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What are the symmetries of Nature?

here: approximate our world by A = 0



Symmetries in the infrarea

Gauge theory and gravity in D = 4 spacetime dimensions: rich infrared

structure of co-dimensional symmetries underlying dynamical processes.

Infrared divergences in conventional S-matrix elements:
violation of the conservation laws associated with these symmetries.
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Symmetries in the infrarea

Gauge theory and gravity in D = 4 spacetime dimensions: rich infrared

structure of co-dimensional symmetries underlying dynamical processes.

Infrared divergences in conventional S-matrix elements:

violation of the conservation laws associated with these symmetries.

» Can we identify all infrared = large-distance / low-energy symmetries?

» Cornerstone for holographic principle!

Quantum
Gravity

dual
boundary
theory?



Celestial holography

.t 2d celestial CFT

‘‘‘‘‘‘

4d Quantum
Gravity

~
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4d Quantum Gravity

in asymptotically flat spacetimes

2d "Celestial CFT"

~
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Symmetry & observables

symmetry:
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symmetry:

Lorentz group in Euclidean conformal

a

D=d+2 dimensions group in d dimensions

basic observables in flat space:

S-matrix

|p,-> = |a)ia xl->

energy basis

Standard amplitudes

(p*...|S|...p"

translation symmetry



Symmetry & observables

symmetry:

Lorentz group in Euclidean conformal

a

D=d+2 dimensions group in d dimensions

Sd
basic observables in flat space: £ =
S-matrix o
s
|p:) = @i, x;) ﬂe”m > | A x;)
energy basis ‘wdwwA—l boost-weight basis
0
Standard amplitudes Celestial amplitudes
out in — +
pr S p) <@A1(X1)---@An(xn)>
translation symmetry Lorentz symmetry

]

global conformal symmetry



Asymptotic symmetries

. S2

"Large" gauge/diffeo transformations that
preserve the boundary conditions of the fields,
i.e. their large-distance fall-offs.




Asymptotic symmetries

. S2

"Large" gauge/diffeo transformations that
preserve the boundary conditions of the fields,
i.e. their large-distance fall-offs.

gravity: mass

}

ds?=—(1+..)du?> -2+ ...)dudr

angular momentum

l A,B=12z7Z

(... )dudx?

+(*y g+ 1 Cyp + .. )dx dx®

f

= Bondi news NAB — auCAB




Asymptotic symmetries

. S2

"Large" gauge/diffeo transformations that
preserve the boundary conditions of the fields,
i.e. their large-distance fall-offs.

gravity:

Find & such that ffé:g/w ~ (0 a r— 0.

|

O(1/r")

Unlike gauge redundancies, asymptotic
symmetries act non-trivially on the

physical data — non-zero charges.



,Z2)0
The symmetries of asymptotically . (Z 2) U
flat space are not just Poincaré ~ SU pertra nslatlons

but an infinite extension! 2,2
BMS group
soft graviton theorem displacement memory effect

W, o o WL
— soft pole X »i P> i >

energy — 0



IR triangle

supertranslations,

superrotations, ... asymptotic symmetry

extended / generalized

BMS group
soft theorem memory effect
»~! leading soft graviton, displacement,

»" subleading soft graviton, ... spin, ...



IR triangle

supertranslations,
superrotations, ...

|

local conformal

asymptotic symmetry

symmetry on S? |

just what we need

for CCFT :-)
soft theorem memory effect
»~! leading soft graviton, displacement,

»" subleading soft graviton, ... spin, ...



IR triangle

superphaserotation, ... asymptotic symmetry

soft theorem memory effect

»~! leading soft photon, ... electromagnetic kick, ...



oo |R triangle

(for projected S-matrix)

asymptotic symmetry

soft theorem memory effect

a)n

n=-1,0,1,...



3 bases for the infrared
boost weight

A

asymptotic symmetry

soft theorem memory effect
energy null time

), Uu



3 bases for the infrared
boost weight

A

asymptotic symmetry

%ellin gght-ray
ﬂ(.):dewwﬁ—l(.) sz(.):[ ooduu_A(.)
0 —00
soft theorem S ourier  Mmemory effect

energy null time

+00
a) F(.)= "_oo due'"(.) l/l



Celestial CFT,

celedlial diamondd. azz‘/\? 0.

/\ .
I primary
I
/’ I primary
. descendant
primary
. o]
conservation —# N II /
equation 0"0(z,z) =0 primary 11
T descendant v

# depends on types |, II, lll: spin of descendant >,<,= spin of parent primary

"""""
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Celestial CFT,

celedlial diamondd. 029 N9 =0

/\ .
I primary
I
/’ I primary
: descendant
primary
. o]
conservation N 11 /
equation 0"0(z,z) =0 primary 11
T descendant v
# depends on types |, II, lll: spin of descendant >,<,= spin of parent primary

aravity: (0, (x) with A = 1,0 generate extended BMS symmetries!

N

supertranslations superrotations: shadow of 0,_,, is CCFT, stress tensor

Classification of all celestial symmetries in CCFT .

"""""

d=2
d>?2



Celestial CFT, ¢

celedlial diamondd. 029 N0 =0

/\ .
I primary
I
/’ 11 primary
: descendant
primary
. o]
conservation N 11 /
equation 0"0(z,z) =0 primary 11
T descendant v
# depends on types |, II, lll: spin of descendant >,<,= spin of parent primary

aravity: (0, (x) with A = 1,0 generate extended BMS symmetries!

N

supertranslations superrotations: shadow of 0,_,, is CCFT, stress tensor

Classification of all celestial symmetries in CCFT 4,. d=2
B d>?2

d=2: O (x) with A = 1,0, — 1,... satisty co dimensional algebra!

Arises in Penrose's

ravity: w
9 Y- Witeo twistor construction!



IR triangle

co-dimensional
symmetry algebra

asymptotic symmetry

O local conformal

symmetry on S? :

soft theorem memory effect



IR triangle @ tree!

co-dimensional
symmetry algebra

asymptotic symmetry

O local conformal

symmetry on S? :

soft theorem memory effect



IR triang\e @ loop ?

co-dimensional
symmetry algebra

asymptotic symmetry

O local conformal
symmetry on S? ?

some progress in

based on 1-loop result

soft theorem memory effect



long-range

|R trlaﬂg‘e @ IR effects

classical and quantum
oo-dimensional ?
symmetry algebra

asymptotic g symmetry

O local conformal
symmetry on S? ?

logarithmic soft theorem tail memory effect



long-range

|R trlaﬂg‘e @ IR effects

classical and quantum
oo-dimensional ?
symmetry algebra

asymptotic g symmetry

O local conformal
symmetry on S? ?

2
£

logs render ambiguous
all subleading tree-level
soft theorems

T

logarithmic soft theorem tail memory effect

»-! leading soft
log w subleading soft



Power-law soft theorems

Tree-level amplitudes in (scalar) QED and gravity admit a soft expansion:

hard momenta helicity oo
‘%N+1(p19-”9pN;(a)9Q9l’ﬂ)): 2 a)nSn({pl}a(qaf))%N(pla9pN)+
soft momentum n=-—1 T

D non-universal *

Pl = wq"(z,2)

n=-1 S—l Weinberg (leading) soft factor giii%?;;
[n =0 SO subleading tree soft factor ]
n>0 Sn>0 sub™! leading tree soft factors

* see for

classification in EFT of massless particles



Logarithmic Soft Theorems

Long-range effects yield novel soft theorems:

hard momenta helicity o0

'%N+](pla 9pNa (a)a Q9 f)) — Z a)l’l(ln a))n+1 S}glnw)({pi}a (Qa f))%N(pla 9pN) + ...

soft momentum n=-—1

D non-universal

p/’l — a)q”(z’ Z) ~ a)n(ln a))m;én+l

n=-1 Sﬁl? ®) = S_{ Weinberg (leading) soft factor ;riiis)e(f;;

1-]
[n =0 Séln ) =+ S() leading log soft factor] &mﬁ,:gft

nw)

n>0 S,,(ll>o 85,50 sub” leading log soft factor

s the universality of the loop exact logarithmic soft theorems a
consequence of asymptotic symmetries of the S-matrix ?



Asymptotic symmetries
for
logarithmic soft theorems



Charge conservation law

To establish a symmetry interpretation for a soft theorem from
first principles: for asymptotic symmetry transformations o

compute charges O~ from the symplectic structure
Qiiuji (5, 5/) — 5,Qi

in the covariant phase space formalism and show that the
charge conservation law

Q" =0"

corresponds to the soft theorem.



hyperbolic
slices Z

blow-up of i*:

54

Structure at oo

Euclidean AdS; coordinates

(T710’ 'x) 2

r
T=\t’-r* P=

(u,r, x)
+/-

A/ 12— 12

retarded Bondi coordinates

u=1t—r

-

Qi 7+(8,6) =507
/N

limit 7 — oo at fixed p limit r - oo at fixed u
+ +
+ —
QH + QS — Q
hard charge soft charge

\_




Structure at oo

blow-up of i*:
: Euclidean AdS; coordinates

/— (7 p, %) 2_ 2 —
T=\t"—r P N

retarded Bondi coordinates

)/- (l/t,l’,x) u=r1t—r
+

hyperbolic
slices Z

54

-

Qjry.g+(6,6) =607
< /N

! limit 7 = oo at fixed p limit r = oo at fixed u
-
+ Q+ + — Q+
H + 0O
hard charge soft charge

\_

l in soft theorem l

l action on hard matter soft insertion



Log symmetry for gravity

Effective quantum theory of linear metric perturbations

8w = My T KNy, k = /327Gy

+ minimally coupled massive real scalar field ¢



Soft graviton tactor

. 1 K Al Eﬂyp,-ﬂpf/ p}'... hard momenta
Leadlng soft factor ~ —: S_l — Z p* = wg”... soft momentum
a 2 i—1 q - D e!*...soft graviton polarization
| ; ix < €,0l'q 7"
Subleading soft factor ~ w": Sop=——

2 i1 4 Pi

\ ambiguous if long-

range IR effects



Soft graviton factor

1
Leading soft factor ~ —:
0,

Subleading soft factor ~ In w: S(lna))

,/P, pl p!... hard momenta
— E , p! = wq"... soft momentum
i—1 q - P e*...soft graviton polarization
¢(Inw) ¢(Inw)
0,classical 0,quantum

late time gravitational radiation from

classical: particle acceleration via long-range
gravitational interaction
. KN\3 )| pkEp? — pkp? 2
(Inw) _1(5) igﬂupf% Z (P pf)[plpf p]pl] [2(1?] p]) 3p,p]]
0,classical QT q - p; 3/2
i=1 b= [(Pi - P))* — D7 Pj2]
q Uua ntU m: Dgofy K a)loop <K Wy
(1-loop) ( \
K\3 . D. . p.)? = pip?
S(lna)) o (3) i gluppipqu ,uav B I/a,u 2(pl p])z _plzpjz | pl pJ + \/(pl p]) pl p]
0,quantum 1672 qg-p: P; Op, = P; 9, Z 5 5 i 5 )
i=1 i j#i \/ (pi - P)* — P{pf) \pi ‘pj— \/ (p; - P))” — pip;

J



Soft graviton factor

1 ypl pl p!... hard momenta
Leading soft factor ~ —: — E , p! = wg"... soft momentum
(Y i—1 q - D et ...soft graviton polarization

S(ln ) __ S(ln ) S(ln )

0,classical 0,quantum

Subleading soft factor ~ In w:

late time gravitational radiation from
classical: particle acceleration via long-range
gravitational interaction

- . Kl — pHhnP 2
o i(5) X e,.plq, (p; - py) [pi p; —p; D ] [2(19, p)’> = 3p;p; ] ]
S0.classical — Z Z g
,classica QT ' q-p;i 3/2
i=1 j#mm=1 [(pl- - pj)? —p?pﬁ]
q Ua ntU m: Dot K Dgop K Dparg DR K D)pop K Dy
(1-loop)

( )

2 2.2
(5) & e pPrq pi’Pj"‘\/(Pi'Pj) —Pi P
(In w) _ 2 upt-r 1v B
SO,glzntum o 16 71.2 2 ( llu a;l pP iyagl> In + drag

3 2(p; - p)* — PP}
-1 4P J#i \/(Pz Pj)z % PJZ) Pi*Pj— \/(pi 'pj)z —p,-2pj2
\

J



Soft graviton factor

1 yp, pl p!... hard momenta
Leading soft factor ~ —: — E , p! = wg"... soft momentum
(Y i—1 q - Pi et ...soft graviton polarization

S(ln ) __ S(ln ) S(ln )

0,classical 0,quantum

Subleading soft factor ~ In w:

late time gravitational radiation from
classical: particle acceleration via long-range
gravitational interaction

-
K ) Kl — ol P 2
o i(5) X e,.plq, (p; - ) [pi p; —p; D ] [2(19, p)’> = 3p;p; ] ]
S0.classical — Z Z g
,classica 8 4 qg-p; . 3/2
i=1 sl [(Pi - pj)* — pf Pj2]
\_ Y,
q ua ntU m: Wy <K D1o0p <K Whyrg R K D1o0p < Wy ¢
(1-loop)

(
K\3 2 2.2 oD, o) = p2p2
S(lna)) _ (2) igﬂppipqu ﬂav B I/aﬂ Z 2(plp]) _plp] 1 pl p]+\/(pl p]) pl p] d
Oquantum g2 q-p P; Op, = P; 9, T S n > — + drag
=1 i j#i \/ (pi - P)* — P{pf) pi'pj—\/ (p; - P))” — pip;

\

)

J



Symmetry @ iT U ST

x4 e S?

y'=(pxhYex

-

-+ . :

l Superrotation across it U S
hyperbolic
slices Z j-l_ : YA(X) 5g/w - gYA Suv

vector Green's function
i+ D 7 = d?x G*(v: x)YA _ Vo
(y) xGi(y; )Y (x) 6 = Y%, ¢
S2
\

Superrotation vector field extends
smoothly across it U .#+.




Phase space @i™ U F™

x4 e §?
=(p.xHex

.t é . . )

: Asymptotic phase spaceonit U /"

hyperbolic
slices #

T+ Cup, ) = CHP() + =G + .

|
= lim —h, z(u, 1, x) T T
r—-oo
displacement memory tail

/“ sourced by matter stress tensor
1

o | it h@y) = Shel)

VI SRl b h
(p(T9 y) — 2(2][)3/2 T%-Fn n(y) nz -+ n(y) + .C.
=0 t t ...
L lbn and b, , forn > 0 fixed by b = b, y

. = Tails and logs from long-range interactions.



Gravity: hard and soft charges

Qjryg+ = Qe + Qg

Q — QH + QS superrotation

hard charge soft charge



Gravity: hard and soft charges

diverges —— Qi+uf+ — Qi+ + Qj+
logarithmically as l l Q. +8,5) =80
(TUS TN — +

T— 00, U > OO l

Q — QH + QS superrotation

hard charge soft charge



Gravity: hard and soft charges

diverges —— Qi+uf+ — Qi+ + Qj+
logarithmically as l l Q / /
=050, 0) = 00,

T— 00, U > OO l

l Q — QH + QS superrotation

regulate via late-time hard charge  soft charge

cutoff A~!



Gravity: hard and soft charges

[Choi,Laddha,AP'24]
Qi+uj+ —_ Qi+ + Qj+
l l Q... +(8,8) =650,

Q — QH + QS superrotation

) hard charge soft charge
Regularized Noether charge:

4 )

\ Y,

D, is the covariant derivative on S 2



Finite charge
0 =mnA~t (Qiv+ o) + (0%

Conservation law:

Upon identifying the fields and

Q_E_O) — QSO) gauge parameter antipodally:




Finite charge

O =InA~! (Qg“) + Qg“)) + (Qg)) +

Conservation law:

Upon identifying the fields and

Q_E_O) — QSO) gauge parameter antipodally:

judicious choice of
superrotation Y2 (x)

Tree-level subleading soft graviton theorem:

e%N_|_1 — <0)_1 S—l - a)o SO) ﬂN L tree-level soft expansion



Finite charge

O =InA~! <an) + Qg“)) + (Qg)) +

Conservation law:

Upon identifying the fields and

Q_E_O) — QSO) gauge parameter antipodally:

judicious choice of
superrotation Y2 (x)

Tree-level subleading soft graviton theorem:

e%N_|_1 — <0)_1 S—l - a)O SO) %N L tree-level soft expansion

Recall: IR effects render subleading soft theorem at tree-level ambiguous.



L ogarithmic charge
0" = 1n A~ (GG + (00 +00) + ..

i — Q(ln)
Conservation law: —

Upon identifying the fields and

QEH) — an) gauge parameter antipodally:




| ogarithmic charge
0" =InA~! (an) + QS‘“) + (Qg)) - Qg())) + ...

. — Q(ln)
Conservation law: —

Upon identifying the fields and

Q_(l_ln) — an) gauge parameter antipodally:

judicious choice of
superrotation Y2 (x)

Logarithmic soft graviton theorem:

%N_l_l — (G)_l S—l + C()O 1an(§1nw)> %N L log soft expansion

This establishes the symmetry interpretation of the
classical logarithmic soft graviton theorem.



Comment on projectors

Comparing logarithmic and subleading tree-level soft charges:

. (0) : 2. 13yz 22
subleading tree: O, [V] = — - du d*x D;Y*ud,,C* + h.c.
I+

2
log: Qéln)[Y] = - ;J du d*x DY%0,u*0,C* + h.c.
Kt

Different projectors acting on soft insertion!

In the Ward identity (out | OJS — SOg | in) = — (out| Q;;S — SOy | in) the
projectors in Qg pick out the tree-level O(w") vs IR corrected O(In w) soft terms,
while the the action of Q4 on the hard particles gives the soft factors.



|pl> — |a)i9 xi)

Soft tower

S-matrix 9 o

| A, x;)

%ellin
>

energy basis { don”™! boost-weight basis
0
out in — +
(P |S]...pi (05,(0)...0% (x,))
translation symmetry Lorentz symmetry
s , . - } )
energetically soft expansion: conformally soft” poles:
1 simple
;9190)? . tree-level A=10,—-1... poles
logw, ... loops A=0,... h'ireir
- P y

Same as tree-level subleading symmetry operators!



Gravity is a drag

Extra term in soft graviton factor from gravitational drag on
the soft graviton due to the other finite energy particles:

nw l — —
AdfagS(g}clas)sical — 4_ﬂ(10g w 1 + lOg r 1) 2 (q . pj) S—l
Jn==1



Gravity is a drag

Extra term in soft graviton factor from gravitational drag on
the soft graviton due to the other finite energy particles:

nw l — —
Adfagsé}clas)sical - 4_ﬂ(10g w 1 T lOg r 1) 2 (q P j) S—l
Jn==1

The resulting time delay to reach a detector at distance r can
be captured by defining the retarded time at the detector:

N
U=1—r+ lOg r ><fmatter Jmatter = 2Gzpj "n
! 5
H=(1 i)
effect of the long range gravitational force on the gravitational e =7

wave as it travels from the scattering center to the detector



Gravity is a drag

Extra term in soft graviton factor from gravitational drag on
the soft graviton due to the other finite energy particles:

nw l — —
AdfagS(g}clas)sical — 4_ﬂ(10g w 1 + lOg r 1) 2 (q P j) S—l
Jn==1

The resulting time delay to reach a detector at distance r can
be captured by defining the retarded time at the detector:

N
( * ) U=1—r+ IOg r ><fmatter Jmatter = 2Gzpj "N
! N
X
effect of the long range gravitational force on the gravitational nt = (1’7)

wave as it travels from the scattering center to the detector

In our covariant phase space approach the drag is captured by an
infrared divergence in the radiative symplectic structure via ( % ) which

cannot be regularized away since it depends on the matter content at i™.



L og symmetry for scalar QED

Gauge field &, + minimally coupled complex massive scalar field ¢

_ Tt _ it
o, =0, o = iee' @



L og symmetry for scalar QED

Gauge field &, + minimally coupled complex massive scalar field ¢

_ FT . gt
o, =0d,.€ oS¢ = iec' ¢
divergent t » _T
superphaserotation: re(x) + 5(2 + AN\)e) +...  #€)+ ...

> E(y) = [ d*% G(y; x)e(x)
SZ
re(x) + ... w=r



L og symmetry for scalar QED

Gauge field &, + minimally coupled complex massive scalar field ¢

_ FT . gt
o, = 0,€ oS¢ = iec' ¢
divergent t i _T
superphaserotation: re@) +—2+ A)e@) +... Q)+ ...
z > é(y) = J d*% G(y; x)e(x)
l re(x) + ... p=r

linear and log divergence O O
—_— —
asT— oo, U = O TUST T i++ St

l

subtract corner term & R 1 1 1 ; ;
regulate via late-time 0% =InA" <Q;In) ~+ Qg n)> ~+ (QIEI) -+ Qé )> + ...
cutoff A1



L og symmetry for scalar QED

Gauge field &, + minimally coupled complex massive scalar field ¢

_ Ft _ et
o, =0, o = iee' ¢
divergent { 7 _T
superphaserotation: re@) + -2+ Ade@) +... T+ ...
2 >é<y>=[ 3 Gy 2)e()
l re(x)+ ... w=r
linear and log divergence
— Q= Q4O
asT— oo, U = O ITU ST [t St

l

subtract corner term & R 1 1 1 ; ;
regulate via late-time 0% =InA" <Q;In) + an)> + (QIEI) -+ Qé )> 4+

cutoff A~ l l
In) _ 1 0) _ 0
oM =0 Q=00
matches logarithmic matches subleading tree-

soft photon theorem level soft photon theorem



Log Soft - Symmetry !

Noether charge from long-range IR effects:

A _ —1 (In) (In) 0) 0)
0N =TnA (QH + Q! )+<QH + 0! >+

physical IR scale

Our covariant phase space approach achieves:

> first principles derivation of the conserved charge QO

» clear split between tree-level and logarithmic charges
> regulator A™! arises from the relevant infrared scale: large | 7| & |u]

» A can be removed in the end since QE“) are finite.

Symmetry interpretation for classical log soft theorem. /
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soft theorem  memory effect
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Summary

asymptotic symmetr : :
yme g y » Asymptotic / soft symmetries

encode universal
large-distance /low-energy physics.

soft theorem  memory effect

L e » Celestial boost basis makes some

6 aspects of symmetries manifest.

celestial amplitudes

it 2d
o celestial o _ .
CFT > |dentitying the symmetries is key for a
holographic principle in asymptotically
Quantum i flat space. We have established the

Gravity . .
celestial conformal symmetry in the

presence of long-range IR effects.




Outlook: oo log towers

We expect the methods we developed to be applicable to
the infinite tower of subleading logarithmic soft theorem:s.

Q)

‘%N{—](pla . apNa (a)a Qa f))

= Y ' n@)y* SM N (p,), (g, ) + ...

n=-—1

'%N(pla ""pN)

How many universal all-loop exact log symmetries ?



Thank you!



