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theory are of a perturbative nature.
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Is the microscopic theory 
accessible?

• weakly coupled
• large-N limit
• ε expansion
• susy

strongly coupled

• large Q + large N
• large Q + ε expansion
• large Q + susy

work @large Q

large-Q EFT, 
expansion in 1/Q

go beyond perturbation theory in 1/Q, calculate 
non-perturbative (exponential) corrections!

noyes
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The seem to be 2 main categories for systems at large 
quantum number:

Superfluid
isolated vacuum
• Wilson-Fisher CFT
• NRCFT (unitary 

Fermi gas)
• N=2 SCFT in 3d
• asymptotically safe 

model in 4d
• Gross-Neveu model

EFT of the moduli 
space

moduli space of vacua
• free boson
• N=2 theories in 4d
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Example: Scalar field theories in 2<D<4 have a strongly-
coupled interacting fixed point, the Wilson-Fisher FP.

S[�i] =
NX

i=1

Z
dtd⌃

h
gµ⌫(@i

µ�i)
†(@i

⌫�i) + r(�†
i�i) +

u

2N
(�†

i�i)
2
i
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O(2N) vector model in D=3:
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Example: Scalar field theories in 2<D<4 have a strongly-
coupled interacting fixed point, the Wilson-Fisher FP.

For r=R/8, this flows to the WF fixed pt in the IR, u ! 1
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CFT, strongly coupled
superfluid at large Q
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Beyond LO: use dimensional analysis, parity and scale 
invariance to determine (tree-level) operators in 
effective action (Lorentz scalars of scaling dimension 3, 
including couplings to geometric invariants)
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The O(2) model
We’re ready to calculate conformal data (scaling dim. + 3pt 
coefficients)!

conformal
dimension energy

Scaling dimension of lowest operator of charge Q:
energy of class. ground state
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The O(2) model

D(Q) =
c3/2
2
p
⇡
Q3/2 + 2

p
⇡ c1/2Q

1/2
� 0.094 +O(Q�1/2)

works for small 
charge. Why??

Excellent 
agreement!!

Large-charge expansion works extremely well for O(2).

c3/2 = 1.195(10)

c1/2 = 0.075(10)
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Where else can we apply the large-charge expansion?

Beyond O(2)

Obvious generalization in 3d: O(2N) vector model
non-Abelian global symmetry group: new effects 

Different symmetry breaking patterns possible, 
inhomogeneous ground states possible.

On top of the conformal Goldstone of O(2), a new 
sector with N-1 non-relativistic type II Goldstones and 
N-1 massive modes with m=2µ appears.
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Homogeneous case: same form of ground state, 

We expect dim[U(N)/U(N-1)] = 2N-1 Goldstone d.o.f.
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The O(2N) vector model

New lattice data for O(4) model:

c3/2 = 1.068(4)

c1/2 = 0.083(3)
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Again excellent agreement with large-Q prediction!
D. Banerjee, Sh. Chandrasekharan, D. Orlando, S.R. 1902.09542

 0

 2

 4

 6

 8

 10

 12

 0.5  1  1.5  2  2.5  3  3.5  4  4.5  5

D
(j
, 

j)

j

16

D(Q) =
c3/2
2
p
⇡
Q3/2 + 2

p
⇡ c1/2Q

1/2
� 0.094 +O(Q�1/2)

Testing our prediction:



The large-N limit

Start in the UV with

17

Standard large-N methods, expand path integral around 
saddle point (no EFT!)



The large-N limit

Start in the UV with

17

S[�i] =
NX

i=1

Z
dtd⌃

h
gµ⌫(@i

µ�i)
†(@i

⌫�i) + r(�†
i�i) +

u

2N
(�†

i�i)
2
i

<latexit sha1_base64="LY6jn8ce+jrNsAU9E7CaWS69GUQ="></latexit>

Standard large-N methods, expand path integral around 
saddle point (no EFT!)



The large-N limit

Start in the UV with

For r=R/8, this flows to the WF fixed pt in the IR, u ! 1

<latexit sha1_base64="NkYbq2fflqlE8WLQlXM2l8QEECM="></latexit>

17

S[�i] =
NX

i=1

Z
dtd⌃

h
gµ⌫(@i

µ�i)
†(@i

⌫�i) + r(�†
i�i) +

u

2N
(�†

i�i)
2
i

<latexit sha1_base64="LY6jn8ce+jrNsAU9E7CaWS69GUQ="></latexit>

Standard large-N methods, expand path integral around 
saddle point (no EFT!)



The large-N limit

Start in the UV with

For r=R/8, this flows to the WF fixed pt in the IR, u ! 1

<latexit sha1_base64="NkYbq2fflqlE8WLQlXM2l8QEECM="></latexit>

17

S[�i] =
NX

i=1

Z
dtd⌃

h
gµ⌫(@i

µ�i)
†(@i

⌫�i) + r(�†
i�i) +

u

2N
(�†

i�i)
2
i

<latexit sha1_base64="LY6jn8ce+jrNsAU9E7CaWS69GUQ="></latexit>

Instead: keep u finite - explore the RG flow.

Standard large-N methods, expand path integral around 
saddle point (no EFT!)



The large-N limit

Start in the UV with

For r=R/8, this flows to the WF fixed pt in the IR, u ! 1

<latexit sha1_base64="NkYbq2fflqlE8WLQlXM2l8QEECM="></latexit>

17

S[�i] =
NX

i=1

Z
dtd⌃

h
gµ⌫(@i

µ�i)
†(@i

⌫�i) + r(�†
i�i) +

u

2N
(�†

i�i)
2
i

<latexit sha1_base64="LY6jn8ce+jrNsAU9E7CaWS69GUQ="></latexit>

Instead: keep u finite - explore the RG flow.
Perform Stratonovich transform and add a chemical 
potential (= introduce covariant derivative)

Standard large-N methods, expand path integral around 
saddle point (no EFT!)



The large-N limit

Start in the UV with

For r=R/8, this flows to the WF fixed pt in the IR, u ! 1

<latexit sha1_base64="NkYbq2fflqlE8WLQlXM2l8QEECM="></latexit>

17

S[�i] =
NX

i=1

Z
dtd⌃

h
gµ⌫(@i

µ�i)
†(@i

⌫�i) + r(�†
i�i) +

u

2N
(�†

i�i)
2
i

<latexit sha1_base64="LY6jn8ce+jrNsAU9E7CaWS69GUQ="></latexit>

Instead: keep u finite - explore the RG flow.
Perform Stratonovich transform and add a chemical 
potential (= introduce covariant derivative) D0 = (@0+m)

<latexit sha1_base64="I9bZcmNtyOpTU519D8ltqPB/2D8="></latexit>

Standard large-N methods, expand path integral around 
saddle point (no EFT!)



The large-N limit

Start in the UV with

For r=R/8, this flows to the WF fixed pt in the IR, u ! 1

<latexit sha1_base64="NkYbq2fflqlE8WLQlXM2l8QEECM="></latexit>

17

S[�i] =
NX

i=1

Z
dtd⌃

h
gµ⌫(@i

µ�i)
†(@i

⌫�i) + r(�†
i�i) +

u

2N
(�†

i�i)
2
i

<latexit sha1_base64="LY6jn8ce+jrNsAU9E7CaWS69GUQ="></latexit>

Instead: keep u finite - explore the RG flow.
Perform Stratonovich transform and add a chemical 
potential (= introduce covariant derivative)

S[�i,�] =
NX

i=1

Z
dtd⌃


gµ⌫(Di

µ�i)
†(Di

⌫�i) + (r + �)(�†
i�i)�

�2

2u

�
.

<latexit sha1_base64="avugZiQ0gl3bEjVmb2m/lunEYhY="></latexit>

D0 = (@0+m)

<latexit sha1_base64="I9bZcmNtyOpTU519D8ltqPB/2D8="></latexit>

Standard large-N methods, expand path integral around 
saddle point (no EFT!)



The large-N limit

Start in the UV with

For r=R/8, this flows to the WF fixed pt in the IR, u ! 1

<latexit sha1_base64="NkYbq2fflqlE8WLQlXM2l8QEECM="></latexit>

17

S[�i] =
NX

i=1

Z
dtd⌃

h
gµ⌫(@i

µ�i)
†(@i

⌫�i) + r(�†
i�i) +

u

2N
(�†

i�i)
2
i

<latexit sha1_base64="LY6jn8ce+jrNsAU9E7CaWS69GUQ="></latexit>

Instead: keep u finite - explore the RG flow.
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Adding the chemical potential gives us more structure to 
work with!

D0 = (@0+m)
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This expression contains the full information about the 
model. More transparent, if we extract the effective 
potential. The LSM has the form
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the interplay between large Q and large N - no Feynman 
diagrams needed!
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9

FIG. 8. The two leading coefficients c3/2 and c1/2 in the large-charge expansion for the O(N) Wilson-Fisher CFT, shown as a function of N .
The dotted lines show the large-N predictions from Ref. [26]. The dark filled circles show the results of this work. The unfilled squares show
the values of the LECs obtained in Refs. [23, 24] for N = 2, 4. We find that the c3/2 prediction is in excellent agreement with lattice MC for
N � 6. However, the subleading coefficient c1/2, while within ⇠ 3� for N � 6, seems to be in mild tension. Regardless, large-N correctly
predicts the qualitative trends for both couplings.

tice O(2) model. Their model was substantially different from
ours, therefore our results provide an independent verification
of their work. As can be seen in Fig. 8, both the leading and
subleading couplings agree within ⇠ 2�. For N = 4, our
technique is quite similar to the one used in Ref. [24], where
the authors also used a qubit O(4) model. While the agreement
is expected, the qubit model used in Ref. [24] differs slightly
from the one used here. In particular, their model allowed a
bond to ‘turn back on itself’, whereas in our model there are
no such ‘double bonds.’ Since we are working at the criticality,
such details are not expected to matter. This is indeed what we
find. In both these cases (N = 2, 4), our results agree with and
improve over the previous results.

Finally, we remark that the next-higher-order coupling c0 is
predicted to have a precise value from the large-charge expan-
sion. However, being higher order, it is very tricky to extract
from the precision obtained in this work. While it would be
quite satisfying to extract the coupling c0 numerically, in this
work, we simply fixed it to the predicted value and let the other
couplings vary.

V. CONCLUSIONS

To explore the validity of the large-charge expansion for the
O(N) WF CFT, we performed lattice MC computations for the
O(N) model at N = 2, 4, 6, 8. In order to avoid a signal-to-
noise ratio problem as we go to higher charges, we used a qubit
O(N) model, which was shown recently to have a second-
order critical point in universality class of the O(N) WF fixed-
point [28]. This model allows for efficient lattice computations

using a worldline formulation with a worm algorithm, and
allows precise extraction of the conformal dimensions up to
Q = 10 and N = 8.

Having computed the conformal dimensions, we then per-
formed a fit to the prediction from the large-charge EFT and
extracted the two leading LECs c3/2 and c1/2. In line with what
the authors of Refs. [23, 24] observed for the N = 2, 4 models,
we find that the large-charge expansion describes the data very
well even for very small Q for larger N as well. This is an
intriguing fact about the large-charge expansion which would
be nice to understand theoretically.

We finally compared our numerical results for the LECs with
a recent prediction from a combined large-charge and large-N
expansion [26]. We find that the large-N prediction for the
leading coefficient c3/2 agrees very well with the numerical
computations already for N � 6. The qualitative trends for
both the leading LECs c3/2, c1/2 are also predicted correctly by
the large-N expansion. However, there seems to be a small ten-
sion between numerical values and large-N for the subleading
coefficient c1/2. This can be either due to the fact that sublead-
ing coefficient is harder to extract numerically and there might
be unresolved systematics, or it could be that we just need to
go to larger N for the subleading coefficient. The authors of
Ref. [26] also note a small puzzle regarding the c1/2 coupling,
which might be related to this issue. This merits further study
and is left for a future publication.

Singh, arXiv:2203.00059 [hep-lat]
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the comparison to the lattice calculation works so well.
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As we have seen in Section �, the effective potential has to be a convex function.
Following the chain of transformations in Eq. (�.��) we can turn this into a consistency
condition on the convexity of $. To identify a possible flex in $, we compute the second
derivative and find:
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which has a zero for positive y only when � (�D/2) < 0. In Figure �, � (�D/2) is plotted
and we see that it is positive in certain intervals of the dimension and negative in others.
We focus here on the intervals 2 < D < 4 and 4 < D < 6.

3.1. 2 < D < 4

For 2 < D < 4 the gamma function is positive, � (�D/2) > 0. It follows that ⌦ is convex
for all values of y. All the Legendre transforms are well-defined, and the theory fulfills
our necessary condition for unitarity. As shown in [��], in D = 3 we can compute the
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the four branches. Using the expansion in Eq. (�.��) we find
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which again agrees with the results in [��].

A phase transition on the cylinder

Further insights on the nature of the critical point can be obtained moving away from
the limit u ! 1. One possible interpretation for a complex effective potential (obtained
via the naive Legendre transform) is in terms of unstable states (see e.g. [��]). If we
follow a given state while changing a parameter in the theory, it can be that at some
point the state becomes unstable and its energy develops and imaginary part that can be
understood in terms of decay rates. Something similar happens here, were states that
are perfectly fine at small u become unstable in the ��. Having an explicit (convergent)
expansion for the zeta function on the sphere at small m we can see how this happens
and the implications for the free energy on the sphere at fixed (small) charge Q.

One possible interpretation for a complex effective potential (obtained via the naive
Legendre transform) is in terms of unstable states (see e.g. [��]). If we follow a given state
while changing a parameter in the theory, it can be that at some point the state becomes
unstable and its energy develops an imaginary part that can be understood in terms of
decay rates. Something similar happens here, where states that are perfectly fine at small
u become unstable in the ��. Having an explicit (convergent) expansion for the zeta
function on the sphere at small m we can see how this happens for the free energy on
the sphere at fixed (small) charge Q. In general, if a function ⌦(m) has a critical point for
m = mc, its Legendre transform F(Q) can be expanded around Q = 0 in terms of local
properties of ⌦:
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Keeping only the first two terms, this is the free energy of a fixed-charge state for a
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the limit u ! 1. One possible interpretation for a complex effective potential (obtained
via the naive Legendre transform) is in terms of unstable states (see e.g. [��]). If we
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point the state becomes unstable and its energy develops and imaginary part that can be
understood in terms of decay rates. Something similar happens here, were states that
are perfectly fine at small u become unstable in the ��. Having an explicit (convergent)
expansion for the zeta function on the sphere at small m we can see how this happens
and the implications for the free energy on the sphere at fixed (small) charge Q.
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General dimensions
So far: D=3. Repeat the analysis for general dimension.

We see that for 4<D<6, L is unbounded from below.
Instability!
If we formally compute the conformal dimension for D=5:
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Figure 1. – The leading term in the grand potential on the torus / � (�D/2) for 0 < D < 7.
The function is positive for 2 < D < 4, 6 < D < 8, etc.
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As we have seen in Section �, the effective potential has to be a convex function.
Following the chain of transformations in Eq. (�.��) we can turn this into a consistency
condition on the convexity of $. To identify a possible flex in $, we compute the second
derivative and find:
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which has a zero for positive y only when � (�D/2) < 0. In Figure �, � (�D/2) is plotted
and we see that it is positive in certain intervals of the dimension and negative in others.
We focus here on the intervals 2 < D < 4 and 4 < D < 6.

3.1. 2 < D < 4

For 2 < D < 4 the gamma function is positive, � (�D/2) > 0. It follows that ⌦ is convex
for all values of y. All the Legendre transforms are well-defined, and the theory fulfills
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Interpretation as non-unitary CFT.
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point the state becomes unstable and its energy develops and imaginary part that can be
understood in terms of decay rates. Something similar happens here, were states that
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expansion for the zeta function on the sphere at small m we can see how this happens
and the implications for the free energy on the sphere at fixed (small) charge Q.
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Concrete examples where a strongly-coupled CFT simplifies 
at large charge. O(2N) model in 3d: in the limit of large 

U(1) charge Q, we computed the 
conformal dimensions in a controlled 
perturbative expansion: 
• Excellent agreement with lattice 

results for O(2), O(4)
• large Q and large N: path integral at 

saddle pt., more control than in EFT, 
can calculate coefficients

• can follow the flow away from 
conformal point

• find the full effective potential



• Further study of supersymmetric models at large R-
charge (higher-dim. moduli spaces)

• Connection to holography (gravity duals)
• Operators with spin; connection to large-spin results
• Understanding dualities semi-classically at large charge
• Use/check large-charge results in conformal bootstrap
• Further lattice simulations: inhomogeneous sector, 

general O(N)
• CFTs in other dimensions (2, 5, 6)

Hellerman, Maeda, Orlando, Reffert, Watanabe;
Argyres et al.

Jafferis and Zhiboedov

Further directions

Loukas, Orlando, Reffert, Sarkar;
De la Fuente, Zosso;
Giombi, Komatsu, Offertaler.

Cuomo, de la Fuente, Monin, Pirtskhalava, Rattazzi; Cuomo 

Chandrasekharan et al.

26

Komargodski, Mezei, Pal, Raviv-Moshe;
Araujo, Celikbas, Reffert, Orlando;
Moser, Orlando, Reffert 



• Chern-Simons matter theories @large charge
• 4-ε expansion @large charge
• going away from the conformal point
• non-relativistic CFTs
• Boundary CFTs at large Q
• Weak gravity conjecture
• Study fermionic theories. Can large-charge approach 

be used for QCD (e.g. large baryon number)?

Arias-Tamargo, Rodriguez-Gomez, Russo; 
Badel, Cuomo, Monin, Rattazzi; Watanabe;
Antipin et al.

Watanabe

Further directions

27

Orlando, Reffert, Sannino;
Orlando, Pellizzani, Reffert

Komargodski, Mezei, Pal, Raviv-Moshe 

Cuomo, Mezei, Raviv-Moshe 

Favrod, Orlando, Reffert; Kravec, Pal;
Orlando, Pellizzani, Reffert;
Hellerman, Swanson; Pellizzani

Aharony, Palti; Antipin et al.



Thank you for your 
attention!
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