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Outhne

+ Scattering amplitudes in planar N=4 SYM theory: playground
for new theoretical ideas

+ Amplituhedron formulation for the loop integrand in the
perturbation theory: want to do an all-loop resummation

« Define an IR finite quantity J (g, z) derived from the 4pt
amplitude: new expansion (exact in g) natural from perspective
of Amplituhedron geometry — “loops of loops expansion”

+ Connection to the cusp anomalous dimension
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Introduction



Planar N=4 SYM amplitudes

+ Amplitudes in planar (large N) limit of maximally
supersymmetric Yang-Mills theory in four dimensions

+ Symmetries: conformal + dual conformal symmetry,
amplitudes simpler — good toy model for gauge theories

+ Amplitudes are UV finite, perturbative expansion exact,
finite radius of convergence

+ IR divergencies - regularization (breaking of symmetries)
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Perturbative expansion

+ Loop expansion: construct L-loop scattering amplitude

(i) Construct basis of scalar integrals

Unitarity methods

3

4

(Bern, Dixon, Kosower, Roiban,
Carrasco, Johansson, Dunbar,...)

(i) Fix coefficients using cuts

e =0 R (A
(a) (b) () (d)
(iii) Loop integration
¢ Feynman parameters
o IBP relations

¢ Differential equations

@

(Chetyrkin, Tkachov, Smirnov, Gehrmann, Melnikov,
Duhr, Gluza, Kosower, Remiddi, Henn,...)
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L.oop tegrand

+ Planar limit: global dual variables, momentum twistors

Dual Space-Time Momentum Twistor Space LOOP integrand
L L
X3 Z; 7 Zs Z’r(L )(aj’wyj) :I’rg )[Z’H(AB)J]
4
/ﬂ unique rational function
p4 Zz Z6 a
Xs o satisfies all cuts
1

® dual conformal invariant

® recursion relations

loop momenta:
¢ points ¥Y; in dual space

. . . (Arkani-Hamed, Bourjaily, Cachazo, Caron-Huot, JT, 2010)
¢ lines (AB); in mom twistor space
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Positive Grassmannian

(Arkani-Hamed, Bourjaily, Cachazo, Goncharov, Postnikov, JT 2012)

+ New gauge invariant building blocks for amplitudes:
On-shell diagrams

permutations
2 / \‘ 1 2
1 Positive Grassmannian (11
3 3412
) ) 4 3
C=1::: 1 ) cluster algebras
4 % k... % JSo
0 oo oale
dlog form reproduces A] 5 [ — ha+R] £ Ja0+H
> on-shell diagram o T
Products of 3pt 5 Lo
on-shell amplitudes, dfv df2  dfm 5(C - 2) “oluing” together
cuts of loop integrands fi f2 Jm -> Amplituhedron
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Bootstrap methods

(Goncharov, Spradlin, Vergu, Volovich, Dixon, Drummond, Henn, McLeod, von Hippel, Caron-Huot, Papathanasiou,...)

+ Skip the integrand step, using the knowledge of the
function space to construct the amplitude directly

¢ Determine symbol of an amplitude

k
S(F®) Z Poy ® ... ® Pq, +——  encodes branch cuts
H/_/

{U, v, w, 1= u, 1 - v, 1 - W, Yus Yo, yw} e Symb01 letters

S(R?) impose physical and mathematical conditions
11 U
= —g{_u®(1—u)® 1w

+ —u Q1 —u)®YulYolw —2URV® yw] X yuyvyw} + permutations,

+20Q

2
+ (u®v+v®u)®1_v i

U
®U]®
l1—u

¢ From symbol to function: more constraints, fix constants
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Amplitudes-Wilson loops duality

(Drummond, Henn, Korchemsky, Sokatchev, Alday, Maldacena,)

+ Duality: amplitudes and null polygonal
Wilson loops, positions ~ momenta

Dual conformal symmetry of amplitude
= conformal symmetry of Wilson loops

Strong coupling Flux tube at finite coupling

® near collinear limit kinematics
¢ pentagons fixed by integrability
® 4d S-matrix: OPE in # of excitations

Y

AdS/CFT correspondence
- minimal surface in AdS

expansion around collinear
limit, exact in coupling

(Alday, Maldacena, 2007) (Alday, Gaiotto, Maldacena, Sever, Vieira, Basso,...) 7/29



L.ogarithm of the amphtude and
IR finiteness



BDS Ansatz

(Bern, Dixon, Smirnov, 2005)

+ Dual conformal symmetry is extremely restrictive

+ The kinematical structure of 4pt and 5pt amplitudes
are fixed to all loops up to constant tactors

My =37 "M () =exp | 3 g (FO (MY (te) + CO + O(e)
L=0 | /=1 \ ,

n>6: dual conformal invariant IR , ,
leading — behavior

finite remainder function R €2
mild divergence h(g) 1 ’g HOOth coupliné;
for logarithm In M = 2 Y <E> 9° = gymiV/(1677)
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Logarithm of the amplitude

+ Expand logarithm in terms of combinations of amplitudes
lnM:hl(l—l—gM(l)—|—92M(2)_|_93M(3)_|_“.) In M3

_ gM(l) +92 [M(Q) B E(M(l))Z} +93 {M(S) — M@ a1 1(]\4(1))53 4o
3

2
N— — . ,
In M2 \ ’\ /
2 3 1 2 each term 1/¢° divergent,

combination only 1/¢* divergent

L1, :integrand for In M,
| 2 1 y

cut structure encodes

2 mild IR divergencies
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Integrating the logarithm

+ Property ot 7y, in collinear regions: to generate IR
divergence need to integrate over all loop momenta

Ideal object to study
Fr(z) =Zr(AB)

Iy (ABl. : .ABL) 4 rational function

l integrate over ABy,

Z L (AB 1. - AB L—1 ) interesting tITascendental function
\L integrate over ABy_; depends on a single cross-ratio
allare ¥ . _ (AB12)(AB34)
IR finite ~ 1 integrate over AB; (AB23){AB14)
Z1.(AB;) Non-perturbative finite object
l integrate over AB; Flg, ) = i gZL]:L(Z)
In M; +— IR divergent I —1 10/29




Relation to Wilson loops

(Englund, Roiban, 2011) (Alday, Buchbinder, Tseytlin, 2011)

* Same object appeared earlier in the context of Wilson loops

2 3 (Wg(x1, 22, x3,24)L(20)) _ 1 :c%3:c§4 F(g: 2)
1 (Wr (71, 72,73, 24)) T2 T30T50T 30T 40 |
2 ) o
4 2 LooL40%13
. F(g;2z) =—qg°F(g,z2 —
2 3 L.agran.glan 9:2) g 719:2) . 710 T30T54
insertion Tij = (:1:7;—:133-)2
1 ¢ weak coupling: expansion in g°

4 (Alday, Heslop, Sikorowski, 2012) (Alday, Henn, Sikorowski, 2013)

Flg,2) =14+ ¢*(log® z + %) + ...
o strong coupling: expansionin1/g (string tension)
(Alday, Buchbinder, Tseytlin, 2011)

F(g,2) = g5 [2(1 = 2) + (2 + 1) log 2] + -+
(z=1) 11/29




Cusp anomalous dimension

+ After integrating (g, 2) we recover In M

leading IR divergence: cusp anomalous dimension

1 M — 27, F((;ﬁgp | ; T . ZLF(L)
n = — Z 4] (Le)2 - O (1/6) - cusp(g) — Z ) cusp
L>1 L>1

exact result from integrability
(Beisert, Eden, Staudacher, 2006)

We can extract I'cysp(g) from F(g, 2)

(Alday, Henn, Sikorowski, 2013)

enn, Korchems istlberger a 1 .
(H , Korch ky, Mistlberger, 2019) g_rcusp(g) _ __/ d¢ F(@qu)

(Arkani-Hamed, Henn, JT, 2021) 8 qg T
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Our goal

+ Focus on F(g, z): motivated by the Amplituhedron
picture we find a new expansion

+ This expansion will be exact in ¢, z but will organize
contributions differently, based on the “number of
loops in the loop space”

+ We will be mainly interested in the strong coupling, so
far completely inaccessible using our methods
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l.adder resummation

+ Qur simplest case we will study later is somewhat
analogous to the ladder resummation

(Broadhurst, Davydychev, 2010)

P3
\( + + + +  ne
Pl/ P4 /

+ Integral representation: strong coupling expansion
exponentially suppressed

F(g,z) = O(e™)
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Negative Amplituhedron geometry

(Arkani-Hamed, Henn, JT 2021)



Positive geometry

+ Geometric space defined using a set of inequalities

Pk(lljz > 0

7N

polynomials parametrize kinematics

+ Define a canonical differential form on this space{}(z;)

@ Special form: logarithmic singularities on the boundaries
dx i

Lj

near boundary x; = 0

Amplituhedron: tree-level amplitudes and loop integrands
(Arkani-Hamed, JT 2013) 15/29



Four-point Amphtuhedron

(Arkani-Hamed, JT 2013) (Arkani-Hamed, Thomas, JT 2017)

+ Configuration of L lines in momentum twistor space

Each line: 4 positive coordinates
Liy Yiy 2iy Wy > () 41

(parametrize loop momentum)

For any pair we get a quadratic constraint

((AB)i(AB);) = —(z; — z5)(w; —wy) — (y: — yj)(2: — 25) >0

+ The canonical form on this space

0 — +...

is a 4pt L-loop integrand
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Graphical notation

+ We introduce a graphical notation:

o vertex: loop line (AB);
o blue dashed link: mutual positivity condition ((AB);(AB);) >0

+ We denote the dlog form on the two-loop space
(AB)1 (AB)

Q@ =)
+ The L-loop integrand dlog form: complete graph
,"‘\ qs
RS we can have a simpler v
Q(AL) = &7 ".’ " positive geometry !
Vel with fewer links .~ .
o ---e



Negative geometries

+ Replace positive “links” by negative

) 7 ? J ? J
oo - 0o-0 -0 o
M#,Av ,T, R\
((AB);(AB);) <0 (AB);(AB);) >0 no mutual

+ New formula for L-loop integrand dlog form:

1'*“
"l ": \‘ “s E G
QA) = €7 s =D (DO
\‘ 'l‘:‘: |‘ 'l allG |
‘.,'-l---s-\" < \

differential form for

sum over all graphs ,
negative geometry
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Fxponentiation

+ We can now write a formal sum over all loops

o0

Q(g) = Z(_g2)LQ(AL) where Q(Ap) = 1

L=0

+ The formula for Q(g) exponentiates

- \EG) . 2\
Q(g) B i all cécte(d 1) (g )
graphs G

+ We take the logarithm of both sides and expand in g
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Geometry of F(g, 2)

+ The L-loop logarithm: connected graphs with L vertices

log ©2(g) = QL= ) (-1nF9
all connected

(_92)L graphs G
with L vertices

Manifest IR behavior: each term only = divergent after integration

+ Freezing one of the loops: Integrate over all
loops except one
1
Fr(g,z) = > (-1)F©@ 5 l’
" gapn @ Manifest IR finiteness

with L vertices
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Low loop examples

Tree-level One-loop
® =1 ®—e = [r” +log” 2]
Two-loops 1
| % == 7% +log? 2] simple “tree”
| geometries
®—e—o =—— (72 +log” 2] x [57 + log” 2]

1 2 1 2 2
:——log4z—|—log2zl——Li2( ) ——Liz( © ) +7r_] .
6 3 z+1 3 z+1 9 : comphcated
2 1 2 1 2 2 /" Py
] ALi — AL — 2 Lio [ —— ) 4+ Li, [ —=— T one-loo
+°gz[ 13(2:+1) 3 z+1)] 3[12(z+1)+ l2(z+1) 6] P

8 5[ 1 g ; 2 . 1 oL , 4 geometry
3" [12<z-|—1)+ 12(z+1)_E]_ 14(z—|—1)_ 14(,2-1—1)_@
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“Ladder” expansion

+ To determine the integrand and integrate an arbitrary
negative geometry is complicated

+ We approximate F(g, z) by the simplest geometries

Fladder(gaz) = ® —(92) ®—0 ‘|‘(92)2 ®_._.
—(g%)? X—eo—o—o +(3°)*X)—e—o—o—o +...

+ Property of the integrand: Laplace operator acting on

Subgl‘aph = 08— (0 in dual variables

Zo X1 I1
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Closed formula for “ladders”

+ Applying this operation on Fj,44e:(g, 2) We get

1
§(Zaz)2fiadder(gv Z) + g2ﬁadder(gy Z) =0

which is solved by
cos(v/2g log z) satisfying certain
Fladder (9, 2) = cosh( \/igﬁ) boundary conditions

+ Weak coupling: only a small subset of diagrams

- 1
+ Strong coupling: | Fladder(g; 2)| < < 9~ V2

cosh(v/2g7)

1
but the exact result behaves as F(g,2) ~g+1+ O (§>
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66 29 °
lree expansion

+ Consider a collection of all “tree” negative geometries

ftree(gaz):@) ( )®_. + 922 O 90 +1@<

o i)

+ Generating function

Ftree(ga Z) — @@ Htree(gaz) — @ Q

with the relation Fireo(g, 2) = 7ttree(9:2)
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Closed formula for “trees”

+ Apply the same differential operator on any tree graph

o

+ Ditterential equation for Herec(g, 2

®_© ®© —¥ Za Htree(gv )"‘9 Zettire *(9:2) =

A

+ Solve: F = h =1
tree(9, 2) = g2 (zA 1)2° WHETE 2gCOS%
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Strong coupling expansion

+ Expand the result at strong coupling

Firee(g, 2) = e +Zz)2 ¢ G>

in comparison to the exact result

Fl(g,z) :g(z—zl)?’ [2(1—z)+(z+1)logz]+---+0(;)

Our “tree” approximation misses the leading term
but does have 1/g expansion at strong coupling
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(GGamma cusp

+ Gamma cusp controls the leading IR divergence

(@)
_ 2L 1 cusp | | L 2L (L)
log M = Z 9 (L€)2 -O (1/6) —¥ FCUSP (g) — Z g FCusp
L>1 L>1
Exact result from . 4g° — 8(ag* + - gk 1

. o cusp\d 9 glog2 =« 1

integrability 9 o g >
(Beisert, Eden, Staudacher, 2006) radius of convergence gy — 0.25

(Alday, Henn, Sikorowski, 2013)

<+ Can be also extracted from F( g, Z) (Henn, Korchemsky, Mistlberger 2019)

(Arkani-Hamed, Henn, JT, 2021)

Ag° — 8(294 +... g<1
Sg—1+... g>1

qualitatively correct
behavior at 4+
strong coupling

Ftree (9) — <

\

radius of convergence g« = 0.35 27/29



Summary & Outlook



Summary

+ Qur first attempt to use the Amplituhedron picture for planar
N=4 S5YM amplitudes for resummation and strong coupling.

+ We considered an IR finite object F (g, z) derived from the
logarithm of the amplitude (freezing one loop, integrate others).

+ New expansion in terms of negative geometries and organization
using “loop of loops”. We solved for F(g, z) at for “trees”

+ Extracted gamma cusp, expanded at strong coupling and
compared to the exact result I'.s, (¢) : surprisingly good behavior
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Outlook

+ How do we restore the leading F(g, 2z) ~ ¢ behavior at
strong coupling? Subleading “one-loop” negative geometries:
integrands known, integrate or find a differential equation...

(Arkani-Hamed, Henn, JT, in progress)

+ Higher points, richer analytic structure even at lower loops

(Arkani-Hamed, Chicherin, Henn, JT, in progress)

+ Deformed negative geometries: relation to integrability?

(Arkani-Hamed, Henn, JT, in progress)

+ General negative geometries, IR divergencies, applications

(Brown, Oktem, Paranjape, JT, in progress)

+ Strong coupling geometry? Emergence of strings?
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Thank you!



