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How to formulate string theory on curved spacetime?

At least for AdSs/CFT4?

WWVD? — Fix the amplitude first!



1 process - 3 descriptions

5d bulk of AdS:
lIB string theory on AdSs x S°

2d string worldsheet:
2d CFT?77?

This talk:
Find the genus 0 amplitude
without quantizing the string.

4d boundary of AdS:
N = 4 super Yang Mills theory



The AdS amplitude

AdS graviton amplitude
g A(S, T) J

CFT stress-tensor correlator
(O(x1)O(x2)O(x3)O(xa))

J integral transform

Small curvature expansion:

o o'\ 2
A(S. T) = AO(S, T) + 5 AD(S, T) + (ﬁ) AP(S, T) + ...

R = AdS radius
[(=S)F (=T (-V) o0

(S+1I(T+1)r(U+1) = ﬁ/t'Hooft coupling

A0S T)=— -



Properties of string amplitudes

STRING AMPLITpg
SHOPPING L1sT

- PARTIAL wAvE EXPANSTON
- REGGE BOUNDEDNESS
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Partial wave expansion

Flat space:
resonances = massive string modes

as ¢ Py(cos )

i (0) -
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spin £

mass level
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AdS/CFT:
conformal partial wave expansion

(OPE)

45 o
s B (10 ()

non-critical string theory:
[Gubser,Klebanov, Polyakov;1998]

integrability
[Gromov,Serban,Shenderovich,Volin;2011]



Regge boundedness

String amplitudes have soft UV (Regge) bahaviour
lim AQ(S, T)~ ST Re(T) <0
|S|—o0

Softer than each partial wave Py(cosf) o< S* + O(5°71)

AO(S, T) =" ay(T)Py(cos )

spin ¢

This places strong constraints on the a;(T)!



Worldsheet integral

_)
Flat space:
1
A(O)(S, T) — m/cﬂz |Z|—2S—2|1 _ Z|—2T—2
Curvature corrections:
1 o5 _2T7—2 ~(k
AN T) = 57y / Pz |25 -2 PTG, T 2)

Consider non-linear o-model for AdS in a small curvature expansion
— flat space string amplitudes with extra soft gravitons

— Gt(okt)(S, T,z)= Z single-valued polylogarithmic functions of weight 3k



Plan of attack

We attack the problem from 2 sides:

STRING AMPLITUDE
SHOP

PING LIST CFT dispersion relation

- PARTIAL WAVE exp
A
- REGGE BOUNDEDNESQSION Single-valued worldsheet ansatz
- WORLDSHEET INTEGRAL
| Both have unfixed data.

Equating the two expressions fixes the answer!

Checks: @ Massive string dimensions (vs integrability)
e Low energy expansion (vs localization)

@ High energy limit (vs classical scattering)



1. The CFT dispersion relation
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Definition of the AdS amplitude

Borel transform

(flat space limit

M(s, t) [Penedones;2010]) A(S,T)

Mellin

transform

worldsheet
integral

(O(x1)O(x2)O(x3)O(xa)) G(5,T,2)
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Definition of the AdS amplitude

Borel transform

(0000) x [[dsdeutv'T (s, W) e AST) [oaSomeEs, By
_iso (flat space limit o
B x2x3, M(s, t) [Penedones;2010]) A(S, T)

X353,

X124X23

X123X224

Mellin worldsheet
transform integral
(O(x1)0(x2)O0(x3)O(xa)) G(S,T,2)
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Dispersion relation

M(s, t) has only OPE poles:
[Mack;2009], [Penedones,Silva,Zhiboedov;2019] i’

Ci,gQA,Z,m(t) ®/
s'—(A—{0+2m) 5

poles ~

Regge boundedness:

lim [M(s,t)| < |s| 72, Re(t) <2
|s|—o0

[ ds' M(s',t) CR.0Qnem(t) CR.0Qnem(t)
M(S’t)_7£2_7ri(s’—s) == (s—(A—£+2m) + u—(A—C+2m)

operators
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Spectrum of massive string operators

massive string modes
= unprotected single-trace operators of N' =4 SYM

{ 0 = mass level, £ = spin
8 OPE data expanded in large VA
6
A data A data A®) data

4
2 / Dsy 2\/S\i A_%Ag}z) A_%A((fé)
0 2(0 ~1 21 —1,2(2

1 2 3 4 5 § Coe oy AEGY [ AP
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Dispersion relation — Residues

Dispersion relation for M(s, t) ~» A)(S, T) expanded around S =6 =1,2, .. :

k 2(0 k 2(0 K) 2k
A5 T R (T, 0,20 RI(T, 0,20, a8, 1)
(51 = =gyt Tt 55 +ree
Two lessons:
Q (OPE data)*~) fixes most residues of AK)(S, T)!
(2] Gt(okt)(S, T, z) should have transcendentality 3k:
_os_ o7 1
/d2z|z| 21— 2 2T 2log J2ft o (g prsiy + O (5~ o))

Next steps (order by order):
o Write worldsheet ansatz for AK)(S, T).
@ Compute its residues and match with the above to fix ansatz.
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2. Single-valued functions for the worldsheet
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Multiple polylogarithms

Definition (|z; ... z,| = r = weight) z; € {0,1}

dt dt
Lzl...z,(z) = / 1 .. r

t1h—2n . tr — z
0<t,<..<ti<z

Properties: Examples:
1 ~ L er(1 -
0 ,L,,(2) = Z_ZILW(Z) o Lir(2) = ol log?(1 — z)
e multi-valued o Lor1(z) = —Lipt1(2)
@ holomorphic
e L,(1) = multiple zeta values
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Single-valued multiple polylogarithms

SVMPLs [Brown;2004]
EW(Z) = Z CW1W2LW1(Z)LW2(2)

|wi|+|wa|=|w|

Properties: Examples:
1
@ 0.Lanl?) = = Lulz)  © Liolz) = log” |1 — 2
@ single-valued o Lo1(z) = Lia(z) — Liz(2) — log(1 — 2) log |z|?

@ non-holomorphic

e L,(1) = single-valued
multiple zeta values
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Worldsheet correlator (ansatz)

Ansatz:

AR Ty = BX(s, T)+ BX(U, T) + BX(S, V)

1 _oc_ _oT_
BM(S, T) = m/dzz|z| 25-2)1 _ 5| -2T-2G((s, T, 7)

Assumed properties of G(9)(S, T 2):
@ transcendental weight 3k (SVMPLs(z), SVMZVs)
@ degree 2k polynomial in S, T
@ crossing symmetry: G(k)(S, T,z)= G(k)(T, S,1-2)
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Worldsheet correlator (solution)

First correction: ansatz has 11 rational parameters

Solution

GO)s, T,z>=(s+T)2( Loo(2) + 0L3(2) — 3 Lirolz )+2c<3))

+(5*-T?) ( éﬁooo( )+ 1£001(2) + 15010(Z)>

Second correction: ansatz has 115 rational parameters

Solution

GOU(S, T,2) = (S + TP(ST — 8~ T*)Ligaano(2) + 44 more terms

LE(2)=Ly(2) £ L1 —2)+ Lw(2) £ L,(1—2)
19



3. Checks
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OPE data

We extract the OPE data:

A data AM) data A®@ data
Dse=| ov/Erd [+ A75AY) [ a7 Al 1+

o= QGO |Hrigh [+ AGP |+

Leading Regge trajectory (0 = 1 is Konishi):

. 3 1 1\ 1 (212 1 (3-12¢(3)5 1 17\ 1
A=2 Y (A S IS (. R S C Ak (G L L
‘/SA“( +(4+25 4)\/x (32 T 852 8 85 32)>\+ )

Agrees with integrability result!
[Gromov,Serban,Shenderovich,Volin;2011],[Basso;2011],[Gromov,Valatka;2011]



Low energy expansion

Relates to low energy effective action (SUGRA + derivative interactions)

o0 a b
A(S, T)=SUGRA+ S~ 2B 5, =824 T2+ 12,05 = STU

k
a,b,k=0
1 2 1 3
= SUGRA + o} s (0) %0 © " ol ag‘g
= + ago + +o2 a1 + +o3 apq +
\/X \2 1,0V \ \3 0,1 \/— \/X )
R* D?R* D*R* 037?6
gl)) flat space, we fix all agg and a‘(ft), , in particular:
1 1 22 2 49 2 4091
ogy =0, aff =-TCBP, afy =5¢06). afp =07
Agrees with localisation result! Altogether we fully fix D®R* and DOR*. J

[Binder,Chester,Pufu,Wang;2019],[Chester,Pufu;2020],[Alday, TH,Silva;2022] o



High energy limit

Generalizing [Gross,Mende;1987] to AdS [Alday, TH,Nocchi;2023],
high energy limit is described by classical solution for

4
S(X,A) = / d*¢ | OXMIXy + AXMXy + R?) = iy PV XudP (¢ - z)
j=1

Matches our result in the high energy limit:

||m A(S’ T) ~ e_S(XcIassicaI)
S5, T,R—o0

Our solution respects exponentiation:

. o () __S_ 2
lm AS T)sceRS T = g5y

I
N -
/N
FIN
a2
—

N

I
O
+|n
\'
N—
N—

N



STRING AMPLTT, 1
UDE es
SHOPPING L1sT Recip
- PARTIAL wAVE exp i
ANSIO " ; ion
- REGGE BOUNDEDNESS ¥ dispersion relat
- WORLDSHEET INTEGRAL 4+

y single—\/alued ansatz

—_—
—

AdS Virasoro-Shapiro

-
(\(\5 Checks:
L/

@ Massive string dimensions

@ Low energy expansion

@ High energy limit
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AdS Veneziano amplitude

What about open strings?

type |IB string theory in J o

AdSs xS® with 7-branes 4d N =2 SCFT J

We fixed Gépln and Géﬁln in the color-ordered gluon amplitude (Gégln =1)

1
_s5_ AN
Aopen(S, T) / S1—x)"T 12(@) GSn(S, T, x)
0 k=0

[Alday,Chester, TH,Zhong;2024],[Alday, TH;2024]
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Future directions

@ Other AdS backgrounds, e.g. type IIA on AdS; x CP? / ABJM
@ Go beyond the small curvature expansion?

e Compute AdS string amplitudes directly from string theory?
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Thank you!



