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String theory is only defined perturbatively, and it has been 
known for some time that its genus expansion diverges 

factorially, like (2g)!
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We prove that perturbation theory for the bosonic string diverges for arbitrary values of the coupling
constant and is not Borel summable. This divergence is independent of the existence of the infinities that
occur in the theory due to the presence of tachyons and dilaton tadpoles. We discuss the physical impli-
cations of such a divergence.
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If perturbative string theory were to make sense,
string theory would have nothing to do with physical
reality, since there are many features of all perturbative
treatments of string theory that are not shared by the
real world. It is therefore important to determine the
range of validity of string perturbation theory, as well as
to develop nonperturbative tools that transcend it.
Much has been made of the fact that string perturba-

tion theory is a topological expansion, and that (for
closed-string theories) there is only a single "term" to
calculate at each order in this expansion. For this reason
it may seem unlikely that perturbation theory diverges.
After all, the ubiquitous divergences of perturbative ex-
pansions in quantum field theory arise because of the n!
number of n-loop Feynman diagrams. ' However, the
single h-loop string Feynman graph is integrated over all
of the moduli space of Riemann surfaces with h handles,
a complicated space over which we really do not have
much control, and therefore such naive statements have
dubious validity. Furthermore, string theory contains
within it, at low energies, ordinary field theory, which al-
ways yields divergent perturbative expansions. Thus we
might expect similar divergent behavior in string theory.
In this Letter, we prove explicitly that bosonic string

perturbation theory diverges at Pg"h!, where h is the
number of handles. This reassures us that perturbation
theory, for the bosonic string at least, has zero radius of
convergence. Even more, such an expansion is not even
(Borel) summable. We will argue below that this type of
behavior could be an indication of the nonperturbative
instability of the vacuum.
We shall consider the simplest amplitude, the partition

function, and we shall show that it grows factorially in h,
for large h. This is accomplished in two steps: (a) con-
trolling the behavior of the string integrand uniformly
over moduli space, so that we can give a lower bound on
the integrand, showing that the integrand does not de-
crease like I/h!; and (b) estimating the volume moduli
space for a given h, to show that it increases like h!, so
that we can derive a lower bound on the integral which
increases factorially in h.
We use the Selberg zeta-function description of the

string integrand, namely the partition function of the

bosonic closed string is given by cg Z(2)Z'(1) ' dpwp,
where Z(s) is the Selberg Z function, dpwp is the Weil-
Petersson measure on moduli space, c is independent of
the genus, and all other constants that grow geometrical-
ly with h have been absorbed into a redefinition of the
coupling g, As is well known, Z'(1) =det'(5) (6 is the
scalar Laplacian, and the prime denotes the removal of
the zero eigenvalue), and Z(2) is the ghost determinant.
One reason for our considering the partition function is
that it is a manifestly positive quantity, and hence one
can make unambiguous statements about the divergence
of the perturbation series. Our arguments can be ex-
tended trivially to the two-point amplitude for the trace
of the graviton at zero momentum, which is another ex-
ample of a real amplitude. We certainly expect that the
divergence of perturbation theory is, as in ordinary field
theory, universal and will occur in any string amplitude
and in any string theory.
As is well known, there are divergences in the bosonic

string because of the tachyon, and because of the dilaton
tadpole. These show up as bad behavior of the string in-
tegrand at points in moduli space where geodesics pinch
off'. These points constitute the so-called degeneration
locus. They give rise to infinities that are an indication
of the perturbative instabilities of the flat-space vacuum.
We remove these divergences by introducing a genus-
independent cutoff' on the minimum length of geodesics.
This restricts moduli space and renders the loop ampli-
tudes finite. We shall then show that the cutoff' h-loop
amplitude is bounded from below by h!, uniformly in the
cutoff'. The reason it makes sense to do this is that the
infrared divergences of the individual terms have nothing
to do with the h! growth of these terms and thus with the
divergence of the series. This is similar to the situation
in quantum field theory, where the divergences of pertur-
bation theory arise from diA'erent sources than the ultra-
violet divergences of individual terms in the series. We
are unfortunately unable to cope with the problems in-
troduced by fermionic degrees of freedom; after all, even
in ordinary field theory it is very hard to estimate the
divergences of perturbation theory in the presence of fer-
mions. We would expect, nonetheless, that a similar
divergence would arise in the case of the superstring or
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This is a signal of exponentially small, non-perturbative (NP) 
effects in the string coupling constant, coming from sectors 

of the theory which are invisible in a perturbative 
framework.

Introduction and motivation



We expect these NP effects to be closely related to D-
branes [Polchinski]. This expectation has been verified in detail 
in non-critical strings, where we have a good control of both 
perturbative and non-perturbative sectors [Martinec, Alexandrov-

Kazakov-Kutasov, …] [see Raghu Mahajan’s talk].

In this talk I will summarize recent progress in 
understanding NP effects for topological string theory 
on general Calabi-Yau (CY) manifolds. In line with the above 
expectations, we will see that the perturbative topological 
string free energies know secretly about the spectrum of 

BPS D-branes on the CY.



The tool

To describe the NP effects in the topological string, I will use 
the theory of resurgence.

The physics insight behind this theory is that the large order 
behavior of the perturbative series gives access to NP sectors 

[Bender, Wu, ’t Hooft, Parisi, Lipatov, Brezin, Zinn-Justin,…]. This insight is 
routinely used in QCD to obtain information on non-

perturbative effects (renormalon analysis). 

The reconstruction of NP sectors in the theory of resurgence 
is a well-defined mathematical problem, but in general hard to 

solve explicitly.



A crash course on resurgence

b'(⇣) =
X

n�0

an
n!

⇣n
Borel transform

'(z) =
X

n�0

anz
n

an ⇠ n!

The Borel transform of a 
factorially divergent series is 
analytic at the origin, and has 

singularities in the 
complex plane (poles, branch 

cuts).
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'!(z)local analysis of the 
Borel transform at 

the singularity
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new power series

Stokes constant

With this, we build up a non-perturbative amplitude or 
trans-series
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The resulting collection of trans-series, for all singularities, is 
called the resurgent structure of the original perturbative 

series         . It can be also obtained from the large order 
behaviour of this series.
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Enter topological strings

Let M be a Calabi-Yau (CY) threefold.  At each genus g one 
can consider the topological string free energy           , which 
depends on the moduli of the CY, given by “flat coordinates”X 
(I will often consider one-modulus CYs for simplicity, and I use 

the A-model picture)

At large X (“large radius”) this has an expansion encoding 
Gromov-Witten invariants of M, which “count” holomorphic 

curves of genus g and degree m:
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The flat coordinates and genus zero free energy can be 
computed in the mirror manifold       , as periods of the 
holomorphic 3-form over a symplectic basis of 3-cycles 

[Candelas-de la Ossa-Green-Parkes] 
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The total free energy is given by a factorially divergent 
expansion in the string coupling constant 
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Fg(X) ⇠ (2g)!



What is the resurgent structure of the topological string 
perturbative series?

We have to determine first the location of Borel 
singularities. For each of them, we have to determine the 

corresponding trans-series (including the Stokes constant)



Borel singularities and D-branes

The Borel singularities are (conjecturally) of the form , 
where    is a non-zero integer and  is the central charge of 

a BPS D-brane with charges   
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`A
<latexit sha1_base64="ur0m2W9BlVAKQr3QoBQ9o/0I/9E=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj14rGC/YA2lM120y7dbOLuRCihf8KLB0W8+ne8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecJxwP6IDJULBKFqpnXUZleR60iuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx274ScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uwys/EypJkSs2XxSmkmBMps+TvtCcoRxbQpkW9lbChlRThjaiog3BW3x5mTTPK161Ur2/KNdu8jgKcAwncAYeXEIN7qAODWAg4Rle4c15dF6cd+dj3rri5DNH8AfO5w+kbY+6</latexit>

A

<latexit sha1_base64="V8C8KYMIEgDL5GBDTrB+hj/fbN4=">AAACC3icbVDLSgMxFM3UV62vUZduQosgCGVGfG2EqiB2V8E+oJ0OmUzahmYyQ5IRyjB7N/6KGxeKuPUH3Pk3pu0stPVAwsk593JzjxcxKpVlfRu5hcWl5ZX8amFtfWNzy9zeacgwFpjUcchC0fKQJIxyUldUMdKKBEGBx0jTG16P/eYDEZKG/F6NIuIEqM9pj2KktOSaxaSDEYOX6QXE3Sqcvm5StwoPoa/vVrfqmiWrbE0A54mdkRLIUHPNr44f4jggXGGGpGzbVqScBAlFMSNpoRNLEiE8RH3S1pSjgEgnmeySwn2t+LAXCn24ghP1d0eCAilHgacrA6QGctYbi/957Vj1zp2E8ihWhOPpoF7MoArhOBjoU0GwYiNNEBZU/xXiARIIKx1fQYdgz648TxpHZfu0fHJ3XKpcZXHkwR4oggNggzNQAbegBuoAg0fwDF7Bm/FkvBjvxse0NGdkPbvgD4zPHzPpmJ0=</latexit>

A = cIFI + dIX
I

<latexit sha1_base64="MD8mDJJ8yBvJpeXLwTJAdz6PfEk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbSbt0dxN2N0IJ/QtePCji1T/kzX/jps1Bqw8GHu/NMDMvTDjTxvO+nNLa+sbmVnm7srO7t39QPTzq6DhVFNs05rHqhUQjZxLbhhmOvUQhESHHbji9zf3uIyrNYvlgZgkGgowlixglJpcGyPmwWvPq3gLuX+IXpAYFWsPq52AU01SgNJQTrfu+l5ggI8owynFeGaQaE0KnZIx9SyURqINscevcPbPKyI1iZUsad6H+nMiI0HomQtspiJnoVS8X//P6qYmug4zJJDUo6XJRlHLXxG7+uDtiCqnhM0sIVcze6tIJUYQaG0/FhuCvvvyXdC7qfqPeuL+sNW+KOMpwAqdwDj5cQRPuoAVtoDCBJ3iBV0c4z86b875sLTnFzDH8gvPxDRD4jkY=</latexit>

`

Therefore, the Borel singularities give us the spectrum of 
stable D-branes! Note the “multi-covering” structure:

<latexit sha1_base64="ZD8Fj1rtG4R/bBVdtc2lmkwEqJ8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3xdYx68RjBPCBZwuxkNhkyO7vO9AphyU948aCIV3/Hm3/jJNmDJhY0FFXddHcFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwduI3n7g2IlYPOEq4H9G+EqFgFK3UyjqMSnI97pbKbsWdgiwSLydlyFHrlr46vZilEVfIJDWm7bkJ+hnVKJjk42InNTyhbEj7vG2pohE3fja9d0yOrdIjYaxtKSRT9fdERiNjRlFgOyOKAzPvTcT/vHaK4ZWfCZWkyBWbLQpTSTAmk+dJT2jOUI4soUwLeythA6opQxtR0Ybgzb+8SBqnFe+icn5/Vq7e5HEU4BCO4AQ8uIQq3EEN6sBAwjO8wpvz6Lw4787HrHXJyWcO4A+czx+kG4+5</latexit>

A

<latexit sha1_base64="rFAJGGO9M2SG/89WW0MdJYX1aVs=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKewGX8eoF48RzEOSJcxOZpMhM7PLzKwQlv0KLx4U8ernePNvnCR70MSChqKqm+6uIOZMG9f9dgorq2vrG8XN0tb2zu5eef+gpaNEEdokEY9UJ8CaciZp0zDDaSdWFIuA03Ywvp367SeqNIvkg5nE1Bd4KFnICDZWeqylPYI5us765YpbdWdAy8TLSQVyNPrlr94gIomg0hCOte56bmz8FCvDCKdZqZdoGmMyxkPatVRiQbWfzg7O0IlVBiiMlC1p0Ez9PZFiofVEBLZTYDPSi95U/M/rJia88lMm48RQSeaLwoQjE6Hp92jAFCWGTyzBRDF7KyIjrDAxNqOSDcFbfHmZtGpV76J6fn9Wqd/kcRThCI7hFDy4hDrcQQOaQEDAM7zCm6OcF+fd+Zi3Fpx85hD+wPn8ARZ0j/U=</latexit>

2A

<latexit sha1_base64="erXVSUlBC3lyWotjJD5bG1KGYiI=">AAAB8HicbVDLTsMwENyUVymvAkcuFhUSpyrhfSxw4Vgk+kBtVDmu01q1nch2kKooX8GFAwhx5XO48Te4bQ7QMtJKo5ld7e4EMWfauO63U1haXlldK66XNja3tnfKu3tNHSWK0AaJeKTaAdaUM0kbhhlO27GiWASctoLR7cRvPVGlWSQfzDimvsADyUJGsLHS42naJZij66xXrrhVdwq0SLycVCBHvVf+6vYjkggqDeFY647nxsZPsTKMcJqVuommMSYjPKAdSyUWVPvp9OAMHVmlj8JI2ZIGTdXfEykWWo9FYDsFNkM9703E/7xOYsIrP2UyTgyVZLYoTDgyEZp8j/pMUWL42BJMFLO3IjLEChNjMyrZELz5lxdJ86TqXVTP788qtZs8jiIcwCEcgweXUIM7qEMDCAh4hld4c5Tz4rw7H7PWgpPP7MMfOJ8/GACP9g==</latexit>

3A

<latexit sha1_base64="Kh6u97tzbCGGqzWSW5Q4itXg4LI=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBahgpREpHoserG3CvYD21g2m027dLMJuxuhhP4LLx4U8eq/8ea/cdvmoK0PBh7vzTAzz4s5U9q2v63cyura+kZ+s7C1vbO7V9w/aKkokYQ2ScQj2fGwopwJ2tRMc9qJJcWhx2nbG91M/fYTlYpF4l6PY+qGeCBYwAjWRnook8f6GfL79dN+sWRX7BnQMnEyUoIMjX7xq+dHJAmp0IRjpbqOHWs3xVIzwumk0EsUjTEZ4QHtGipwSJWbzi6eoBOj+CiIpCmh0Uz9PZHiUKlx6JnOEOuhWvSm4n9eN9HBlZsyESeaCjJfFCQc6QhN30c+k5RoPjYEE8nMrYgMscREm5AKJgRn8eVl0jqvONVK9e6iVLvO4sjDERxDGRy4hBrcQgOaQEDAM7zCm6WsF+vd+pi35qxs5hD+wPr8AaQlj5w=</latexit>

(cI , dI)



Non-perturbative amplitudes

The trans-series can be derived in closed form from the BCOV 
holomorphic anomaly equations [Gu-KashaniPoor-Klemm-M.M.], as 
first suggested by [Couso-Edelstein-Schiappa-Vonk]. Except for the 

Stokes constant, they only involve perturbative data!

This is similar to eigenvalue tunneling in matrix models, 
suggesting that the the CY periods  are quantized in 
units of the string coupling constant, as in large N dualities

<latexit sha1_base64="Od7OgfIq2mw++FzDMEwqcRai6c4=">AAAB6nicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx60VtEs0Ayhp5OTdKkp2fo7hHCkE/w4kERr36RN//GznLQxAcFj/eqqKoXJIJr47rfTm5peWV1Lb9e2Njc2t4p7u7VdZwqhjUWi1g1A6pRcIk1w43AZqKQRoHARjC4HvuNJ1Sax/LBDBP0I9qTPOSMGivdNx9vO8WSW3YnIIvEm5ESzFDtFL/a3ZilEUrDBNW65bmJ8TOqDGcCR4V2qjGhbEB72LJU0gi1n01OHZEjq3RJGCtb0pCJ+nsio5HWwyiwnRE1fT3vjcX/vFZqwks/4zJJDUo2XRSmgpiYjP8mXa6QGTG0hDLF7a2E9amizNh0CjYEb/7lRVI/KXvn5bO701LlahZHHg7gEI7BgwuowA1UoQYMevAMr/DmCOfFeXc+pq05ZzazD3/gfP4AAQuNoQ==</latexit>

XI

<latexit sha1_base64="9R2/Wc2vhHI57cA9CXoVHkRfPug="></latexit>

�A = SA
�
1 + gsc

J@JF (XI � gsc
I)
�
eF (XI�gsc

I)�F (XI)

For           one finds the “one-instanton” amplitude 
(when            )   

<latexit sha1_base64="jfFpppARsVoZ07Q0u6bt621YITk=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRrN9mwuxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTS1TxbDBpJCqHVCNgsfYMNwIbCcKaRQIbAWj26nfekKluYwfzDhBP6KDmIecUWOlZheFuPZ6pbJbcWcgy8TLSRly1Hulr25fsjTC2DBBte54bmL8jCrDmcBJsZtqTCgb0QF2LI1phNrPZtdOyKlV+iSUylZsyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhlZ/xOEkNxmy+KEwFMZJMXyd9rpAZMbaEMsXtrYQNqaLM2ICKNgRv8eVl0jyveNVK9f6iXLvJ4yjAMZzAGXhwCTW4gzo0gMEjPMMrvDnSeXHenY9564qTzxzBHzifPwUEjsg=</latexit>

` = 1
<latexit sha1_base64="UiNJ6BGqn7HnNgauERkbty496fE=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh6EVvFUxbaEPZbDbt0t1N2N0IJfQ3ePGgiFd/kDf/jds2B60+GHi8N8PMvDDlTBvX/XJKK6tr6xvlzcrW9s7uXnX/oK2TTBHqk4QnqhtiTTmT1DfMcNpNFcUi5LQTjm9mfueRKs0S+WAmKQ0EHkoWM4KNlfxocHflDqo1t+7Ogf4SryA1KNAaVD/7UUIyQaUhHGvd89zUBDlWhhFOp5V+pmmKyRgPac9SiQXVQT4/dopOrBKhOFG2pEFz9edEjoXWExHaToHNSC97M/E/r5eZ+DLImUwzQyVZLIozjkyCZp+jiClKDJ9Ygoli9lZERlhhYmw+FRuCt/zyX9I+q3uNeuP+vNa8LuIowxEcwyl4cAFNuIUW+ECAwRO8wKsjnWfnzXlftJacYuYQfsH5+AYGlI4w</latexit>

dI = 0



The “multi-instanton” trans-series can be also obtained in 
closed form [Iwaki-M.M., Alexandrov-M.M.-Pioline]. It can be regarded 

as Ecalle’s “Stokes automorphism” through the ray of 
singularities.

It turns out to be closely related to Kontsevich-Soibelman 
automorphisms through BPS rays, and to the geometry of 
hypermultiplet moduli space [Alexandrov, Persson, Pioline, Coman, 

Longhi, Teschner, …]

<latexit sha1_base64="ZD8Fj1rtG4R/bBVdtc2lmkwEqJ8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3xdYx68RjBPCBZwuxkNhkyO7vO9AphyU948aCIV3/Hm3/jJNmDJhY0FFXddHcFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwduI3n7g2IlYPOEq4H9G+EqFgFK3UyjqMSnI97pbKbsWdgiwSLydlyFHrlr46vZilEVfIJDWm7bkJ+hnVKJjk42InNTyhbEj7vG2pohE3fja9d0yOrdIjYaxtKSRT9fdERiNjRlFgOyOKAzPvTcT/vHaK4ZWfCZWkyBWbLQpTSTAmk+dJT2jOUI4soUwLeythA6opQxtR0Ybgzb+8SBqnFe+icn5/Vq7e5HEU4BCO4AQ8uIQq3EEN6sBAwjO8wpvz6Lw4787HrHXJyWcO4A+czx+kG4+5</latexit>

A

<latexit sha1_base64="rFAJGGO9M2SG/89WW0MdJYX1aVs=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKewGX8eoF48RzEOSJcxOZpMhM7PLzKwQlv0KLx4U8ernePNvnCR70MSChqKqm+6uIOZMG9f9dgorq2vrG8XN0tb2zu5eef+gpaNEEdokEY9UJ8CaciZp0zDDaSdWFIuA03Ywvp367SeqNIvkg5nE1Bd4KFnICDZWeqylPYI5us765YpbdWdAy8TLSQVyNPrlr94gIomg0hCOte56bmz8FCvDCKdZqZdoGmMyxkPatVRiQbWfzg7O0IlVBiiMlC1p0Ez9PZFiofVEBLZTYDPSi95U/M/rJia88lMm48RQSeaLwoQjE6Hp92jAFCWGTyzBRDF7KyIjrDAxNqOSDcFbfHmZtGpV76J6fn9Wqd/kcRThCI7hFDy4hDrcQQOaQEDAM7zCm6OcF+fd+Zi3Fpx85hD+wPn8ARZ0j/U=</latexit>

2A

<latexit sha1_base64="erXVSUlBC3lyWotjJD5bG1KGYiI=">AAAB8HicbVDLTsMwENyUVymvAkcuFhUSpyrhfSxw4Vgk+kBtVDmu01q1nch2kKooX8GFAwhx5XO48Te4bQ7QMtJKo5ld7e4EMWfauO63U1haXlldK66XNja3tnfKu3tNHSWK0AaJeKTaAdaUM0kbhhlO27GiWASctoLR7cRvPVGlWSQfzDimvsADyUJGsLHS42naJZij66xXrrhVdwq0SLycVCBHvVf+6vYjkggqDeFY647nxsZPsTKMcJqVuommMSYjPKAdSyUWVPvp9OAMHVmlj8JI2ZIGTdXfEykWWo9FYDsFNkM9703E/7xOYsIrP2UyTgyVZLYoTDgyEZp8j/pMUWL42BJMFLO3IjLEChNjMyrZELz5lxdJ86TqXVTP788qtZs8jiIcwCEcgweXUIM7qEMDCAh4hld4c5Tz4rw7H7PWgpPP7MMfOJ8/GACP9g==</latexit>

3A



Stokes constants are conjecturally given by Donaldson-Thomas 
(DT) invariants, counting the multiplicity of BPS states

Stokes constants as BPS invariants

There is direct and indirect evidence for these conjectures. 
For example, the Gopakumar-Vafa formula implies that near 

the large radius point, D2-D0 bound states lead to Borel 
singularities with the above Stokes constant [Pasquetti-Schiappa, 

Alim-Tulli-Teschner, Gu-KashaniPoor-Klemm-M.M.].

<latexit sha1_base64="CDoW6Z5QRufvnbuPYzq1soKhyBk="></latexit>

SA =
⌦(cI , dI)

2⇡
<latexit sha1_base64="V8C8KYMIEgDL5GBDTrB+hj/fbN4=">AAACC3icbVDLSgMxFM3UV62vUZduQosgCGVGfG2EqiB2V8E+oJ0OmUzahmYyQ5IRyjB7N/6KGxeKuPUH3Pk3pu0stPVAwsk593JzjxcxKpVlfRu5hcWl5ZX8amFtfWNzy9zeacgwFpjUcchC0fKQJIxyUldUMdKKBEGBx0jTG16P/eYDEZKG/F6NIuIEqM9pj2KktOSaxaSDEYOX6QXE3Sqcvm5StwoPoa/vVrfqmiWrbE0A54mdkRLIUHPNr44f4jggXGGGpGzbVqScBAlFMSNpoRNLEiE8RH3S1pSjgEgnmeySwn2t+LAXCn24ghP1d0eCAilHgacrA6QGctYbi/957Vj1zp2E8ihWhOPpoF7MoArhOBjoU0GwYiNNEBZU/xXiARIIKx1fQYdgz648TxpHZfu0fHJ3XKpcZXHkwR4oggNggzNQAbegBuoAg0fwDF7Bm/FkvBjvxse0NGdkPbvgD4zPHzPpmJ0=</latexit>

A = cIFI + dIX
I



Applications

One can associate topological string free energies to Seiberg-
Witten curves of N=2 theories. Their resurgent structure 
leads to a new approach to obtain the BPS spectra of these 

theories [M.M.-Schwick]

The results for the non-perturbative amplitudes apply also to 
multi-cut Hermitian matrix models. They lead to new 

results for large N instantons in these models, beyond 
conventional eigenvalue tunneling [M.M.-Miravitllas]



Generalizations
The refined topological string can be regarded as a 

deformation of the conventional one by a parameter          , and 
all the results above generalize naturally [Alexandrov-M.M.-Pioline, 

Grassi-Hao-Neitzke]

One can also obtain results for the resurgent structure of 
Walcher’s real topological string. BPS invariants counting disks 

arise as Stokes constants [M.M.-Schwick]

<latexit sha1_base64="MNIwRRMrdI7KtvkYxJrcBC6phrw=">AAAB/HicbVDLSsNAFL3xWesr2qWbwVJwVRKR6rLqxmUF+4AmlMl00g6dPJiZCCHEX3HjQhG3fog7/8ZpmoW2HrhwOOde5szxYs6ksqxvY219Y3Nru7JT3d3bPzg0j457MkoEoV0S8UgMPCwpZyHtKqY4HcSC4sDjtO/Nbud+/5EKyaLwQaUxdQM8CZnPCFZaGpk1J8BqKv3My1HmEMzRdT4y61bTKoBWiV2SOpTojMwvZxyRJKChIhxLObStWLkZFooRTvOqk0gaYzLDEzrUNMQBlW5WhM9RQytj5EdCT6hQof6+yHAgZRrofI0i6rI3F//zhonyr9yMhXGiaEgWD/kJRypC8ybQmAlKFE81wUQwnRWRKRaYKN1XVZdgL395lfTOm3ar2bq/qLdvyjoqcAKncAY2XEIb7qADXSCQwjO8wpvxZLwY78bHYnXNKG9q8AfG5w+EP5Sy</latexit>

bA
<latexit sha1_base64="WMn5EsoybLbdJMV/K4SLrxJvNpM=">AAAB/XicbVDLSsNAFL3xWesrPnZuBkvBVU1EqsuqG5cV7AOaUCbTSTt08mBmItQQ/BU3LhRx63+482+cpllo64ELh3PuZc4cL+ZMKsv6NpaWV1bX1ksb5c2t7Z1dc2+/LaNEENoiEY9E18OSchbSlmKK024sKA48Tjve+Gbqdx6okCwK79Ukpm6AhyHzGcFKS33zMHUI5ugqO3UCrEbST70M9c2KVbNyoEViF6QCBZp988sZRCQJaKgIx1L2bCtWboqFYoTTrOwkksaYjPGQ9jQNcUClm+bpM1TVygD5kdATKpSrvy9SHEg5CXSuah5x3puK/3m9RPmXbsrCOFE0JLOH/IQjFaFpFWjABCWKTzTBRDCdFZERFpgoXVhZl2DPf3mRtM9qdr1WvzuvNK6LOkpwBMdwAjZcQANuoQktIPAIz/AKb8aT8WK8Gx+z1SWjuDmAPzA+fwDym5Tr</latexit>

A/b

<latexit sha1_base64="sG+O+dD8cG8Mk1bzBlPkHeDxMcI=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAUXJWkSHVZdeOygn1AE8pkOmmHTh7MTIQSAv6KGxeKuPU73Pk3TtMstPXAhcM59zJnjhdzJpVlfRultfWNza3ydmVnd2//wDw86sooEYR2SMQj0fewpJyFtKOY4rQfC4oDj9OeN72d+71HKiSLwgc1i6kb4HHIfEaw0tLQPGkgJ8BqIv3Uy1DqEMzRdTY0q1bdyoFWiV2QKhRoD80vZxSRJKChIhxLObCtWLkpFooRTrOKk0gaYzLFYzrQNMQBlW6ax89QTSsj5EdCT6hQrv6+SHEg5SzQ+Wp51GVvLv7nDRLlX7kpC+NE0ZAsHvITjlSE5l2gEROUKD7TBBPBdFZEJlhgonRjFV2CvfzlVdJt1O1mvXl/UW3dFHWU4RTO4BxsuIQW3EEbOkAghWd4hTfjyXgx3o2PxWrJKG6O4Q+Mzx9RLpUY</latexit>

2bA
<latexit sha1_base64="dmJa9YLE8D11WxmR4ObS/pPUPgw=">AAAB/nicbVDLSsNAFL3xWesrKq7cDJaCq5oUqS6rblxWsA9oQplMJ+3QyYOZiVBCwF9x40IRt36HO//GaZqFth64cDjnXubM8WLOpLKsb2NldW19Y7O0Vd7e2d3bNw8OOzJKBKFtEvFI9DwsKWchbSumOO3FguLA47TrTW5nfveRCsmi8EFNY+oGeBQynxGstDQwj+upQzBH19m5E2A1ln7qZWhgVqyalQMtE7sgFSjQGphfzjAiSUBDRTiWsm9bsXJTLBQjnGZlJ5E0xmSCR7SvaYgDKt00j5+hqlaGyI+EnlChXP19keJAymmgc1XziIveTPzP6yfKv3JTFsaJoiGZP+QnHKkIzbpAQyYoUXyqCSaC6ayIjLHAROnGyroEe/HLy6RTr9mNWuP+otK8KeoowQmcwhnYcAlNuIMWtIFACs/wCm/Gk/FivBsf89UVo7g5gj8wPn8AZ4OVJw==</latexit>

2A/b

<latexit sha1_base64="LZAe2XYAvtwRPQQjFfVzVA/dIn4=">AAAB+XicbVBNSwMxFHxbv2r9WvXoJVgET2VXpHoRil48VrC20C0lm2bb0GyyJNlCWfpPvHhQxKv/xJv/xnS7B20dCAwz7/EmEyacaeN5305pbX1jc6u8XdnZ3ds/cA+PnrRMFaEtIrlUnRBrypmgLcMMp51EURyHnLbD8d3cb0+o0kyKRzNNaC/GQ8EiRrCxUt91gxibkY6ycBYIaW78vlv1al4OtEr8glShQLPvfgUDSdKYCkM41rrre4npZVgZRjidVYJU0wSTMR7SrqUCx1T3sjz5DJ1ZZYAiqewTBuXq740Mx1pP49BO5jmXvbn4n9dNTXTdy5hIUkMFWRyKUo6MRPMa0IApSgyfWoKJYjYrIiOsMDG2rIotwV/+8ip5uqj59Vr94bLauC3qKMMJnMI5+HAFDbiHJrSAwASe4RXenMx5cd6dj8VoySl2juEPnM8fn56Tqg==</latexit>

b 6= 1



Conclusions

Non-perturbative aspects of the topological string can be 
explored with the theory of resurgence. The large order 

behavior of the string perturbative series contains information 
about the D-brane spectrum. 

This physical insight leads to precise mathematical conjectures 
connecting the analytic properties of the topological string, to 

BPS counting through Donaldson-Thomas invariants. 



Can we prove some of these conjectures? Can we exploit 
ideas and techniques of resurgence to actually compute BPS 
degeneracies? (so far most of the non-trivial computations 

have been numerical).

Trans-series, once Borel-resummed, give proposals for non-
perturbative definitions of the theory. Can this be done here? 

Are we missing additional NP sectors? 

Can these ideas be extended to more general string theories 
and/or large N theories?



Thank you for your attention!


