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In this talk, I will assume that the UV completion of  gravity obeys 
the standard rules of  quantum mechanics and causality

Goals:

1. Motivate twice-subtracted dispersion relations (2SDR) in 
gravitational theories as an expression of  quantum causality. 

2. Review recent developments in deriving its consequences for 
the IR EFT.

Disclaimer:  ( , ).Λ ≤ 0 AdSD≥4 𝕄D>4
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t →= 0

[Rastelli, Strings 2021]
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https://member.ipmu.jp/yuji.tachikawa/stringsmirrors/2021/Strings2021Rastelli.pdf


Titchmarsh theorem: A square-integrable function  is causal, i.e. zero for , 
iff  its Fourier transform  satisfies dispersion relations.

S(t) t < 0
S(ω)

Linear response DR

[Toll]
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fout(t) =

∫ t

→↑
dt↓S(t→ t↓)fin(t)

No response occurs before the input signal Analyticity in the upper-half plane  Imω ≥ 0
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https://inspirehep.net/literature/1323558


Example: the Kramers-Kronig relations (a link between how a system absorbs and 
refracts light).

nblue > ngreen > nredcausality+UV absorption:
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[Creminelli, Janssen, Salehian, Senatore '24]

Positivity bounds on electromagnetic properties of media
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Gapped QFT DR

1. LSZ+Wightman axioms  
(microcausality, temperedness)

Scattering amplitude  obeys twice-subtracted 
dispersion relations (2SDR)

T(s, t)

“…it is my profound opinion that that there must exist a representation of scattering amplitudes such that the 
dispersion relations appear in a much more transparent way. Finding this representation is left as an a exercise 
to a student.”
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3. Analytic completion  
(nontrivial for functions of  2 variables)

Goldberger

[Gell-Mann, Goldberger, Thirring '54]
[Bogolyubov '56]

[Jin, Martin '64]
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→p1|[O(x2),O(x4)]|p3↑

2. DR for unphysical masses

4. Unitarity (two subtractions)
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ŜŜ† = 1

[UNIVERSE+: Positive Geometry in Particle Physics and Cosmology] [Simons collaboration on celestial holography]

the derivation is subtle
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https://inspirehep.net/literature/41323
https://link.springer.com/book/10.1007/978-94-009-0491-0
https://inspirehep.net/literature/46765
https://positive-geometry.com
https://simonscelestialholographycollaboration.org


Result (2SDR):
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subtraction 
term

discontinuity/imaginary part

 crossings Λ u

Comment: s-u crossing is manifest. s-t crossing is non-manifest, this leads to extra 
equations (null constraints).

[Auberson, Khuri '72]

[Arkani-Hamed, Huang, Huang '20]
[Caron-Huot, Van Duong '20]

[Tolley, Wang, Zhou '20]

[Sinha, Zahed '20]
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s+ t+ u = 4m2
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T (s, t) = T (t, s) extra sum rules
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gap
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T (s, t) = T (u, t) [Roy '71]

2SDR
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https://inspirehep.net/literature/82929
https://inspirehep.net/literature/1838930
https://inspirehep.net/literature/1828536
https://inspirehep.net/literature/1828184
https://inspirehep.net/literature/1835389
https://inspirehep.net/literature/67303


QFT: example

[Adams,Arkani-Hamed,Dubovsky,Nicolis,Rattazzi ’06]

[Hoferichter,Stoffer,Zillinger '24]

[Komargodski, Schwimmer '11]

Example: Sign of  (−ϕ)4

Example: Light-by-light scattering for aμ
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QM/unitarity
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Ts(s
→, 0) → 0

[Bellazzini, Miro, Rattazzi, Riembau, Riva ’19]higher moments
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+combined with 
experimental data

[Colangelo,Hoferichter,Procura,Stoffer '17]

https://inspirehep.net/literature/710888
https://inspirehep.net/literature/2854579
https://inspirehep.net/literature/919292
https://inspirehep.net/literature/1827503
https://inspirehep.net/literature/1515024
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CFT DR

CFT axioms + LC OPE on the second sheet CFT DR
[Kravchuk, Rychkov, Qiao '21]

[van Rees '24]
[Hartman, Jain, Kundu '16]
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LC2

[Carmi, Caron-Huot '19]
[Mazac, Rastelli, Zhou '19]
[Penedones, Silva, AZ '19]

[Kologlu, Kravchuk, Simmons-Duffin, AZ '19] [Caron-Huot,Mazac,Rastelli,Simmons-Duffin ’21]

superconvergence

not proven
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AdS/CFT

In the flat space limit CFT DR produce the expected (smeared) 2SDR

RAdS ∂ →

[Caron-Huot, Mazac, Rastelli, Simmons-Duffin '21]

[van Rees, Zhao '23]
nonperturbative status of the flat space limit is not understood

https://inspirehep.net/literature/1869299
https://inspirehep.net/literature/2730596


Shockwave S-matrix DR

shock wave

['t Hooft '87]

Phase shift dispersion relation
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Shapiro time delay/asymptotic causality
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*(not true in dS, true in AdS)

[Dray, 't Hooft '85]

[Bittermann, McLoughlin, Rosen '22]

FT of the graviton pole
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<latexit sha1_base64="2MXnnO0HMfp9NU9PEi3y71vWdEI="></latexit>s

https://inspirehep.net/literature/254277
https://inspirehep.net/literature/203743
https://inspirehep.net/literature/2611076


Gravitational S-matrix

“We have found no evidence for a lack of harmony between gravity and the basic S-matrix properties.” [Giddings, Porto '09]

2SDR in gravity

[Amati, Ciafaloni, Veneziano '87]
[di Vecchia, Heissenberg, Russo, Veneziano '23]

Crossing Unitarity+eikonal

Subexponentiality 
Analyticity

[Haring, AZ '22]
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ST=BH

energy

spin/impact parameter

[assumptions]

[Rothstein,Saavedra '24]
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Quantum causality (ACU) 2SDR∂
not fully proven (yet)
no counterexamples

ACU=analyticity+crossing+unitarity



What are the lessons from 
quantum causality/dispersion relations?

IR+UV=0

IR
UVUV

0

I
ds

2⇡i
f(s, t)T (s, t) = 0
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GN is the UV budget

The graviton pole comes from the UV
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Example: stringy graviton
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Unitarity:
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GN is the UV budget

In this way, we can get the following (schematic) equation for graviton scattering

 is the overall UV budget.GN

The solution is to smear the amplitude 
<latexit sha1_base64="8YNMGsS4F+O/nWgIiq132GLU3ZQ="></latexit>
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dqω(q)T (s, t = ↑q2)

scattering experiment

[Caron-Huot,Mazac,Rastelli,Simmons-Duffin '21]
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eikonald

eikonalD

stringy

Conjecture: QFT DoF cannot generate the graviton pole.
[Weinberg, Witten '80]

species scale/higher-spin onset
[Caron-Huot,Li '24]

[Haring,AZ '24]

Example: For free matter, find  such that ψ(q)

integrated out 
matter fields

non-negative  
by unitarity

[Caron-Huot,Li '24]

species bound

[Dvali '07]
[van Beest,Calderon-Infante,Mirfendereski,Valenzuela '21]
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csNsGN!d→2
EFT → 1

same story for Λ < 0

Example: Graviton pole generation in string theory 

[Dvali '07]
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Higher derivatives = massive higher spins

What controls corrections to general relativity?

1. Tensor structures 4-point graviton amplitude
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|ω2| ↭
1

M2

HS

[Chowdhury, Gadde, Gopalka, Halder, Janagal, Minwalla '20]

2. Partial wave expansion

3. Dispersive sum rules/(Cauchy projections)
[Caron-Huot, Li, Parra-Martinez, Simmons-Duffin '22]

[Camanho, Edelstein, Maldacena, AZ '14]

10 parity-even tensor structures in D ≥ 8

20 graviton-graviton-X couplings g

g

X

crossing-improved
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b2 → |ω2|

https://inspirehep.net/literature/2817748
https://inspirehep.net/literature/2076023
https://inspirehep.net/literature/1307098


[Caron-Huot, Li, Parra-Martinez, Simmons-Duffin '22]

mass of  the lightest 
higher-spin state

[Heemskerk, Polchinski, Penedones, Sully '09]

HS states* = budget for higher derivatives**

g

g
g

allowed

excluded
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GR

rewriting the D=5 result in 4d CFT terms
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c
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!2

HS

+O(1/!4

HS
)

three-graviton 
coupling
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MHS
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ω2M
2

HS
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ω4M
4

HS

* particles or loops of many species

**3pt coupling + contact terms

https://inspirehep.net/literature/2076023
https://inspirehep.net/literature/824673


<latexit sha1_base64="5zKusPyXFSlMslfP1NyykBkUPoY="></latexit>

S =
1

16ωGN

∫
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(
R+ εϑ6Pl t8t8R

4 + . . .
)



Minimal correction to GR

There are situations when  (maximal SUSY).α2 = α3 = 0

[Guerrieri, Murali, Penedones, Vieira ’22]

[Gross, Witten, Green, Vanhove, Gutperle, Russo, …]

[Paulos, Penedones, van Rees, Vieira '17]
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S =
1

16ωGN

∫
dDx

→
↑g

(
R+ εϑ6Pl t8t8R

4 + . . .
)
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ω → 0
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ωε6P =
2

ϑ

∫ →

0

ds

s5
Ts(s, 0)

https://inspirehep.net/literature/2606531
https://inspirehep.net/literature/1618361


p
s
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Elastic Region

Collapse Region

|S`(s)|
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Non universal regime

b ∞ s
1/7

b ∞ s
1/3

b = 2ℓ
s

Different phase of gravity 
(M-theory phase?) [plots A. Guerrieri]

D=10spin

energy

further higher-derivative corrections can and do exhibit intricate multi-scale structure 
(QFT corrections from integrating out particles, KK modes, genuine QG corrections)

[Calderon-Infante,Castellano,Herraez ’25, to appear]



Space of weakly coupled massive higher-spin amplitudes:

what are the options and 
where is tree-level string theory? 

X



Space of massive HS amplitudes

In the full theory asymptotically
<latexit sha1_base64="ktTHbp7/BRWKH2j5BMFWTR6Yfig="></latexit>

lim
|s|→↑

T (s, t)

s2
= 0

eikonal:
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T (s, t) → s2→
D→4

2(D→3)

<latexit sha1_base64="m0w48fvyRJa4yWlPeaH9E3xXFvE="></latexit>

Jnp → 1

eikonal:
<latexit sha1_base64="aCheOmqulUuh/IH90PMNmdvqFOo="></latexit>

Jnp = 1

At intermediate energies/tree-level we instead have
<latexit sha1_base64="4SNdpidAtWueBQ2+HaG1CROLhac="></latexit>

Jpl → 2
[MSS '15]

[Caron-Huot '17]

CRG conjecture:
<latexit sha1_base64="6DHgQu1sbKgPG3ARC5AGNkLAhag="></latexit>

Ttree(s, t) → s2
[TIFR I, '20] [TIFR II, '20]

2SDR [Haring, AZ '22]

CHSRG conjecture:
<latexit sha1_base64="GN+onDTy0Qfqrp/svfyP98/mk1A="></latexit>

THS

tree
(s, t) < s2

<latexit sha1_base64="BXIIMt3Wdsu+abXVeLNlx5G6TL0="></latexit>

JHS

pl
< 2

[Albert, Knop, Rastelli '24]

CFT Regge intercept

CFT

CFT

flat
<latexit sha1_base64="5yh3vbsHylXNLdq5AW8gy5Ay0sk="></latexit>

t < 0

[Muzinich,Soldate '88]

https://inspirehep.net/literature/1347290
https://inspirehep.net/literature/1515535
https://inspirehep.net/literature/2817748
https://inspirehep.net/literature/1845171
https://inspirehep.net/literature/2034285
https://inspirehep.net/literature/2800555
https://inspirehep.net/literature/22167


Single massive HS particle exchange ( ) implies infinitely many of  them.J > 2

<latexit sha1_base64="elBU9NMpA8db5zN+qkPGaqlnWpI="></latexit>

J
<latexit sha1_base64="rru/OX//ornRk3Wa7eSId68ig7c="></latexit>

→ sJ > s2

What is the space of such amplitudes? 

Example: tree-level string theory
<latexit sha1_base64="peJC6h17nkmrdHHtDHIxfP4nvlA="></latexit>

T (s, t) = →8ωGN
!(→s)!(→t)!(→u)

!(1 + s)!(1 + t)!(1 + u)

[Berman, Geiser '24]
[Chiang, Huang, Li, Rodina, Weng '21]

can be deformed at the level of 2-2 [Arkani-Hamed, Huang, Huang '20]
[Haring, AZ '23]

[Talk by Y-t.Huang]

https://inspirehep.net/literature/2862704
https://inspirehep.net/literature/1862358
https://inspirehep.net/literature/1838930
https://inspirehep.net/literature/2725982


Surprise 1: accumulation points

Surprise 2: single Regge trajectory amplitude

<latexit sha1_base64="0H/zOSf9u3kjZ2NuBwkwnhfPi9M="></latexit>

T (s, t) =
8ωGN

stu
+

ε

(M2 → s)(M2 → t)(M2 → u)

strings in AdS
[Maldacena, Remmen '22]

[Caron-Huot, Van Duong '20]

[Albert, Knop, Rastelli '24]

• In AdS a single Regge trajectory solution: O(N)/Vasiliev [Klebanov, Polyakov '02]

• In flat space, general argument for  many trajectories→ [Eckner, Figueroa, Tourkine '24]

[Albert,Henriksson,Rastelli,Vichi '23]

infinitely many particles 
with s = M2

weakly coupled conformal large N flux tube [Klebanov,Maldacena,Thorn '06]

https://inspirehep.net/literature/2112370
https://inspirehep.net/literature/1828536
https://inspirehep.net/literature/2800555
https://inspirehep.net/literature/599484
https://inspirehep.net/literature/2793015
https://inspirehep.net/literature/2740594
https://inspirehep.net/literature/711213


single linear Regge trajectoryaccumulation point

[Albert, Knop, Rastelli '24]

<latexit sha1_base64="dglckRtrtwPa5mHnEC/+3Gj8CHA="></latexit>

T (s, t) =
8ωGN

stu
+ g0 + g2(s

2 + t2 + u2) + . . .

allowed

excluded

https://inspirehep.net/literature/2800555


extra input is very constraining  
(residues, gaps, Wilson coefficients)



• multi-point factorization, unitarity, and the Hagedorn growth
[Bianchi, di Vecchia '20][Arkani-Hamed, Cheung, Figueiredo, Remmen '23][Gross '69]
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2
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→
ω2
ω

s↑m2
ω

[Albert, Knop, Rastelli '24]

fix the residue

[Berman, Elvang, Geiser, Lin '24]

allowed

excluded

allowed

excluded

https://inspirehep.net/literature/1780107
https://inspirehep.net/literature/2736547
https://inspirehep.net/literature/56017
https://inspirehep.net/literature/2800555
https://inspirehep.net/literature/2860922


[Caron-Huot, Coronado, Zahraee '24]

allowed

excluded

extra constraints 
from SUSY 
localization

• strings in AdS (integrability, single-valuedness, SUSY localization) [Alday, Hansen '23]
[Chester,Dempsey,Pufu '23]

[Cavaglia, Gromov, Preti '23]
…

https://inspirehep.net/literature/2854642
https://inspirehep.net/literature/2670866
https://inspirehep.net/literature/2738656
https://inspirehep.net/literature/2739291


Loops

matter
g

g g

g
g

g

g g

g
BH

g

g g

g



Matter loops

Integrating out known particles (neutrinos, electrons,…) induces higher-derivative 
corrections in the gravitational effective action. [Drummond, Hathrell '80]

[Bellazzini, Isabella, Lewandowski, Sgarlata '22]

BH WGC Q

M
� Q

M

���
extr

:

<latexit sha1_base64="l7Y2aC8cDw970KTL95gubuLs4d0="></latexit>

16↵1,2 = g2 ± f2

<latexit sha1_base64="t4eTIwDXu46tDI/gL8Xnjix8tFE="></latexit>

g2 � |f2| � 0

<latexit sha1_base64="2KMB5iHGkQkIDOqZ61NOB7Ogvq0="></latexit>

[Kats, Motl, Padi '06]

It follows from dispersion relations at .GN = 0 [Cheung, Remmen '14] [Hamada,Noumi,Shiu '18]

[Arkani-Hamed,Motl,Nicolis,Vafa '06]

matter
g

g g

g

https://inspirehep.net/literature/144228
https://arxiv.org/pdf/2108.05896
https://inspirehep.net/literature/719010
https://inspirehep.net/literature/1308896
https://inspirehep.net/literature/1697501
https://inspirehep.net/literature/707820


•  helicity matrix4 ∼ 4

• graviton pole treatment

WGC

<latexit sha1_base64="4GOFcTwptba4k7FVUgkant9JoEA="></latexit>

(ωε)4

[Henriksson, McPeak, Russo, Vichi ’22]

• negative contribution & 2SDR
[Caron-Huot, Tokuda '24]
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f2 = → 11

90ω2

e2

M2
Plm

2
e
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T (s, t) → f(t)sω(t)

correction to  −t f(t)

<latexit sha1_base64="zVYzrXuQtfkxNcz440WqmyIItVs="></latexit>g→

ACU is not enough!

https://inspirehep.net/literature/2053394
https://inspirehep.net/literature/2797390


Graviton loops
Graviton loops make some of  the techniques inapplicable.

<latexit sha1_base64="/5NTX2LqfKExKz2Mcgpnq7v13/w="></latexit>

T (s, t) → g4(s
2 + t2 + u2)2

Null constraint (expanding around t=0):

Cannot be used at the loop level (  is singular):t = 0
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T (s, t) → G2
Ns2 log(↑s)(↑t)

D→4
2

Dispersive crossing:
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T (s, t) = T (t, s)
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ω4
sT (s, t)

∣∣∣
t=0

= 2ω3
sωtT (s, t)

∣∣∣
t=0

g
g

g g

g
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96g4 =



Graviton loops

One can impose crossing away from !t = 0 [Beadle, Isabella, Perrone, Ricossa, Riva '24]
[Li '23]

[Beadle, Isabella, Perrone, Ricossa, Riva '25, to appear]

g
g

g g

g

tree-level bound b ∞
1
M

tree-level bound b ∞
2
M

https://inspirehep.net/literature/2803974
https://inspirehep.net/literature/2711224


Black hole loops

It is also interesting to consider the contribution of  black holes to the dispersion 
relations (black disc)

<latexit sha1_base64="e8IljaCjULue8xfxSBT4zh6dhPI="></latexit>(
RSch(s)

)D→3
=

16ωGN
→
s

(D ↑ 2)!D→2

Using 2SDR and  we geta(s, b) × i
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T bd(s, t) → G2
N (s2 + u2)(↑t)

D→4
2

-channel black holes produce a one-loop 
effect non-analytic in  via 2SDR.
s

t
[Haring,AZ '24]

BH
g

g g

g

<latexit sha1_base64="s2/sMNb3m/6LaiALKOmsgGx0HhM="></latexit>

S(s, b) = 1 + ia(s, b) → 0

https://inspirehep.net/literature/2843529


In relativistic quantum (gravity) theory, causality naturally gives rise to the twice-
subtracted dispersion relations.

Summary

Dispersion relations offer a nonperturbative and quantitative method to explore 
the space of  theories.

IR UV

Reggecrossing 
(two-sided b)

AdS DR

graviton 
pole

four gravitons crossing- 
symmetric 
disp. rel

stringy 
amplitudes 
&correlators Regge 

physicsloops

2019 2020 2021 2025

species 
bound/scale

higher  
moments

gravitational dispersion relations: IR+UV=0

…

[Rastelli, Strings 2021]

where is M-theory?
super 

convergence

2022

where is tree-level 
string theory?

WGC

They become particularly powerful when combined with other data (experimental, 
integrability, susy, …).

https://member.ipmu.jp/yuji.tachikawa/stringsmirrors/2021/Strings2021Rastelli.pdf


Future directions

complete 4-graviton bootstrap (w loops)
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beyond 2-2
[Guerrieri, Homrich, Vieira ’24] [Carillo Gonzales, de Rham, Jaitly, Pozsgay, Tokareva '23]
[Caron-Huot, Giroux, Hannesdottir, Mizera '23]

[F.Riva]

solve theory/find new theories 
(string theory, M-theory)
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[see also the Strings 2021 S-matrix bootstrap discussion]
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https://inspirehep.net/literature/2851637
https://inspirehep.net/literature/2720176
https://inspirehep.net/literature/2159858
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https://www.ictp-saifr.org/wp-content/uploads/2021/06/Discussion-S-matrix-Bootstrap-Strings2021.pdf
https://inspirehep.net/literature/2860945
https://inspirehep.net/literature/2148559
https://inspirehep.net/literature/56017
https://inspirehep.net/literature/2857813
https://inspirehep.net/literature/2648869
https://inspirehep.net/literature/2839696
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CFT DR

Mellin space: T (s, t) ! M(s, t)

<latexit sha1_base64="0/OsT3gAC/iAxmy0TB5/k1COoXU="></latexit>

Coordinate space:

Analytic functionals: double twists (n, ℓ)
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string theory

KK



What is the space of theories?

Dual problem: exclude theories (bootstrap bounds)

No

Maybe

Primal problem: construct  amplitudes (landscape)

Yes

Probably not



Sasha:

Can we bootstrap the M-theory S-matrix?
What are the good (experimental&theoretical) targets?
Is there a lower bound on inelasticity (eg due to BHs)?
Is any of this relevant to cosmology?

Yu-tin:

Given the suggestive analysis on the G^2 contribution 
from the presence of black disk, can one eventually 
isolate production process from perturbative computation ?

Francesco:

Can we use bootstrap methods for energy correlators 
(other collider observables)?

2->n scattering: prospects to incorporate it in the 
bootstrap. Will it actually help? 

Irene:
Can we give a CFT proof for the Distance conjecture and
 classify the possible microscopic nature of the tower?

Can we derive from bottom-up that a QFT coupled to gravity 
(and light scalars) must necessarily break down at a scale 
that signals the existence of string states or extra dimensions?

Can we put bounds on the light spectra of a gravitational EFT 
with a fixed cut-off and compare with string theory/swampland 
expectations?

Can we give a sharp bound for the size of breaking effects 
of 0-form global symmetries?

Is it possible to identify bootstrap conditions that leads 
to tree-level completions with special spacing ? 
i.e. if m^2 exists so must N m^2.


