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Entanglement Entropy is of fundamental importance

n QM QFT and even more so in Quantum Gravity

Finiteness of entanglement entropy is at the

heart of the black Hole information paradox

Can we define a notion of entanglement entropy

in string theory given its UV finiteness

motivation

Difficulties

A method













































LISE No
BLACK HOLE

Tracing over the interior naively gives a density matrix be

Its von Neumann entropy S Treologlo diverges

infinite g bits for the black hole

we need a generalization of von Neumann entropy
Because usual notions from local QFT like

the algebra of local observables

are not available in string theory













































Quantum Entanglement in QM

classic example is the Bell pair w spooky
long distance EPR quantum correlations

Two photons in spin 0 state

See HR

117 1 1197

maximally entangled pure state in the

Bipartite Hilbert space Se Il Hr

very different from unentangled pure state

like 111 1













































Entanglement Entropy

State 147 4147 1

Density matrix 9 147441 Tre 1

Reduced density matrix er Tr
The

Tr Pp 1 sufficient to study
Jer

correlators like 4 Or 4 Tr OR
Fer

Fine grained Von Neumann entropy
SEE Tr fr log fr Entanglement Entropy

Ser

For 117 er SEE log













































Entanglement Entropy in QFT

dti spacetime I transverse

ᵗ
t o

see Jer spatial slice

Divide space XL So the

R 70 LR

H He Hr Not really true

11 Minkowski vacuum f 117th

er Ie
SEE Tr er luger 14

Area law with IV divergence cutoff













































Rindler spacetime

Left Rindler Kr Right Rindler

ki

y
KR Right Lorentz boost J

ds dt2 dx e de de

TIX x ̅ S JdxdTᵈ AfG

er exp 27hr













































Algebraic QFT

Its not quite correct to assume I SL HR

Because of strong correlations at the boundary
Hilbert space not really factorized but the

algebraftocobspergables
Is factorized

AR AL 0

AL AR von Neumann algebra

Minkowski vacuum 117 is a cyclic separating state

iii i iiii.ie Efi
Type II QFT Type I Q nQG
does not admit irrep admits irreps
Relativeen tropy s els Trfwgp flogo V1 finite













































1 Generalized second law of thermodynamics

Bekenstein
Sgen Δ

4
Sout 0

pissof by Wall follows from monotonicity of
relative entropy under inclusion

uses null Raichaudhari easy to relate the

change in energy to change in Area 1 V divergent

Osraelo ΔHo 4 I
2 strong Subadditivity Paradox

ur
MathurC

Almheiri Marolf
Polchinki Sully

i

Desirable to have a notion of finite entanglement
entropy in many contexts in Quantum Gravity













































Path Integral

Wave functional of 127 in fieldbasis

44,9117 4,161,4m 1M
Reduced density matrix in field basis

461 er ar DQ 4 46 let 9 Ur

Represented by a path integral on a cut plane

Euclidean Rindler plane

T Or Rotation generator J

i Minkowski vacuum is
n Or an ensemble of

Bell pairs













































RényiEntropy

Given the density matrix er compute

Eln To Eph n integer

path integral over Isheeted cover Replica

ZTIN

surplus opening angle

SEE Eln __In the
wa

Needs analytic continuation in n

General formula Much has been learnt in QFI













































Orbifold Method

Instead of an n fold cover of Euclidean

Rindler plane with surplus opening angle

consider an orbifold w deficit opening angle

ii 15

compute Tr ff as the partion function

of 6 2 orbifold of the Rindler plane

N I













































Strings on a cone

É N Tr exp 7 Hr

SIN β 21 GE β

Spacetime partition function

string Field theory path integral on a cone

conical curvature singularity at the tip

Ricci scalar RCI 47111 8 x ̅

Deficit angle IN 271 1













































S 5 Sq

log E N Za N
9

Za N Σ Z
9
N

9 1

510 Classical Entanglement

At classical level log E 210 N

S N log ECN
11 1













































In Orbifold

Type II in light cone gauge on 126

Green Schwarz superstring Xi 59 50

spin 8 Spin 6 spin 2

I 8 610 112 1112
59 8s 41 IC

ja 8 IE III
IN 1,9 92 9N 1

UCI Spink

g exp 47 5 N odd













































One loop Partition function

01 1 y 9k x y

Ty
i d x y 1 gl d x y

N I 041K e 2

Ele N Σ
k.l o 74 2 U 2kt 21 7

N

Z N 4 11 5 IGN

AH Horizon Area 48
O Ele Jacobi theta fs I 71 tizz













































UV and IR divergences

String theory provides a natural DX cutoff

The Zn orbifolds break supersymmetry
The spectrum is replete with tachyons
all localized at the tip of the cone

IR
E

z Titizz

i HX Hx
22 Schwinger parameter

exp 271m22 diverges for m To













































Tachyons need not be a cause for despair

In QM with Tr Er 1

Tr Cern must converge

Tr er may diverge

we are computing Tr 1,1 with N

We need analytic continuation to the

physical region o LN given the data

for N 71 with N odd













































Under certain conditions Carlsone
theorem may guarantee uniqueness

Z Z FCN

countable data countable data
at Z o gives at N odd gives

analytic continuation analytic continuation
CAUCHY CARLSON

For open strings on the Rindler horizon
such an analytic continuation

can be found Witten 2018













































Closed strings on Rindler horizon

Analytic continuation of the closed

string partition fit is much harder

Fortunately the tachyonic terms have

a very specific form and do admit

an analytic continuation to a function
that is finite for O N 1

ZIN 11 76

F e I explained In 2
h

z N 11 7062













































Tachyonic Terms e

Exponentially growing terms in 70 z
N 17 2

Tea exp 47 fate

27h22 IN 4k
fk 2 If exp N

n o

Complicated sum but can be resummed

by first performing the k sum













































Disappearing Tachyons

TC N e
4th 1 e

an IN 1 22

L 1 e
2422

n o

n 714,41 0 n 20 N 70

Remarkably TG N has no tachyonic
exponentially growing terms for OCN 1

we can write Fote N TG N REE N

R Ca N has no divergences and can be

easily integrated numerically extrapolated
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The analytic continuation of tachyons
is not accidental It depends on three

just so properties of string orbifolds

1 There are exactly N 1 twisted

sectors each containing tachyons

2 In the k twisted sector there is

precisely one leading tachyon whose

mass squared is linear in K

m ATIKIN
3 There are many subleading tachyons

but they all have unit multiplicity













































Classical Entanglement Entropy

classically log E N Z N

spacetime world sheet

nonzero Zero

Relation true only for bulk action

In general there are boundary terms

that are not captured by sphere partition
we'll deduce them by spacetime reasoning

log
10

N In N Iam N













































Im
a

é R 4 0 82 7 3 1
Gibbons Hawking boundary
tfependngather

µ
Is

extrinsic curvature

Dithonequtions of motion are exactly
satisfied to all orders for CFT background
No dilator tadpoles IM 0

But there is a boundary contribution

log Eto N Fa 1

Analytic continuation in N S GAGA













































Calabi Yau Compactifications
Our ability to obtain an analytic
continuation that is finite in the physical
region 0 CN 1 depended on a very
specific structure of the tachyonic spectra

May be this is a special feature of 101

superstring that is not more generally
valid with less supersymmetry
For example in CY orbifolds there can be

new tachyons in doubly twisted sectors

with quite different structure













































4
23 K3 orbifold

sectors twisted by 8 1 2 K 1 N 1

In addition to to d tachyons there are

new tachyons with mass squared

m 4 115 5 4 2

4713 Z
3I

0 51

Not a priori obvious how these tachyons
contribute in the physical region













































Fortunately we again find z N

1 e
27122 Itn N 1

e 41st
1 e 21 2

n 0

Again finite for O N 1 even

though exponentially divergent for N

as ez 0

This feature continues for several

other compactifications we investigated
with less supersymmetry CY CY













































Heterotic Strings
Worldsheet is now chiral with potential for

gravitational anomalies Additionalnew
features Gauge symmetry must be
broken to obtain modular invariant

partition functions for orbifolds

For example 1 27 V 16

structure of tachyons is different New

divergences that disappear after

imposing level matching 71 integral













































Entanglement on BH Horizons Holography

Ads 53 T4

1455 F1 system
Exact world sheet theory in bulk

WZW SLC G gauged model level k

BTZ Black Hole Mass M Spin J

Solvable but nontrivial SCFT

Z N M J K can be exactly computed
for the ZIN orbifolds of the horizon

once again tachyonic divergent terms

get tamed in the physical region O N 1













































Exact Analytic Continuation of ZEN

work in progress with Dodgier

we need to perform finite

sums of the form

J 1k e depending on 6T
Te root of unity w 1

where N must be an integer

to something where N can

be treated as a complex number













































Lemmas

I 1

w I

I
Three one line proofs For example

using partial fraction decomposition
of_ It AB I BW A W

I AB I BW A W

then average over Nth roots of unity

LHS N E Z RHS N E













































Open string partition function

To compute entanglement entropy
on the Dp brane world volume

using the lemma we obtain analytic
continuation in agreement w Witten 18

ZEN ZN N IT

Zw IN 16,771
Σ ftanhtintrt fytanhtirtffnz.IT
JEZ












Disappearing Tachyons
T

i

i 1
1

open channel closed channel

In the large T IR limit one finds

exponentially growing tachyonic terms

in the closed string channel for N 71

Beno tachyons for O N 1

a



Summary
The orbifold method offers a stringy
generalization of the replica mithod

We have presented substantial evidence

that this method could yield computable

entropy that is finite both in IV and

IR.IRdivergences have a very specific
structure dictated by stringtheory
One obtains a natural order by order

expansion A generalization of von Neumann

entropy Tree level term included in the

Euclidean calculation w o statistical interpretation

Perhaps a more fundamental notion than BH entropy



OpenProblem

oo Find the analytic continuation

of Z N for closed strings on cone

Can string field theory be

used to compute the boundary terms

the classical entanglement entropy
with C IN CFT as the starting data

Can we map the bulk computation
in BTZ background to a quantity
in the boundary CFT
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