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o  Include the effects of matter fields in the gravitational path integral.

oDirect evaluation in 4D gravity, in situations when there is a relation to 2D models.
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Focus

Consider Euclidean path integrals in the presence of a positive cosmological.

o  Include the effects of matter fields in the gravitational path integral.

oDirect evaluation in 4D gravity, in situations when there is a relation to 2D models.

There will be no use of holography. Providing examples to argue that 

o exact results for the path integral are possible in de Sitter,

o new features arise when quantum gravity is coupled to matter.

  



Outline

I. dS3 quantum gravity coupled to matter

II. Quantum corrections for near-extremal black holes in dS4



dS3 quantum gravity 
coupled to matter
Advance methods in Chern-Simons to explore quantum gravity
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Einstein-Hilbert: Metric, curvature

𝑍𝑚𝑎𝑡𝑡𝑒𝑟 𝑔𝜇𝜈 = න 𝐷𝜙 𝑒−𝑆𝑚𝑎𝑡𝑡𝑒𝑟 𝜙,𝑔𝜇𝜈

𝑍𝑚𝑎𝑡𝑡𝑒𝑟 𝑀 𝑔𝑟𝑎𝑣 = න 𝐷𝑔𝜇𝜈 𝑀
 𝑒−𝑆𝐸𝐻[𝑔𝜇𝜈]𝑍𝑚𝑎𝑡𝑡𝑒𝑟 𝑔𝜇𝜈

= det −∇2 + 𝑚2ℓ2 −1/2

Today: Fixed topology, 3D gravity

Today: massive scalar 
field for simplicity



Einstein-Hilbert: Metric, curvature

Chern-Simons: Gauge connections 

𝑍𝑚𝑎𝑡𝑡𝑒𝑟 𝑔𝜇𝜈 = න 𝐷𝜙 𝑒−𝑆𝑚𝑎𝑡𝑡𝑒𝑟 𝜙,𝑔𝜇𝜈

𝑍𝑚𝑎𝑡𝑡𝑒𝑟 𝑀 𝑔𝑟𝑎𝑣 = න 𝐷𝑔𝜇𝜈 𝑀
 𝑒−𝑆𝐸𝐻[𝑔𝜇𝜈]𝑍𝑚𝑎𝑡𝑡𝑒𝑟 𝑔𝜇𝜈

log(𝑍𝑚𝑎𝑡𝑡𝑒𝑟[𝑔𝜇𝜈]) =
1

4
𝕎𝑗 𝐴𝐿, 𝐴𝑅

𝕎𝑗 𝑔𝑟𝑎𝑣
= න 𝐷𝐴𝐿/𝑅𝑒𝑖𝑘𝐿𝑆 𝐴𝐿 +𝑖𝑘𝑅𝑆 𝐴𝑅 𝕎𝑗 𝐴𝐿, 𝐴𝑅

Wilson Spool

= det −∇2 + 𝑚2ℓ2 −1/2



log(𝑍𝑠𝑐𝑎𝑙𝑎𝑟[𝑔𝜇𝜈]) =
1

4
𝕎𝑗 𝐴𝐿, 𝐴𝑅

𝕎𝑗 𝑔𝑟𝑎𝑣
= න 𝐷𝐴𝐿/𝑅𝑒𝑖𝑘𝐿𝑆 𝐴𝐿 +𝑖𝑘𝑅𝑆 𝐴𝑅 𝕎𝑗 𝐴𝐿, 𝐴𝑅

dS3 Quantum Gravity

Focus mainly on massive fields coupled to dS3 gravity. Why dS3?

o We can use the full power of SU(2) Chern-Simons theory.

o Make predictions for GN corrections without the aid of holography.

[Carlip 1992; AC, Lashkari, Maloney 2011; Anninos, Denef, Law, Sun 2022]



Step 1: cast Euclidean dS3 gravity in Chern-Simons language

Step 2: describe particles and fields in a group theoretic language

Step 3: incorporate step 2 into Chern-Simons path integral 

How to couple matter to 3D gravity 
via the Chern-Simons formulation?



Step 1: cast Euclidean dS3 gravity in Chern-Simons language

o Gauge group: 𝑆𝑈 2 × 𝑆𝑈 2  leads to dS3 Euclidean Gravity, Λ =
1

ℓ2 > 0

o Action: −𝑖𝑘𝐿𝑆𝐶𝑆 𝐴𝐿 − 𝑖𝑘𝑅𝑆𝐶𝑆 𝐴𝑅 = 𝐼𝐸𝐻 𝑔𝜇𝜈 − 𝑖𝛿 𝐼𝐺𝐶𝑆[𝑔𝜇𝜈]

𝑘𝐿 = 𝛿 + 𝑖
ℓ

4𝐺𝑁
 ,    𝑘𝑅 = 𝛿 − 𝑖

ℓ

4𝐺𝑁
 o Couplings:

o Dictionary: 𝐴𝐿 = 𝑖 𝜔𝑎 +
𝑒𝑎

ℓ
𝐿𝑎, 𝐴𝑅 = 𝑖 𝜔𝑎 −

𝑒𝑎

ℓ
ത𝐿𝑎

[Acucharro & Townsend; Witten]



Step 1: cast Euclidean dS3 gravity in Chern-Simons language

Background S3 connections

𝑎𝐿 = 𝑖 𝐿1𝑑𝜌 + 𝑖(sin 𝜌 𝐿2 − cos 𝜌 𝐿3)(𝑑𝜑 − 𝑑𝜏)
𝑎𝑅 = −𝑖ത𝐿1𝑑𝜌 − 𝑖(sin 𝜌 ത𝐿2 + cos 𝜌 ത𝐿3)(𝑑𝜑 + 𝑑𝜏)

𝑑𝑠2 = ℓ2(cos2 𝜌  𝑑𝜏2 + sin2 𝜌  𝑑𝜑2 + 𝑑𝜌2)

𝜌 =
𝜋

2

𝜌
=

0

𝑃 exp ර
𝛾

𝑎𝐿/𝑅 ∼ 𝑒2𝜋𝑖 𝐿3ℎ𝐿/𝑅

Holonomies

Geometry: Static Patch

ℎ𝐿 = 1
 ℎ𝑅 = −1

For a cycle 𝛾 that wraps horizon at 𝜌 =
𝜋

2



Step 2: describe particles and fields in a group theoretic language



Step 2: describe particles and fields in a group theoretic language

Description of particles in CS language: Wilson lines/loops 

𝑊𝑅 𝐶 = 𝑇𝑟𝑅 𝑃 exp ර
𝐶

𝐴 = න 𝐷𝑈 exp(−𝑆 𝑈, 𝐴 𝐶)

Infinite dimensional representation of G.

Encodes quantum numbers of the particle.  Path integral of a massive particle.

𝐶

[Witten 1989; Carlip 1989; Ammon, AC, Iqbal 2013; AC, Sabella-Garnier, Zukowski, 2020]



Step 2: describe particles and fields in a group theoretic language

Description of particles in CS language: Wilson lines/loops 

𝑊𝑅 𝐶 = 𝑇𝑟𝑅 𝑃 exp ර
𝐶

𝐴 = න 𝐷𝑈 exp(−𝑆 𝑈, 𝐴 𝐶)

Infinite dimensional representation of G.

Encodes quantum numbers of the particle.  

𝐶

For SU(2) applied to dS3, these representations are non-standard (complex/real casimir).

Path integral of a massive particle.



Step 2: describe particles and fields in a group theoretic language

Description of particles in CS language: Wilson lines/loops 

𝑊𝑅 𝐶 = 𝑇𝑟𝑅 𝑃 exp ර
𝐶

𝐴 = න 𝐷𝑈 exp(−𝑆 𝑈, 𝐴 𝐶)

Infinite dimensional representation of G.

Encodes quantum numbers of the particle.  

𝐶

Description of fields in CS language: …

log det −∇2 + 𝑚2ℓ2 ∼ ෍

𝑛

1

𝑛
``Tr𝑗(𝑃𝑒

𝑛
2𝜋 ׯ 𝐴)”

Path integral of a massive particle.



Step 2: describe particles and fields in a group theoretic language

Description of fields in CS language: Wilson spool. Derivation relies on 
a group theoretic understanding of one-loop determinants. 
For massive scalar fields

𝕎𝑗 𝐴𝐿, 𝐴𝑅 = 𝑖 න
𝒞

𝑑𝛼

𝛼

cos
𝛼
2

sin
𝛼
2

Tr𝑗(𝑃𝑒
𝛼

2𝜋 ׯ 𝐴𝐿)Tr𝑗(𝑃𝑒−
𝛼

2𝜋 ׯ 𝐴𝑅)

where 𝒞 = 𝒞+ ∪ 𝒞−

Figur e 2: Left : The integrat ion contour, C = C+ [ C− , defining W j depicted

in red. Poles in the integrand are depicted as blue “⇥” ’s. M iddle and r ight :

Possible deformat ions for evaluat ing W j .

The representat ions appearing in W j are precisely the non-standard su(2) representat ions

discussed in Sec. 3.1 and correspond to the mass of a minimally-coupled scalar field via

j = −
1

2

⇣
1 +

p
1− m2`2

⌘
. (3.64)

The appeal of (3.62)-(3.63) is that all of its components involve quant it ies that are

precisely defined in Chern-Simons theory. This will allow us to take a step further: we

will be able to evaluate

⌦
logZscalar [S

3]
↵

grav
=

1

4

⌦
W j

↵

grav

=
i

4
ei r L SC S[aL ]+ i r R SC S[aR ]

Z

dσL dσR ei ⇡
2

r L σ
2
L + i ⇡

2
r R σ2

R sin2(⇡σL ) sin2(⇡σR)

⇥

Z

C

d↵

↵

cos↵/ 2

sin ↵/ 2
χ j

⇣ ↵

2⇡
(σL + hL )

⌘
χ j

⇣
−

↵

2⇡
(σR + hR)

⌘
,

(3.65)

which is the gravitat ional path integral (2.81) with the Wilson spool inserted. Here χ j (z)

are the characters of the non-standard representat ions—either (3.33) or (3.49)—and hL / R

are the holonomies of the classical connect ions aL / R :

hL = 1 , hR = − 1 . (3.66)

This is an object that we can systemat ically compute to any order in GN . It is a prescrip-

t ion for coupling massive fields to dynamical gravity using the Chern-Simons formulat ion

of the dS3 gravity.

In the following subsect ions we will scrut inise and derive our proposal by tackling

di↵erent fronts. We will start in Sec. 3.3.1 by test ing some of the elementary propert ies

of (3.63): we will discuss gauge invariance, and verify that it correct ly reproduces the

21That is, in the metric language, st ill quant ized about the S3 saddle. In the gauge-theory language,

not disconnected by a large gauge transformat ion from the background connect ions aL / R .

33



Step 2: describe particles and fields in a group theoretic language

𝕎𝑗 𝐴𝐿, 𝐴𝑅 = 𝑖 න
𝒞

𝑑𝛼

𝛼

cos
𝛼
2

sin
𝛼
2

Tr𝑗(𝑃𝑒
𝛼

2𝜋 ׯ 𝐴𝐿)Tr𝑗(𝑃𝑒−
𝛼

2𝜋 ׯ 𝐴𝑅)

This expression can be taken off-shell for the metric: 𝐴𝐿 and 𝐴𝑅 appear 
in a simple way!

Description of fields in CS language: Wilson spool. Derivation relies on 
a group theoretic understanding of one-loop determinants. 
For massive scalar fields



Step 3: incorporate step 2 into Chern-Simons path integral 

Einstein-Hilbert: Metric, curvature

Chern-Simons: Gauge connections 

𝑍𝑚𝑎𝑡𝑡𝑒𝑟 𝑔𝜇𝜈 = න 𝐷𝜙 𝑒−𝑆𝑚𝑎𝑡𝑡𝑒𝑟 𝜙,𝑔𝜇𝜈

𝑍𝑚𝑎𝑡𝑡𝑒𝑟 𝑀 𝑔𝑟𝑎𝑣 = න 𝐷𝑔𝜇𝜈 𝑀
 𝑒−𝑆𝐸𝐻[𝑔𝜇𝜈]𝑍𝑚𝑎𝑡𝑡𝑒𝑟 𝑔𝜇𝜈

log(𝑍𝑚𝑎𝑡𝑡𝑒𝑟[𝑔𝜇𝜈]) =
1

4
𝕎𝑗 𝐴𝐿, 𝐴𝑅

𝕎𝑗 𝑔𝑟𝑎𝑣
= න 𝐷𝐴𝐿/𝑅𝑒𝑖𝑘𝐿𝑆 𝐴𝐿 +𝑖𝑘𝑅𝑆 𝐴𝑅 𝕎𝑗 𝐴𝐿, 𝐴𝑅

= det −∇2 + 𝑚2ℓ2 −1/2



Step 3: incorporate step 2 into Chern-Simons path integral 

There are three things to keep in mind: 

o Level is complex: 𝑘 = 𝛿 − 𝑖
ℓ

4𝐺𝑁

o Background connection is not trivial.
o Assure that exact results are compatible with the non-standard representations 

log(𝑍𝑚𝑎𝑡𝑡𝑒𝑟[𝑆3]) =
1

4
𝕎𝑗 𝐴𝐿, 𝐴𝑅

𝕎𝑗[𝑆3]
𝑔𝑟𝑎𝑣

= න 𝐷𝐴𝐿/𝑅𝑒𝑖𝑘𝐿𝑆 𝐴𝐿 +𝑖𝑘𝑅𝑆 𝐴𝑅 𝕎𝑗 𝐴𝐿, 𝐴𝑅



Step 3: incorporate step 2 into Chern-Simons path integral 

We adapted exact methods to incorporate these tweaks:
• Abelianisation [Blau-Thompson] 

• Supersymmetric Localization [Kapustin-Willet-Yaakov] 

log(𝑍𝑚𝑎𝑡𝑡𝑒𝑟[𝑆3]) =
1

4
𝕎𝑗 𝐴𝐿, 𝐴𝑅

𝕎𝑗[𝑆3]
𝑔𝑟𝑎𝑣

= න 𝐷𝐴𝐿/𝑅𝑒𝑖𝑘𝐿𝑆 𝐴𝐿 +𝑖𝑘𝑅𝑆 𝐴𝑅 𝕎𝑗 𝐴𝐿, 𝐴𝑅

There are three things to keep in mind: 

o Level is complex: 𝑘 = 𝛿 − 𝑖
ℓ

4𝐺𝑁

o Background connection is not trivial.
o Assure that exact results are compatible with the non-standard representations 



Step 3: incorporate step 2 into Chern-Simons path integral 

✓ Path integral on S3

✓ Wilson Loops on S3

✓ Wilson Spool on S3

log(𝑍𝑚𝑎𝑡𝑡𝑒𝑟[𝑆3]) =
1

4
𝕎𝑗 𝐴𝐿, 𝐴𝑅

𝕎𝑗[𝑆3]
𝑔𝑟𝑎𝑣

= න 𝐷𝐴𝐿/𝑅𝑒𝑖𝑘𝐿𝑆 𝐴𝐿 +𝑖𝑘𝑅𝑆 𝐴𝑅 𝕎𝑗 𝐴𝐿, 𝐴𝑅

We adapted exact methods to incorporate these tweaks:
• Abelianisation [Blau-Thompson] 

• Supersymmetric Localization [Kapustin-Willet-Yaakov] 

There are three things to keep in mind: 

o Level is complex: 𝑘 = 𝛿 − 𝑖
ℓ

4𝐺𝑁

o Background connection is not trivial.
o Assure that exact results are compatible with the non-standard representations 



Mass renormalization:

𝜇𝑅 = 𝜇 + −
48

5
𝜇3 +

24

𝜋
−

16𝜋

3
+ 32𝜋2𝑠2 𝜇2 𝑒−2𝜋𝜇

𝐺𝑁

ℓ

2

+ ⋯
Presenting 𝜇 ≫ 1 limit. 

Exact results in references. 

Concrete predictive statement about how dynamical gravity renormalizes field

Massive spinning fields coupled to dS3 quantum gravity

log 𝑍𝑚𝑎𝑡𝑡𝑒𝑟 𝑆3
𝑔𝑟𝑎𝑣

𝒵𝑔𝑟𝑎𝑣 𝑆3 = log 𝑍𝑚𝑎𝑡𝑡𝑒𝑟 𝑆3 + ෍

𝑚=1

∞
𝐺𝑁

ℓ

2𝑚

(log 𝑍)2𝑚 

𝜙 𝜙 𝜙 𝜙 𝜙 𝜙𝐺𝑁
… 

Field on a fixed 
curved background

Higher loopsOne-loop corrections

Results

ℓ2𝑚2 = 𝑠 − 1 2 + 𝜇2



Renormalization 𝐺𝑁: integrate out massive field

𝐺𝑁 = 𝐺𝑁,𝑅 1 +
16𝜋

5
𝜇5 − 8 −

16𝜋2

9
+

32𝜋2

3
𝑠2 𝜇4 𝑒−2𝜋𝜇

𝐺𝑁,𝑅

ℓ

2

+ ⋯

Presenting 𝜇 ≫ 1 limit. 

Exact results in references. 

Massive spinning fields coupled to dS3 quantum gravity

𝑍𝑚𝑎𝑡𝑡𝑒𝑟 𝑆3
𝑔𝑟𝑎𝑣

𝒵𝑚𝑎𝑡𝑡𝑒𝑟 𝑆3 = 𝑍𝑔𝑟𝑎𝑣 𝑆3 + ෍

𝑚=1

∞
𝐺𝑁

ℓ

2𝑚

(𝑍𝑔𝑟𝑎𝑣)2𝑚 

Results



We have introduced a new object: the Wilson spool.

o Allows us to incorporate matter fields in the Chern-Simons formulation 
of 3D gravity.

o Tested at GN → 0 , where the Wilson spool reproduces the one-loop 
determinant of massive spinning fields.

o We can also make predictions for quantum corrections, without the 
aid of holography. 

log(𝑍𝑚𝑎𝑡𝑡𝑒𝑟[𝑆3]) = log det −∇2 + 𝑚2ℓ2 −
1
2

 =
1

4
𝕎𝑗 𝑎𝐿, 𝑎𝑅



Overview

✓ Massive spinning fields in S3 via CS theory

 One-loop determinants on Lens Spaces via CS theory 

Mass renormalization in metric formulation (2-loops)

dS3 gravity 

AdS3 gravity 

✓ One-loop determinants on rotating BTZ via CS theory

 One-loop determinants on handlebodies via CS theory

[wip Bourne, AC, Fliss, Law]

[wip Bourne, Fliss, Knighton]



Near-extremal BHs in dS4
Limitations of 2D models and pathologies of de Sitter

[to appear M. Blacker, AC, W. Sybesma, C. Toldo] 



Charged BHs in dS4

𝑆𝐸 =
1

16𝜋𝐺𝑁
න 𝑑4𝑥 𝑔 𝑅 − 2Λ − 𝐹𝜇𝜈𝐹𝜇𝜈

Einstein-Maxwell + positive c.c.

M: “mass”

Q: charge



Charged BHs in dS4

Extremal limits:

o Cold branch, 𝑟+ = 𝑟−, AdS2 × S2

o Nariai, 𝑟𝑐 = 𝑟+ ,  dS2 × S2

o Ultracold, 𝑟𝑐 = 𝑟+ = 𝑟−, Mink2 × S2

More details, see e.g., 2212.14356 [AC, Mariani,Toldo] 



Charged BHs in dS4

Extremal limits:

o Cold branch, 𝑟+ = 𝑟−, AdS2 × S2

o Nariai, 𝑟𝑐 = 𝑟+ ,  dS2 × S2

o Ultracold, 𝑟𝑐 = 𝑟+ = 𝑟−, Mink2 × S2

More details, see e.g., 2212.14356 [AC, Mariani,Toldo] 



Near-extremal GPI

𝒵 = න

ℳ

𝒟𝑔 𝒟𝐴 𝑒−𝑆𝐸(𝑔,𝐴) = 𝑒−𝐼(𝑔𝑒,𝐴𝑒) න

ℳ

𝒟ℎ 𝒟𝑎 𝑒−𝑆𝑙𝑜𝑜𝑝 ℎ,𝑎 +⋯ + ⋯

Talks Strings 2022 L. Iliesiu, 2023 A. Sen
[Iliesiu, Murthy, Turiaci; Banerjee, Saha; …]



Near-extremal GPI

𝒵 = න

ℳ

𝒟𝑔 𝒟𝐴 𝑒−𝑆𝐸(𝑔,𝐴) = 𝑒−𝐼(𝑔𝑒,𝐴𝑒) න

ℳ

𝒟ℎ 𝒟𝑎 𝑒−𝑆(1) ℎ,𝑎 +⋯ + ⋯

𝑔 = 𝑔𝑒𝑥𝑡𝑟𝑒𝑚𝑎𝑙 + ℎ
𝐴 = 𝐴𝑒𝑥𝑡𝑟𝑒𝑚𝑎𝑙 + 𝑎

Talks Strings 2022 L. Iliesiu, 2023 A. Sen
[Iliesiu, Murthy, Turiaci; Banerjee, Saha; …]

Around near-horizon of extremal black holes, infinitely many normalizable 
zero modes ℎ0, 𝑎0 : 

One-loop determinants

න

ℳ

𝒟ℎ0 𝒟𝑎0 = ∞



Near-extremal GPI

𝒵 = න

ℳ

𝒟𝑔 𝒟𝐴 𝑒−𝑆𝐸(𝑔,𝐴) = 𝑒−𝐼(𝑔𝑒+𝛿𝑔,𝐴𝑒+𝛿𝐴) න
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0

Talks Strings 2022 L. Iliesiu, 2023 A. Sen
[Iliesiu, Murthy, Turiaci; Banerjee, Saha; …]

Around near-horizon of near-extremal black holes, zero modes are lifted:

න

ℳ
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𝑒
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dS2 JT sector
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Overview

Near-extremal black holes in dS4 provide a sharp lab to connect with toy 
models in 2D and quantify the role of extra dimensions (matter).

o Cold branch: AdS2 × S2

o Nariai:  dS2 × S2

o Ultracold: Mink2 × S2

Quantum corrections of dS4 BHs display pathologies that are not present for BHs 
in Mink4/AdS4. Resolving them could be important for the interpretation of the 
Euclidean GPI in de Sitter. 
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I. adsad

II. Quantum corrections for near-extremal black holes in dS4

Higher form symmetries in QG

log 𝑍𝑠𝑐𝑎𝑙𝑎𝑟  versus log 𝑍𝑠𝑐𝑎𝑙𝑎𝑟

Microscopic interpretation: edge modes within

Quantum corrections to Wilson spool in AdS3

Future Directions

I. dS3 quantum gravity coupled to matter

Microscopic interpretation and analytic continuations

Ultracold limit and its ties to Mink2 gravity.

Thank you!
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