the fact that the deconfining phase transition,
which is a weakly first-order one for SU(3), becomes stronger when N is increased [153–155]—see
also refs. [156–158]—and correspondingly the value of the correlation length at the critical point
becomes shorter.

In order to study the relevance of AdS/CFT effective models for the sQGP, it is interesting
to investigate ‘how close’ to being conformal the deconfined system is. To address this issue, in
fig. 5 we plot the lattice equation of state in a (ε, p) plane (in a format similar to analogous plots
in refs. [96,159], up to a different normalization of the horizontal axis), where the conformal limit
is described by the straight line through the origin and the point corresponding to the SB limit in
the top-right corner. As the temperature is increased, the points tend to approach the conformal
line from below. As it has been pointed out in ref. [96] (by looking at results of SU(3) and SU(4)
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Dynamical bottom-up 
models

Kiritsis, Jarvinen `11; 
Alho, Arean, Bigazzi, Casero, Cotrone,  
Iatrakis, Kajantie, Mas, Nunez, Ramallo, Rosen,  
Paredes, Tuominen, …

Quark flavors 
V-QCD 

Models  
with magnetic fields  

Models for neutron 
stars (w/ baryons) 

Critelli, Demircik, Erdmenger, Finazzo, Jarvinen, d’Hoker, 
Iatrakis, Kaminski, Kraus, Nijs, Noronha, Noronha-Hostler,  
Preis, Rebhan, Rougemont, Schmitt, UG, …

Demircik, Ecker, Jarvinen, Jokela,  
Hoyos, Ishii, Nijs, Remes, van der Schee,  
Tarrio, Subils, Vuorinen, …

<latexit sha1_base64="c1HX4mwB/Z4gi/SXT0fMQDKo7oE="></latexit>
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N
= fixed
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Holographic Neutron Stars

LIGO/Virgo (ongoing)
Gravitational wave detectors

LIGO/Virgo (ongoing)

Neutron 
star  

mergers 

➡ QCD EoS at  
finite baryon density 
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Conformal spin hydro
Equations of motion + constitutive relations: determine T, u and µαβ 

Need: initial conditions + transport coefficients
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First order hydrostatics 

In this talk: Conformal and parity invariant fluid

Weyl invariance:   �S = 0 , eaµ ! e�eaµ

⟹ Conformal Ward identity of spin fluid: Tµ
µ = r̊µS�

�µ

Most general correction to ideal fluid: 

linear in torsion

Wh =

Z
d4x|e|

⇣
�(1)T 3+ 2�(2)

1 T 2µ⌫
A Mµ⌫ + 2�(2)

2 T 2Kµ⌫Mµ⌫

⌘

✏ = ✏0T
4 + 3⇢0M

2T 2 + · · · , P =
1

3
✏0T

4 + ⇢0M
2T 2 + · · · , ⇢ab = 8⇢0T
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⇒ S�
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Hydrostatics in action formalism
Jensen, Kaminski, Kovtun, Meyer, Ritz, Yarom ’12;  
Banerjee, Bhattacharyya, Jain, Minwalla, Sharma ’12

• Example: charged fluid in presence of external sources   

gµ⌫(x) Aµ(x)

• Most general scalar Shydro =

Z
d4x

p
gW [g,A]

• Diffeomorphism and gauge invariance: hydro equations 

@µJ
µ = 0

{ {

@µT
µ⌫ = Fµ⌫Jµ

• Thermal equilibrium: timelike Killing vector ξ 

|⇠| = 1/T ⇠/|⇠| = u u ·A = µE

• Expand W in T, u, µΕ and derivatives: constitutive relations 

⟹ Spin hydrodynamics from W[e,ω] 
vielbein

spin connection



Open questions  

   Ground state: dependence of hq̄qi
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   Thermodynamics: phase diagram of QCD at finite B 

   Hydrodynamics and transport:  2 conductivities, 2 shear, 3 bulk viscosities 
                                                      B dependence of η, ζ   

   Anomalous transport: chiral magnetic and vortical effects, Chern-Simons diffusion rate

   Out of equilibrium: initial conditions for hydro, generation of chiral imbalance 

Hernandez, Kovtun ’17 
Grozdanov, Hofman, Iqbal ‘17 
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Improved holographic QCD in the Veneziano limit 
Kiritsis, Nitti, UG ’07; Kiritsis, Nitti, Mazzanti, UG ’08 ’09 
Jarvinen, Kiritsis ’11; Alho et al ’12

Glue sector

CP-odd sector
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Jarvinen, Kiritsis ’11; Alho et al ’12 ’13
- Fix Vf , κ(λ) by non-singular IR, qualitative features of the phase diagram in μ and x, condensate anomalous 

dimension, chiral anomaly, meson mass spectrum 

- Choose w(λ) = κ(cλ) by conductivity, diffusion const. of the plasma  

Iatrakis, Zahed ‘12; Alho et al ’13

B. The Potentials

The potentials entering the action of the holographic model are the Vg(�), Vf (�, ⌧), w(�),

and (�). The dilaton potential Vg(�) governs the glue dynamics in the absence of fla-

vors, the tachyon potential, Vf (�, ⌧) is mainly responsible for the dynamics of the tachyon

condensation and the breaking of chiral symmetry at zero temperature. Additionally, the

potentials w(�) and (�) determine the coupling of the mesons to glue. The choice of the

potentials in the current work coincides with that of [43]. The near boundary expansion of

those potentials is such that the perturbative dynamics of QCD are reproduced. In partic-

ular, the numerical coe�cients of Vg, Vf0 and  are fixed by matching to the beta function

of QCD and the quark mass anomalous dimension. The explicit form of the potentials is

Vg(�) =
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where LUV is the AdS radius, so that the boundary expansion of the metric is A ⇠

ln (LUV /r) + · · · . The radius depends on x as

L
3
UV = L

3
0

✓
1 +

7x

4

◆
. (B.3)

The IR asymptotics of the potentials are constrained by certain low energy features of the

dual field theory. Those include confinement, chiral symmetry breaking and the correct

thermodynamic behavior of the theory at strong coupling at finite Nf/Nc. Moreover, the

behavior of the glueball and meson spectra is highly dependent on the IR behavior. For

the function w we use the choice

w(�) = (c�) =
(1 + log(1 + c�))�

1
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�
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- Fix Vg  by  non-singular IR, linear confinement, linear mass spectrum, lowest glueball mass,  ΔS(Tc) 
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Figure 3: (Color online) Same as in fig. 1, but for the ε/T 4 ratio, normalized to the SB limit.

Note that in ref. [82], by looking at the comparison with the N = 3 lattice results for ∆/T 4

from ref. [36], it was pointed out that the slight discrepancy between the improved holographic
QCD model and the lattice results in the region of the peak (which for the SU(3) lattice data
is located at T ! 1.1Tc, and is slightly lower than the IHQCD model curve) was likely to be a
finite-volume lattice artifact. Here, fig. 2 indeed confirms this: our results for the SU(3) gauge
group are consistent with ref. [36], while the ∆/T 4 maximum for the N > 3 gauge groups is
higher and located closer to Tc. This is related to the fact that the deconfining phase transition,
which is a weakly first-order one for SU(3), becomes stronger when N is increased [153–155]—see
also refs. [156–158]—and correspondingly the value of the correlation length at the critical point
becomes shorter.

In order to study the relevance of AdS/CFT effective models for the sQGP, it is interesting
to investigate ‘how close’ to being conformal the deconfined system is. To address this issue, in
fig. 5 we plot the lattice equation of state in a (ε, p) plane (in a format similar to analogous plots
in refs. [96,159], up to a different normalization of the horizontal axis), where the conformal limit
is described by the straight line through the origin and the point corresponding to the SB limit in
the top-right corner. As the temperature is increased, the points tend to approach the conformal
line from below. As it has been pointed out in ref. [96] (by looking at results of SU(3) and SU(4)
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Fixing the potentials 

- Fix Z  by  topological susceptibility, axial glueball spectrum 



Magnetic catalysis
Klevansky, Lemmer ’89; Suganuma, Tatsumi ’91; Gusynin, Miransky, Shovkovy ‘94  

hūui
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NJL in 3+1(supercritical):    

Free chiral fermions in 2+1:  
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Magnetic Catalysis Gusynin, Miransky, Shovkovy ’94

B

u

B
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• B increases 〈q̄q〉 at T = 0

• Seems counter-intiutive in the
light of BCS: B destroys the
Cooper pair 〈ee〉

• Opposite charges important

• Gusynin, Miransky, Shovkovy ’94 studied in 3+1 NJL:
〈q̄q(B)〉2 = 〈q̄q(0)〉2

(

1 + |eB|2
3〈q̄q(0)〉4 ln(Λ/〈q̄q(0)〉2

)

• Similar behavior for QCD at weak αs

• Dimensional reduction 3 + 1 → 1 + 1 through Landau
quantization⇒ IR dynamics stronger in lower D

Magnetically induced phenomena and Holographic QCD – p.19

• B catalyses chiral symmetry breaking
• Generic: QED, NJL, free(!) … 2+1, 3+1  

• B aligns spins, effectively reduces 3+1⇒ 1+1

• Stronger correlation between opposite chiralities
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Figure 11: (Color online) The dynamical masses of the u-quarks (red color) and d-quarks (green color) as functions of the magnetic field for Nc = 3
and two different choices of the number of flavors: (i) Nu = 1 and Nd = 2 (solid lines), and (ii) Nu = 2 and Nd = 2 (dashed lines). The result may
not be reliable in the weak magnetic field region (shaded) where the running coupling constant becomes strong (αs ! 0.1). The values of masses
are given in units of ΛQCD = 250 MeV.

where eq is the electric charge of the q-th quark and Nc is the number of colors. The numerical factors C1 and C2
equal 1 in the leading approximation that we use. Their value, however, can change beyond this approximation and
we can only say that they are of order 1. The constant cq is defined as follows:

cq =
1
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where Nu and Nd are the numbers of up and down quark flavors, respectively. The total number of quark flavors is
Nf = Nu + Nd. The strong coupling αs in the last equation is related to the scale

√
|eB|, i.e.,

1
αs
" b ln

|eB|
Λ2QCD

, where b =
11Nc − 2Nf

12π
. (265)

We should note that in the leading approximation the energy scale
√
|eB| in Eq. (265) is fixed only up to a factor of

order 1.
After expressing the magnetic field in terms of the running coupling, the result for the dynamical mass takes the

following convenient form:
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As is easy to check, the dynamical mass of the u-quark is considerably larger than that of the d-quark. It is also
noticeable that the values of the u-quark dynamical mass becomes comparable to the vacuum value m(0)dyn " 300 MeV
only when the coupling constant gets as small as 0.05.

Now, by trading the coupling constant for the magnetic field scale |eB| using Eq. (266), we get the dependence
of the dynamical mass on the value of the external field. The numerical results are presented in Fig. 11 [we used
C1 = C2 = 1 in Eq. (266)].

As one can see in Fig. 11, the value of the quark mass in a wide window of strong magnetic fields, Λ2QCD $ |eB| "
(10 TeV)2, remains smaller than the dynamical mass of quarks m(0)dyn " 300 MeV in QCD without a magnetic field. In
other words, the chiral condensate is partially suppressed for those values of a magnetic field. The explanation of this,
rather unexpected, result is actually simple. The magnetic field leads to the mass Mg (262) for gluons. In a strong
enough magnetic field, this mass becomes larger than the characteristic gap Λ in QCD without a magnetic field (Λ,
playing the role of a gluon mass, can be estimated as a few times larger than ΛQCD). This, along with the property of
the asymptotic freedom (i.e., the fact that αs decreases with increasing the magnetic field), leads to the suppression of
the chiral condensate.
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Magnetic catalysis on the lattice 

Bali, Schafer et al ’11 ’12 

Inverse Magnetic Catalysis: a puzzle
G. Bali et al ’11, ’12

• B destroys 〈q̄q〉 around T ∼ Tc

• Tc decreases with B

Magnetically induced phenomena and Holographic QCD – p.20

Inverse Magnetic Catalysis: a puzzle
G. Bali et al ’11, ’12

• B destroys 〈q̄q〉 around T ∼ Tc

• Tc decreases with B

Magnetically induced phenomena and Holographic QCD – p.20

• B acts destructively for T ⪞ Tc


• Inverse effect missed in earlier studies with large m & coarse lattices
D’Elia et al ‘11



Chiral condensate at finite μ

• μ decreases the condensate at fixed B 

• B generically increases the condensate, except around Tχ and for μ < 0.1

• No T dependence in the confined phase, due to 1/N2 suppression
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Figure 4. The normalized chiral condensate ⌃ as a function of temperature for di↵erent values of the magnetic field and the
chemical potential.

Figure 5. The magnetization divided by the magnetic field strength as a function of T , µ, and B. The B = 0 result should be
interpreted as the limit approaching B = 0. The crosses denote the locations of the second-order chiral transitions. Here M
has been normalized so that MT=0,µ=0 = 0 for every B.

phenomenon in the literature. In our work, we follow the
definition following the lattice findings [16], that is, we
define inverse magnetic catalysis as the weakening of the
quark condensate, and related to this, the decrease in the
chiral transition temperature T� with increasing B. We
observe both of these e↵ects. The original work of Preis
et al. [46] and the most recent follow up [20], both using
the Sakai-Sugimoto model [30] define the phenomenon as
the decrease in the critical chemical potential with B for
small temperatures. Interestingly, this latter e↵ect has
also been seen in approximations to QCD which are di-

rectly based on field theory (see, e.g., [47]). Notice also
that we observe inverse catalysis at relatively low values
of µ, where the sign problem is probably surmountable.
Therefore we expect that it will be possible to check our
results on the lattice.

We do not dwell into the technicalities of our calcula-
tions in this Letter. Our calculations are based on the
gravitational background described in [29] in detail. This
background is obtained by solving Einstein’s equations
numerically, and it is necessarily complicated since it in-
volves backreaction of the flavor branes. To facilitate our



A heuristic discussion
Jarvinen, Nijs, Pedraza, UG ‘18

Introduce anisotropy through space dependent θ-term: θ=a z  

of the condensate on the magnetic field in the holographic context, including [39–51]. In
[45], in particular, the authors gave a heuristic explanation of the IMC inspired by the afore-
mentioned competition between the valence v.s the sea quarks but translated in the gravity
language. Just as in (1.1), there are two contributions that can be separately recognized [45]
in the gravitational description as well. The first one, “valence” comes from explicit depen-
dence of the open string tachyon equation of motion on B, that is the bulk field dual to the
condensate, while the second, “sea” refers to an indirect effect coming from the backreaction
of B on the geometry. The authors of [45] pointed out that is natural to identify the former
explicit dependence with the valence, and the latter, implicit dependence with the sea con-
tributions, respectively. If true, then, it would imply that the backreaction contribution is
responsible for the IMC.

In this paper we consider a holographic QCD theory with no external magnetic field but
with anisotropy. One way to introduce anisotropy to the system is to turn on a relevant (or
marginal) operator that (i) depends explicitly on one of the spatial directions and (ii) couples
only to the color degrees of freedom. Indeed, this kind of deformation has been previously
considered in the context of holography, e.g. in [1, 52, 53] for massless quark flavors. In
these papers the authors considered a ✓-parameter (which sources the pseudo-scalar operator
TrF ^ F ) that depends linearly in one of the spatial directions, ✓pxq “ a x3, as a way to
introduce anisotropy into the system.

Now let us see that the field theory with this spatially dependent ✓ term and massless
quarks can also be put in a form similar to (1.2), hence the expectation value of the quark
condensate can again be split into the valence and the sea parts as above. Consider the
generating function of QCD both with a nontrivial ✓ term and an external axial gauge field
A5:

ZrA5, ✓s “
ª
DqDA

a
e

´ ≥
LrAa,qs`A5¨J5`✓Tr‹F^F (1.6)

where LrAa
, qs is the Lagrangian for the massless QCD and J

5 is the anomalous chiral current.
We do not turn on an external electric gauge field for simplicity. Let us call the anomaly
coefficient ca i.e. we have the non-conservation equation

d ‹ J5 “ ca TrF ^ F . (1.7)

This generating function enjoys invariance under the generalized chiral transformation5

A5 Ñ A5 ` d�5, ✓ Ñ ✓ ´ ca�5 . (1.8)

Therefore a nontrivial space dependent ✓ term, ✓ “ ax3 can be set to zero by turning on an
external axial gauge field A5,µ “ a{ca�3µ. This means that the action expectation value of
the quark condensate in the theory with ✓ “ ax3 and A5 “ 0, which we considered in the

5
It is easy to realize this symmetry in the holographic dual by introducing a Stückelberg scalar coupled to

the gauge field that corresponds to J5. We will not do this in this paper for simplicity.
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previous paragraph, can be written as

xq̄qya “ 1

Zpaq

ª
DA

a
µe

´Sg detp {DpaqqTr p {Dpaqq´1
, (1.9)

where
{Dpaq “ �

µ
`
Bµ ` A

a
µT

a
˘

` a

ca
�
3
�
5
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This is again in the form 1.2 where the anisotropy enters the inverse propagator linearly and
the contribution of a to the quark condensate can be divided into the valence and the sea
parts as above.
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in [1]. One of the important lessons of this paper was that, in the color sector, the anisotropic
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model, discussing in detail the color and flavor sectors mentioned above, as well as presenting
the relevant equations of motion and constraints. In section 3 we discuss the IR asymptotics
in detail and show, in particular, the drastic effects induced by the anisotropic deformation.
In section 4 we solve numerically the equations of motion and find the relevant anisotropic
black brane solutions. We also study the thermodynamics of the models by working out
the free energy in the canonical ensemble and discussing in detail the role of the anisotropic
deformation. In section 5 we compute various observables of physical interest. First, we
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of the condensate on the magnetic field in the holographic context, including [39–51]. In
[45], in particular, the authors gave a heuristic explanation of the IMC inspired by the afore-
mentioned competition between the valence v.s the sea quarks but translated in the gravity
language. Just as in (1.1), there are two contributions that can be separately recognized [45]
in the gravitational description as well. The first one, “valence” comes from explicit depen-
dence of the open string tachyon equation of motion on B, that is the bulk field dual to the
condensate, while the second, “sea” refers to an indirect effect coming from the backreaction
of B on the geometry. The authors of [45] pointed out that is natural to identify the former
explicit dependence with the valence, and the latter, implicit dependence with the sea con-
tributions, respectively. If true, then, it would imply that the backreaction contribution is
responsible for the IMC.

In this paper we consider a holographic QCD theory with no external magnetic field but
with anisotropy. One way to introduce anisotropy to the system is to turn on a relevant (or
marginal) operator that (i) depends explicitly on one of the spatial directions and (ii) couples
only to the color degrees of freedom. Indeed, this kind of deformation has been previously
considered in the context of holography, e.g. in [1, 52, 53] for massless quark flavors. In
these papers the authors considered a ✓-parameter (which sources the pseudo-scalar operator
TrF ^ F ) that depends linearly in one of the spatial directions, ✓pxq “ a x3, as a way to
introduce anisotropy into the system.

Now let us see that the field theory with this spatially dependent ✓ term and massless
quarks can also be put in a form similar to (1.2), hence the expectation value of the quark
condensate can again be split into the valence and the sea parts as above. Consider the
generating function of QCD both with a nontrivial ✓ term and an external axial gauge field
A5:

ZrA5, ✓s “
ª
DqDA

a
e

´ ≥
LrAa,qs`A5¨J5`✓Tr‹F^F (1.6)

where LrAa
, qs is the Lagrangian for the massless QCD and J

5 is the anomalous chiral current.
We do not turn on an external electric gauge field for simplicity. Let us call the anomaly
coefficient ca i.e. we have the non-conservation equation

d ‹ J5 “ ca TrF ^ F . (1.7)

This generating function enjoys invariance under the generalized chiral transformation5

A5 Ñ A5 ` d�5, ✓ Ñ ✓ ´ ca�5 . (1.8)

Therefore a nontrivial space dependent ✓ term, ✓ “ ax3 can be set to zero by turning on an
external axial gauge field A5,µ “ a{ca�3µ. This means that the action expectation value of
the quark condensate in the theory with ✓ “ ax3 and A5 “ 0, which we considered in the

5
It is easy to realize this symmetry in the holographic dual by introducing a Stückelberg scalar coupled to
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because of the anomaly

Rotate θ into the quark propagator:  

Do valence and sea also have opposite effects? 
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FIG. 1. Free energy as a function of T for di↵erent values
of the anisotropy parameter a/j = 0, 1, 3 (black, blue and
red curves respectively). The parameters � =

p
2/3 + 1/10,

� = 1/5, � = 3 were chosen such that the undeformed the-
ory is confining. The horizontal axis corresponds to the con-
fined state while all other branches correspond to deconfined
phases. The insets show details of an additional phase tran-
sition for large a, as discussed in the text.

where cIR is a constant and T is the Hawking temperature

T =
|3 + (1� ✓)/z|

4⇡rH
. (15)

Notice that the values z and ✓ are constrained by the bulk
null energy condition and the positivity of the specific
heat CV = d log s/d log T as follows:

(z � 1)(1 + 3z � ✓) � 0 , (16)

✓2 + 3z(1� ✓)� 3 � 0 , (17)

2z + 1� ✓ � 0 . (18)

Combining these inequalities, we observe that for z � 1

the value of ✓ is bounded from above ✓  ✓(�)
bound while

for z  0 it is bounded from below ✓ � ✓(+)
bound, with

✓(±)
bound =

1

2

⇣
3z ±

p
3
p
4� 4z + 3z2

⌘
. (19)

The range 0 < z < 1 is forbidden altogether. Thus, one
derives interesting universal bounds on the IR scaling
behavior of strongly interacting anisotropic plasmas from
holography.

4. Thermodynamics. Questions pertaining thermal
equilibrium are answered by working out the free energy
in the canonical ensemble, which, in the holographic de-
scription equals the Euclidean gravitational action (1)
appended by the Gibbons-Hawking and counterterm ac-
tions, evaluated on-shell. The counterterms in a generic
Einstein-Axion-Dilaton theory were worked out in detail
in [35] whose results we use but do not show here. Al-
ternatively, one can calculate the background subtracted
free energy directly by integrating the first law of ther-

FIG. 2. Phase diagram of the system in the a� T plane. We
observe two phases, confined and “plasma I”, for a/j < 2.08.
For larger a/j there exist three phases, confined, “plasma I”
and “plasma II”. The blue and red curves indicate lines of
first order transitions.

modynamics dF = �sdT for j and a held fixed [36].

In figure 1 we plot numerical results for the free energy
as a function of T for a particular confining theory. We
will divide the analysis in two cases, small a/j and large
a/j. For small a up to a/j ⇡ 2.08 there are three com-
peting phases. First, there is the confining ground state
heated up to temperature T . The corresponding gravita-
tional background is obtained from the black brane solu-
tion (3) by sending the mass to zero. This is the so-called
thermal gas solution and is our reference background for
the free energy computation. More specifically, the free
energy of this phase is O(N0), therefore it corresponds
to the horizontal axis F = 0. Second, we observe two
phases of free energy O(N2). These are the deconfined,
plasma phases corresponding to black brane solutions (3)
with a non-trivial blackening factor. One of these solu-
tions, the “small black brane” (upper branches in figure
1 for a/j = 0, 1) is always subdominant in the ensemble
and can be ignored. Moreover this phase is thermody-
namically unstable since CV / �d2F/dT 2 < 0, as can
be read from the figure. The “big black brane” solution
(lower branches in figure 1 for a/j = 0, 1) dominates the
ensemble for T > Tc. Tc here is given by the point where
the curves cross F = 0. Therefore the system is in the
deconfined phase above the critical temperature Tc. This
plasma phase is denoted as “plasma I” in figure 2. Be-
low Tc the system is in the confined phase. This phase
transition is of confinement/deconfinement type and it is
of first order. All of this is in accordance with improved
holographic QCD [37, 38].

For a/j > 2.08 the phase structure becomes more com-
plicated. As shown in figure 1 for the choice a/j = 3,
there exists now four di↵erent black brane branches with
free energy O(N2) instead of the aforementioned two so-
lutions, the small and the big black branes for a/j < 2.08.
It is apparent from figure 1 that two of them have pos-
itive specific heat, analog of the “big black brane” so-
lution in the small a case. These two solutions are de-
noted as “plasma I” and “plasma II” in figure 2. There
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heated up to temperature T . The corresponding gravita-
tional background is obtained from the black brane solu-
tion (3) by sending the mass to zero. This is the so-called
thermal gas solution and is our reference background for
the free energy computation. More specifically, the free
energy of this phase is O(N0), therefore it corresponds
to the horizontal axis F = 0. Second, we observe two
phases of free energy O(N2). These are the deconfined,
plasma phases corresponding to black brane solutions (3)
with a non-trivial blackening factor. One of these solu-
tions, the “small black brane” (upper branches in figure
1 for a/j = 0, 1) is always subdominant in the ensemble
and can be ignored. Moreover this phase is thermody-
namically unstable since CV / �d2F/dT 2 < 0, as can
be read from the figure. The “big black brane” solution
(lower branches in figure 1 for a/j = 0, 1) dominates the
ensemble for T > Tc. Tc here is given by the point where
the curves cross F = 0. Therefore the system is in the
deconfined phase above the critical temperature Tc. This
plasma phase is denoted as “plasma I” in figure 2. Be-
low Tc the system is in the confined phase. This phase
transition is of confinement/deconfinement type and it is
of first order. All of this is in accordance with improved
holographic QCD [37, 38].

For a/j > 2.08 the phase structure becomes more com-
plicated. As shown in figure 1 for the choice a/j = 3,
there exists now four di↵erent black brane branches with
free energy O(N2) instead of the aforementioned two so-
lutions, the small and the big black branes for a/j < 2.08.
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• Tc decreases with anisotropy

• A new plasma phase and two phase boundaries
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twist in this story indicating that IMC may occur even
in uncharged plasmas.

Transport properties also exhibit surprising qualitative
features. In particular, as we show in section 5, the but-
terfly velocity violates the “universal bound” conjectured
in [21, 22].

2. Holographic setup. The gravitational theory dual
to our anisotropic field theory is defined by the Einstein-
Axion-Dilaton action with generic functions V and Z
that determine the potential energy for the dilaton field
� and its coupling to the axion field �:

S =
1

22

Z
d5x

p
�g [R+ LM ] , (1)

LM = �
1

2
(@�)2 + V (�)�

1

2
Z(�)(@�)2, (2)

where 2
⇠ 1/N2. Crucially, a linear axion ansatz au-

tomatically satisfies the equations of motion and breaks
isotropy while preserving translation invariance:

ds2 = e2A(r)


�f(r)dt2 + d~x2

? + e2h(r)dx2
3 +

dr2

f(r)

�
, (3)

� = �(r), � = a x3. (4)

The solution is asymptotically AdS near the bound-
ary r ! 0 where A ! � log r, f ! 1, h ! 0 and
� ! j r4�� [23]. This solution generally corresponds to
a non-conformal gauge theory whose IR dynamics dom-
inated by the stress tensor Tµ⌫ dual to the metric and
a scalar operator O ⇠ TrF 2, similar to the scalar glue-
ball operator in QCD (when it is marginal), here dual to
the field �. We call the source of this operator j. The
theory is in turn deformed by a space-dependent theta
term Õ ⇠ ✓(x3)TrF ^ F dual to the field �. The 5D
Einstein-Axion-Dilaton theory can be realized in terms
of D3/D7 branes in IIB string theory when V = 12 and
Z = e2� [3–5]. In this case the underlying field theory is
conformal. We are however interested in non-conformal,
in particular confining gauge theories that follow from a
more generic choice of the potentials V and Z [24, 25].
A choice of the form [26, 27]

V (�) = 12 cosh(��) + b�2, Z(�) = e2��, (5)

with b ⌘
�(4��)

2 � 6�2, corresponds to a gauge theory
with a scalar operator of scaling dimension � that con-
fines color in the vacuum state for � �

p
2/3 [25].

We observe that the holographic version of the c-
theorem [28] in QFT (or rather the “a-theorem” in 4D
[29]) has a natural generalization in the anisotropic holo-
graphic theories. Introducing the domain-wall coordinate
du = exp(A(r))dr we find that

d

du

⇢✓
dA

du
+

1

3

dh

du

◆
e

h
3

�
 0 , (6)

which follows from Einstein’s equations. Imposing the
bulk null energy condition (NEC) recovers (6) but also
leads to an additional monotonicity constraint,

d

du

✓
dh

du
eh+4A

◆
 0 , (7)

which can be used to define a second independent central
charge for anisotropic theories (see also [30–32]). Both
expressions inside the brackets of (6) and (7) are mono-
tonically decreasing and, while the first one reduces di-
rectly to dA/du in the isotropic limit h ! 0, any lin-
ear combination between them may give the holographic
analog of the a-function [28].

3. Scaling solutions in the IR. The RG energy scale
of the dual QFT in the ground state is determined by
the scale factor A of the metric (3) [33], which exhibits
a non-trivial dependence on the holographic coordinate
r when the potentials V and Z are not constant. The
IR region r ! 1 corresponds to small values of exp(A)
where the dilaton grows [34] monotonically [24]. In this
limit V ⇠ 6 e�� for � � 0. We can derive the following
scaling solutions in the IR limit:

ds2 = L̃2(ar)2✓/3z

�dt2 + d~x2

? + dr2

a2r2
+

c1 dx2
3

(ar)2/z

�
, (8)

� = c2 log(ar) + �0. (9)

Here L̃, c1 and c2 are constants depending on z and ✓,
which are given in terms of � and � as

z =
4�2

� 3�2 + 2

2�(2� � 3�)
, ✓ =

3�

2�
. (10)

These constants also depend on the free parameter �0

which is set by the value of the source j. For ✓ = 0 the
solution exhibits a Lifshitz-like scaling

t ! �t, ~x? ! �~x?, r ! �r, x3 ! �
1
z x3 . (11)

For ✓ 6= 0, the metric (8) has the hyperscaling violation
property and transforms covariantly under (11) as

ds ! �✓/3zds . (12)

When the IR theory is connected to a heat bath, one ob-
tains the finite temperature version of the scaling metric,
which is now a black brane with blackening factor

f(r) = 1�

✓
r

rH

◆3+(1�✓)/z

, (13)

where rH is the location of the horizon. The black brane
metric is obtained by multiplying the dt2 term by f and
the dr2 term by 1/f in (8). The entropy density of the
plasma in the IR is obtained from the area of the horizon,

s = cIR a�2� 1�✓
z T 2+ 1�✓

z /2 , (14)
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Here the condensate is defined in terms of the partition function, which is given by the path integral
over gauge configurations U as

Z(B) =

Z
DU e�Sg det( /D(B) +m), (2.2)

where Sg denotes the gauge action. For the sake of clarity, here we consider only one fermion
flavor with charge q and mass m, and suppress factors of 1/4, which appear due to the rooting
procedure for staggered quarks. The temperature and the three-volume are given as T = (aNt)�1

and V = (aNs)3 with Ns (Nt) the number of lattice sites in the spatial (temporal) direction, and a

the lattice spacing. We remark that since the magnetic field couples only to the electric charges of
quarks, it enters exclusively in the combination qB.

Expanding the derivative in Eq. (2.1), the condensate is obtained as

 ̄ (B) =
1

Z(B)

Z
DU e�Sg det( /D(B) +m)Tr( /D(B) +m)�1, (2.3)

showing that the magnetic field indeed appears both in the determinant and in the operator itself.
To separate these dependences, we define the valence and sea condensates as

 ̄ val(B) =
1

Z(0)

Z
DU e�Sg det( /D(0) +m)Tr( /D(B) +m)�1,

 ̄ sea(B) =
1

Z(B)

Z
DU e�Sg det( /D(B) +m)Tr( /D(0) +m)�1.

(2.4)

We note that valence condensates can be used to define dressed Wilson loops [37], which are directly
related to the QCD string tension in the large mass limit.

Any physically consistent theory has to have the same valence and sea fermion content. Thus,
at first sight it does not seem possible to separate the valence and sea effects of the magnetic field
in a well-defined theory. One can, nevertheless, exactly reproduce the condensates in Eq. (2.4)
by alluding to techniques from partially quenched QCD [38–40] (and quenched disorder [41, 42]).
Using commuting spin 1/2-fields (so-called ghost quarks), one can generate inverse Dirac determi-
nants in the functional integral. With adjusted charges and masses, these inverse determinants can
cancel ‘unwanted’ determinants in the path integral, arriving at the valence and sea condensates
of Eq. (2.4). From a different point of view, one can also directly obtain the sea condensate in a
theory with an electrically charged and a neutral fermion flavor, by looking at the condensate of the
neutral fermion in the presence of the magnetic field. Since B appears in the determinant of the
charged flavor, but not in the neutral propagator, this indeed isolates the sea effect. Even though
in QCD all fermion species are electrically charged, on the technical level of the lattice theory, the
valence and sea effects are naturally separated. We will use a similar argument in App. A to discuss
the renormalization of the sea and valence condensates.

To discuss the effect of the external magnetic field, we are interested in the change of the
condensates due to a nonzero B. This change is given by the difference

�⌃(B) =
2m

M2
⇡F

2

⇥
 ̄ (B)�  ̄ (0)

⇤
. (2.5)

This combination is particularly useful, because both additive and multiplicative divergences cancel
in it. Based on the Gell-Mann-Oakes-Renner relation, the normalization is chosen such that �⌃ is
measured in units of the condensate at zero magnetic field and zero temperature [22]. We define
�⌃val and �⌃sea in a similar manner from Eq. (2.4). At B = 0 the three types of condensate
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Figure 1. The valence (left panel) and sea (right panel) contributions to the up quark condensate as a
function of the magnetic field, calculated at two different temperatures. The two temperatures are chosen to
be well below and around Tc. The different symbols correspond to three different lattice spacings (decreasing
as Nt grows).

are obviously equal. Furthermore, for small magnetic fields (assuming analyticity in qB), the two
contributions appear additively in the total condensate [19],

�⌃(B) ' �⌃val(B) +�⌃sea(B), (2.6)

showing that this separation indeed makes sense, at least for small magnetic fields. In App. A we
show that �⌃val and �⌃sea are both properly renormalized.

In Fig. 1, we show how the valence condensate �⌃val (left panels) and the sea condensate �⌃sea

(right panels) for the up quark depend on the magnetic field, at two different temperatures. The
two temperatures were chosen to be well below and just below the transition temperature. Clearly,
the magnetic field in the valence Dirac operator enhances the condensate at both temperatures. In
contrast, the sea effect enhances the condensate only well below Tc, whereas around Tc it suppresses
it. Eventually – around T = 160 MeV – the sea contribution becomes the dominant one, resulting
in a decrease in the total condensate and thus inverse magnetic catalysis [22]. Fig. 1 contains
results for three different lattice spacings, showing that the effect persists in the continuum limit
as well. This is in sharp contrast to the findings of ref. [18], where an enhancement was found at
all temperatures, for larger-than-physical quark masses. In Secs. 2.1 and 2.2, we discuss how the
underlying mechanism responsible for the valence and the sea effects can be understood, based on
eigenvalues of the Dirac operator at nonzero magnetic fields.

2.1 The valence effect

The valence effect can be easily understood by inspecting how the low part of the spectral density
⇢(�) of the Dirac operator depends on the magnetic field in any gauge field background. To be
specific, we use a set of gauge field backgrounds generated at zero magnetic field, but the qualitative
picture is the same in any reasonable ensemble of gauge fields.

In Fig. 2, we plot the spectral density of the Dirac operator for three different values of the
(valence) magnetic field, as measured on Nt = 6 lattices, generated at B = 0 and T = 142 MeV.
This gauge field ensemble corresponds to the Nt = 6, T = 142 MeV data for the valence condensate
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Figure 2. The spectral density of the Dirac operator around zero, computed at three different values of
the magnetic field. In all three cases, the gauge configurations were generated without the magnetic field in
the quark determinant.

in Fig. 1. One can clearly see the increase of the spectral density and, thus, of the valence con-
densate with the magnetic field. We remark that the same behavior is reproduced for any gauge
background, independent of the temperature and magnetic field, which was used for the generation
of the configuration. In other words, this means that the change in the valence condensate �⌃val

is always positive. We note that a similar proliferation of low Dirac eigenmodes already occurs in
the free theory, see the discussion in App. B. Moreover, a remarkable feature of the free spectrum
on the lattice is that the eigenvalue pattern as a function of the magnetic field is similar to the
so-called Hofstadter butterfly, the energy levels of Bloch electrons in a magnetic field [43].

2.2 The sea effect

The sea effect arises, because the magnetic field in the quark determinant changes the relative
weight of the gauge configurations, and is therefore equivalent to a reweighting in B. In general,
reweighting is a technique that uses configurations generated at a given (starting) point of the
parameter space, and assigns a new weight to each configuration, in a fashion that the resulting
ensemble describes the system at a new (target) point of the parameter space. Thus, the expectation
value of an arbitrary observable O at the target point is obtained in terms of measurements on the
configurations generated at the starting point. Here, we will consider the B = 0 system as the
starting point, and the B > 0 system as the target ensemble. For this case, the difference of weights
equals the ratio of quark determinants at B and at B = 0, and the exact rewriting of the expectation
value at B reads

hOiB =
Z(0)

Z(B)
·

1

Z(0)

Z
DUe�Sg det

�
/D(0) +m

� det( /D(B) +m)

det( /D(0) +m)
O

=
D
e��Sf (B)

O

E

0

.D
e��Sf (B)

E

0
,

(2.7)

where the subscript of the expectation value indicates the value of the magnetic field, at which the
ensemble is generated. Here, we defined the change in the fermionic action due to the magnetic
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Figure 6. Left panel: the temperature- and magnetic flux-dependence of the renormalized Polyakov loop
in the continuum limit. The solid lines represent curves of constant magnetic field (eB ⇠ NbT 2 values as in
the right panel). Right panel: the dependence of Pr on the temperature around the crossover region. The
different types of curves indicate lattice results obtained with different lattice spacings (different temporal
extents). The shaded areas show the continuum extrapolations together with their uncertainty.

loop as a function of T , along a line of constant eB, an interpolation between the different fluxes
Nb is necessary. We carry out this interpolation in a systematic manner, by fitting our data points
for all temperatures, magnetic fluxes and lattice spacings altogether by a lattice spacing-dependent,
two-dimensional spline function. A similar spline fit is described in ref. [46]. Due to the scaling
properties of the action we use, the dependence on the lattice spacing is expected to be quadratic.
We incorporated this in the fit by having two parameters on each node point as p1+ p2 · a2. Taking
eB = const. slices of this two-dimensional surface at a certain a gives the Polyakov loop for that
particular lattice spacing, while the a = 0 surface corresponds to the continuum limit.

In the left panel of Fig. 6, we plot the continuum extrapolated renormalized Polyakov loop Pr

as a function of the temperature and the magnetic flux. The solid lines upon the surface correspond
to eB = 0, eB = 0.45 GeV2 and eB = 0.75 GeV2 slices. In the right panel of the figure, we
show the temperature dependence of Pr for these magnetic fields on the three lattice spacings,
together with the continuum extrapolation. The shaded bands represent here the uncertainty of
the continuum extrapolated Pr. The results clearly show, that the Polyakov loop increases sharply
with the magnetic field around Tc, and that this feature persists in the continuum limit as well. As
an empirical finding from that figure, inflection points of these curves are not very precisely defined,
but the transition temperature from the renormalized Polyakov loops clearly decreases with the
magnetic field.

In the previous sections, we saw that low Dirac modes are the key to understanding inverse
magnetic catalysis. To complete the picture, we would like to discuss one more point, namely
the relationship between the low Dirac modes and the Polyakov loop. It is well-known that light
dynamical fermions break the Z(3) center symmetry of the quenched theory, by forcing the system
into the real Polyakov loop sector. This can be most easily understood starting from a free field
picture. If the gauge field background is trivial – apart from a spatially constant Polyakov loop – the
lowest Dirac eigenmodes are constant in space, and change smoothly in the time direction to fulfill
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