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Quantum mechanics textbooks usually consider an isolated system
viewed from outside by an observer.

As observers in the universe,
we are in a different situation – we are part of the system that we
are trying to observe. We cannot resolve the quantum microstate
of the whole universe, because of limitations of technology but also
because we cannot see beyond the cosmological horizon. So some
of textbook quantum mechanics does not quite apply.
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I assume, though, that enough of textbook quantum mechanics
applies so that (1) observables form an algebra A, meaning a
vector space with an associative multiplication law, (2) there is a
notion of hermitian conjugation (a→ a†, satisfying (ab)† = b†a†),
and (3) what we measure are expectation values of observables in
the state of the universe, however it should be described.

And I
assume that (4) positive observables have positive expectation
values, meaning that if

〈a〉

denotes the expectation value of an observable in the quantum
state of the universe, then

〈a†a〉 ≥ 0,

for all a.
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This is actually enough to imply – via something called the GNS
construction – that observables can be viewed as operators acting
on a Hilbert space, as in textbook quantum mechanics.

We just
formally introduce a symbol Ψ = Ψ1 that represents the presumed
“state of the universe,” and then for any observable a, we introduce
a symbol Ψa that represents aΨ, that is, it represents the state of
the universe after acting with a. Inner products are defined by

〈Ψa,Ψb〉 = 〈a†b〉

for any two observables a, b. Because of the positivity assumption
(3), this definition is consistent with all inequalities expected for
inner products of Hilbert space vectors. So after dividing by null
vectors (to get a pre-Hilbert space) and taking a completion (to
get a Hilbert space), we arrive at a Hilbert space H that provides
an arena for all observations we may make.
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That doesn’t mean that H describes “the quantum state of the
whole universe.”

It was defined with no knowledge of what is
beyond our horizon, so it contains no information about anything
beyond the horizon. Since we can see distant galaxies, the action
on H of our observable algebra A contains information about
those distant galaxies. But it does not contain information about
anything beyond our horizon. Even from a complete knowledge of
the action of A on H (which of course is highly idealized compared
to what we can actually learn from experiment), we wouldn’t
expect to learn anything of what is beyond the horizon. There is
actually a proposal for the entanglement wedge of a gravitating
region (such as the region of spacetime in which we make our
measurements)

Bousso and Penington, “Hologram in Our World,” arXiv:2302.07892

but some knowledge of what is beyond the horizon is needed in
order to predict an entanglement wedge that extends beyond the
horizon.
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What kind of algebra is the algebra A of observables accessible to
us?

To get a simple answer, we need two more steps. (a) To get a
simple answer, we assume that what we regard as observables are
bounded operators. A mathematical reason for this assumption is
that bounded operators can be multiplied, and form an algebra. By
contrast, to multiply unbounded operators is problematical. A
physical reason is that in practice, our measurements are valid in
bounded ranges, so for instance when we measure the electric field,
we can only resolve values in a bounded range. So in effect we are
measuring a bounded function of the electric field.
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One more step is needed to get a simple structure theorem for A.

Namely (b), roughly we do not try to distinguish operators that
cannot be distinguished by experiments. More precisely, let a1,
a2, · · · be a sequence of operators such that for all states ψ, χ
the limit

lim
n→∞
〈χ|an|ψ〉

exists. If this is true, we define an operator a such that

〈χ|a|ψ〉 = lim
n→∞
〈χ|an|ψ〉

for all χ, ψ, and we say that

a = lim
n→∞

an.

(Mathematically this is called a weak limit.) We include such limits
a in the definition of A on the grounds that an experiment
measures finitely many matrix elements with finite precision, so
under the stated hypothesis, any given experiment cannot
distinguish a and an if n is sufficiently large.
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Finally, physically it is well-motivated to expect that
(c) The center of A consists only of complex scalars.
I generally assume this in what follows. (This assumption seems
well-motivated in a closed universe.

In an open universe, if the
observable region goes off to spatial infinity, one may need to
modify it to take conserved gauge charges into account.)
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Given (a) and (b), the algebra A is what is called a “von Neumann
algebra” and (c) makes it as well a “factor” (the analog for
algebras of a simple as opposed to semi-simple Lie group).

Such
algebras have a simple threefold classification (a complete
classification given a further property of hyperfiniteness, which
holds in quantum field theory). If A has no simplifying property
beyond what we’ve assumed, it is said to be of Type III. If our
observations are described by a Type III algebra, this means that
there are no simplifying properties beyond the ability to define
quantum mechanical probabilities.
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There actually are theorems showing that out of all von Neumann
algebras that act on a given Hilbert space H, the generic one is of
Type III (one precise version of this statement is a theorem of
Haagerup and Winslow, 1998).

This is natural: it says that any
significant simplification beyond the axioms a), b), c) is
non-generic.
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There are two kind of simplifying properties that the algebra A
might have, in which case it is said to be of Type II or Type I
rather than Type III:

II) If A has a trace (but no irreducible representation) it is said to
be of Type II.

I) If A has an irreducible representation, it is said to be of Type I.



By a trace, one means a complex-valued linear function a→ Tr a
that satisfies

Tr ab = Tr ba

and a positivity condition

Tr a†a > 0 for all a 6= 0.

The trace doesn’t have to be defined and finite for all elements of
the algebra, but only for a sufficiently large dense subset. For a
Type II algebra, the function Tr is not a trace in a Hilbert space
representation of the algebra. The trace in a Hilbert space
representation of a Type II algebra is infinite. The trace function is
a sort of renormalized version of that, with an infinite factor
divided out.
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An algebra A of Type I has an irreducible representation in a
Hilbert space H′ (not necessarily the same as the original Hilbert
space H that we defined using the GNS construction). A is then
actually the algebra B(H′) of all bounded operators on H′.

There
is then a natural trace

a→ TrH′ a.

If H′ is infinite-dimensional, this trace is not defined on all
elements of the algebra, since for example

TrH′1 =∞.
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For either Type I or Type II, once there is a trace, one can define
density matrices.

If H is any Hilbert space representation of A –
the minimal GNS Hilbert space that we described earlier, or, for
example, a possibly bigger Hilbert space that includes degrees of
freedom beyond the horizon – and Ψ is a state in H, then a
density matrix is an operator ρ in (or technically, affiliated to) A
such that for all O ∈ A,

〈Ψ|O|Ψ〉 = TrOρ.

It is not hard to prove that such a ρ always exists and is a positive
element of A. Moreover if 〈Ψ|Ψ〉 = 1, then

Tr ρ = Tr 1 · ρ = 〈Ψ|1|Ψ〉 = 1,

so ρ has the standard normalization of a density matrix.
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Moreover if 〈Ψ|Ψ〉 = 1, then

Tr ρ = Tr 1 · ρ = 〈Ψ|1|Ψ〉 = 1,

so ρ has the standard normalization of a density matrix.
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Once we have density matrices, we can define von Neumann
entropies (or Rényi entropies, or other similar functions considered
in quantum information theory):

S(ρ) = −Tr ρ log ρ.

Here, however, there is an important difference between a Type II
algebra and a Type I algebra.

For a Type I algebra, the trace can
be defined literally as the trace in an irreducible representation. No
renormalization is required and therefore the definition of the
entropy is completely natural.
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For a Type II algebra, there was an infinite renormalization in the
definition of the trace and this corresponds to an additive
renormalization of the entropy.

In fact, if Tr undergoes a
multiplicative renormalization

Tr→ λTr

then to satisfy TrOρ = 〈Ψ|O|Ψ〉, we need to rescale ρ by the
opposite factor

ρ→ λ−1ρ,

and then the effect on the entropy S = −Tr ρ log ρ is

S → S + log λ.
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The best we can say is that entropy in a Type II algebra is defined
up to an additive renormalization, independent of the state.

What
are well-defined are really entropy differences. This is analogous to
entropy in classical physics. Entropy differences in classical physics
can be defined by integrating the First Law:

dE = TdS + pdV ,

but in classical physics there is no natural zero of entropy and no
natural way to fix an overall additive constant.
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Type II algebras have a further bifurcation into Type II1 and Type
II∞. In a Type II1 algebra, the identity operator has finite trace,
and the trace function can be normalized to make the trace equal
to 1:

Tr 1 = 1

and more generally the trace is finite for every element of the
algebra.
In a Type II∞ algebra,

Tr 1 =∞

and the trace is only finite for a subalgebra of “trace class”
elements of the algebra.

In a Type II1 algebra, the entropy is
bounded above – the density matrix of maximum entropy is ρ = 1
– and in a Type II∞ algebra, the entropy is unbounded above and
below.
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What do we expect for the algebra A of observables accessible to
an observer in quantum field theory – with or without gravity?

The
interesting case is an observer who, because of black hole or
cosmological horizons, cannot see the whole universe (or even a
complete initial value hypersurface). For example, here is a
Penrose diagram showing a geodesic observer in de Sitter space,
whose vision is bounded by past and future horizons:
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The “timelike tube theorem” of quantum field theory (which is a
sort of nonperturbative version of HKLL reconstruction) says that
the algebra of observables along the observer’s worldline is the
same as the algebra of observables in the whole “causal wedge”
shown in green. (A heuristic explanation is that the observer can
shine a laser beam on any object in the static patch and see what
bounces back, thereby learning the full contents of the static
patch.)

A classic result that goes back to Araki (1964) is that in
quantum field theory, the algebra of such a proper subregion of
spacetime (more precisely any region that does not include a
complete Cauchy hypersurface) is of Type III.
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The Type III nature of the algebra of a region has a dual in
AdS/CFT duality studied by Liu and Leutheusser (LL) in work that
started many of the developments of recent years
(arXiv:2110.05497, 2112.12156).

Here is a pair of asymptotically
AdS black holes entangled in a thermofield double state:

The blue wedge is the region causally accessible to the right
boundary (dark blue). In the approximation of treating the bulk
theory as a quantum field theory in a fixed background, the algebra
of the light blue region is of Type III, so in an appropriate limit,
that is also the case for the algebra of observables on the right
boundary.
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When the boundary dual theory is an SU(N) gauge theory of some
definite integer N, the thermofield double state is just a state in a
tensor product H` ⊗Hr of two copies of the Hilbert space of the
boundary CFT.

The algebra accessible to the observer on the right
side is just B(Hr ), the Type I algebra of all bounded operators on
Hr . That is a simple answer, but it has the drawback that for
finite N, notions of spacetime and its causal structure are not
precise and it is difficult to formulate the interesting puzzles about
a black hole in a sharp way. Instead in the large N limit, above the
Hawking-Page transition, the thermofield double state is a state in
a connected spacetime. The causal wedge of the boundary in this
connected spacetime is a subregion whose operator algebra in
ordinary quantum field theory is Type III. Therefore even though
for finite N, the right boundary would have a Type I algebra, in the
large N limit it should be possible to define an emergent Type III
algebra.
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To define this emergent algebra, LL considered single-trace
operators, normalized as O = TrFµνF

µν (for example) with no
additional factors of N.

For finite N, these operators are expected
to generate the Type I algebra B(Hr ) of the boundary CFT. In the
large N limit, these operators have divergent expectation values, so
to get operators with a large N limit, LL subtracted the
expectation values at some inverse temperature β (such that
T = 1/β is above the Hawking-Page transition) and considered
operators O′ = O − 〈O〉β that do have large N limits (in a
thermofield double Hilbert space defined at that value of β). The
algebra considered was the von Neumann algebra generated by
these subtracted operators O′ in the large N limit. AdS/CFT says
that this algebra is of Type III since it is the same as the bulk
algebra of the causal wedge treated as an ordinary quantum field
theory at G = 0:
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An important detail is that this large N algebra of single-trace
operators does not contain the Hamiltonian H; keeping track of
powers of N, one finds that the algebra defined this way contains
instead H/N, which in the large N limit is a central operator.

So
in the large N limit, the generator of time translations is not
contained in the algebra; time translations are an outer
automorphism of the algebra. We will come back to that outer
automorphism later, but for now we just note, following LL, that
this means that in this large N limit, the operators in a time band
of the boundary are a proper subalgebra. In fact, the boundary
interpretation of this proper subalgebra is that it is the algebra of a
smaller bulk region

and so is again of Type III.
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Various properties of the bulk geometry and dynamics are reflected
in properties of these emergent boundary algebras.

We have already seen that the connectedness of the two sides of
the thermofield double is reflected in the Type III nature of a
certain emergent boundary algebra. Engelhardt and Liu
(2311.04281) discussed an analogous algebraic signal for the
quantum connectedness between a black hole that has been
evaporating for a long time and its radiation.

Gesteau and Liu (2408.12642) argued that by considering the
subalgebras associated with time bands, one can give a criterion
for existence of sharp horizons in the large N limit, even in the
stringy case, that is even for fixed g2N as N →∞. We note that
we do not expect a sharp definition of a horizon for finite N but it
is not clear a priori if the horizon is a sharp notion when general
relativity is replaced by string theory. See also N.Lashkari, K. L.
Leung, M. Moose, and S. Ouseph, 2412.19882 for more on
algebras associated to time bands and stringy geometry.
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This story changes if we consider a slightly different large N limit
in which the Hamiltonian is included, but before explaining that I
want to explain some heuristic reasons to expect that Type II
algebras should be relevant to semiclassical gravity.

In this context,
semiclassical gravity probably means gravity in any situation in
which classical concepts of causality make sense.
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when we cannot define quantum mechanical microstates.
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quantum theory with entropies but no microstates is a good
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Somewhat more specifically, in gravity we often compute, by path
integrals, quantities that we give names like

Tr e−βH

or more generally quantities such as

Tr e−β1Ha e−β2Hb e−β3Hc

even though we do not have a Hilbert space H and operators
H, a, b, c on H such that the quantities we compute really are such
traces.

We call these functions traces because they do satisfy
TrOO′ = TrO′O, TrOO† > 0, for any O, O′ for which these
quantities are finite, such as

O = e−β1HVe−β2H ,

with for example a local operator V. Moreover, typically we believe
we are computing large N limits (or asymptotics) of functions that
really would be traces for positive integer N.
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algebra whose trace function is Tr.



What do these formulas mean? One might suspect that objects
like e−βH , etc., can be interpreted are elements of a Type II
algebra whose trace function is Tr.



An example that can be made very explicit is JT gravity coupled to
matter in spacetime dimension 2.

We refer to the objects we
compute from disc path integrals

as traces even though there is no “one-sided” Hilbert space in
which they are traces. An interpretation (Penington and EW,
2301.07527, Kolchmeyer 2303.04701) is that objects such as
e−βH , etc., as elements of an algebra of Type II∞ in which the
trace function is computed by a path integral on the disc.
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What is this good for, other than hanging a plaque on the wall and
declaring we found a Type II algebra?

One answer is that although
JT gravity does not have a one-sided Hilbert space describing
states of a single black hole, it does have a two-sided Hilbert space
describing states of a pair of entangled black holes:

In this situation, one can define Type II∞ algebras Ar and A` for
the right and left boundaries, respectively. One can show that they
are each “factors” (trivial center) and are each other’s
commutants.
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The statement that Ar and A` are commutants means that even
though there can be a long wormhole that classically is out of view
for an observer on either side – with a lot of matter inside the
wormhole –

the combined algebra A` ⊗Ar contains all operators on the full
Hilbert space, with no “gaps.” For example, the renormalized
length between the two sides is an operator in A` ⊗Ar . This is a
sort of nonperturbative version of entanglement wedge
reconstruction: there is a gap between the left and right causal
wedges, but there is no gap between the reconstructible wedges by
observers on the left and right. (There is also no known classical
geometric description of those reconstructible wedges, in general,
except in the usual sort of semiclassical limit, and it is not clear in
what sense one might hope for such a description.)
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This has an interesting variant in N = 2 supersymmetric JT
gravity.

In the “long wormhole” situation,

in bosonic JT gravity, with any amount of matter in the bulk, the
energies E`, Er measured on left and right can be arbitrarily small
(Kolchmeyer 2303.04701) but not strictly zero. However, in N = 2
JT supergravity coupled to matter, no matter how much or what
matter there is in the bulk, there exists a state that to a boundary
observer on left or right looks like a supersymmetric ground state
with E` = Er = 0 (Lin, Maldacena, Rozenberg, and Shan
2207.00407, 2207.00408). In other words, it looks like an extremal
black hole. So there is a large space of two-sided extremal black
holes, one for each SU(1, 1|1) primary field of the matter system.
Projecting the Type II∞ algebra to the space of ground states gives
a Type II1 algebra that acts on extremal black holes (this was
further analyzed in Penington and EW, 2412.15549).
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In spacetime dimension bigger than two, in theories of AdS gravity
with a known CFT dual, we expect that for positive integer N, a
one-sided Hilbert space HN exists which at high enough energies is
a black hole Hilbert space, though we do not understand it very
precisely.

Therefore we expect that quantities like

Tr e−βH or Tr e−β1Ha e−β2Hb e−β3Hc

really are traces if N is a positive integer. However, if we compute
these functions in an asymptotic expansion around N =∞, we get
answers that we cannot interpret literally as Hilbert space traces –
because HN does not have a large N limit. What we do have in an
asymptotic expansion near N =∞ is a description by a Type II
algebra. Why is that limit important? Presumably, because that is
the realm of semiclassical notions of causality – which are tied to
conceptual questions about black holes and quantum cosmology.
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JT gravity in two dimensions is different because (1) the analog of
N is the number c of matter fields, and no large c limit is needed
in the analysis, and (2) even for fixed c , there is no one-sided
Hilbert space.

Above two dimensions, something somewhat similar
to JT gravity would be a bottom-up theory of gravity potentially
lacking an ultraviolet completion, like pure Einstein gravity or
Einstein gravity with a few matter fields, and likewise potentially
lacking a well-defined (one-sided) black hole Hilbert space. One
could compute Tr e−βH by Euclidean path integrals, and one could
expect to give the results a Type II interpretation (at least
perturbatively or to the extent that the theory makes sense) even if
the theory in question does not really have a well-defined black
hole Hilbert space.
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Another way to say the same thing is that to have a continuous
spectrum (which a black hole has in any approximation that we
actually understand) but a finite partition function Tr e−βH (such
as we also compute) is not possible if “Tr” is literally the trace of
an operator e−βH in Hilbert space.

But it is perfectly possible if
e−βH is an element of a Type II algebra and Tr is the trace of this
algebra.
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A more explicit construction of a Type II algebra is available in the case
of a two-sided Schwarzschlild black hole, and also has a close analog in
quantum cosmology. (EW 2112.12828, V. Chandrasekharan, G. Penington
and EW (CPW) 2209.10454, CPW and R. Longo (CPLW) 2206.10780).

Let H
be the generator of time translations for a two-sided black hole:

It can be written as an integral over an initial value surface S , which we take to
be at t = 0 where t is Schwarzschild time:

H =

∫
S

ddx V µTµ0,

where T is the stress tensor and V ∼ ∂
∂t
. In heuristic arguments, it is

convenient to decompose S as a union S = Sr ∪ S` of portions to the right and
left of the bifurcation surface:

H = Hr − H`,

with

Hr =

∫
Sr

ddx V µTµ0, H` = −
∫
S`

ddx V µTµ0.
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It can be written as an integral over an initial value surface S , which we take to
be at t = 0 where t is Schwarzschild time:

H =

∫
S

ddx V µTµ0,

where T is the stress tensor and V ∼ ∂
∂t
. In heuristic arguments, it is

convenient to decompose S as a union S = Sr ∪ S` of portions to the right and
left of the bifurcation surface:

H = Hr − H`,

with

Hr =

∫
Sr

ddx V µTµ0, H` = −
∫
S`

ddx V µTµ0.
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In ordinary quantum field theory, the decomposition

H = Hr − H`

is not really correct.

Trying to make this decomposition leads to
ultraviolet divergences at the “bifurcation surface” at which Sr and
S` meet. In gravity, there is no problem with the decomposition
H = Hr − H`. Indeed, this is just the ADM expression for the total
conserved charge H in terms of ADM energies Hr and H`
measured on the right and left boundaries.
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Now let us try to describe an algebra of observables accessible to
an observer who lives in the asymptotically AdS region Ur on the
right of the bifurcation surface:

In ordinary quantum field theory (and with linearized gravity
treated as just one more quantum field), the algebra of observables
in region Ur is an algebra A0 of Type III. However, in the presence
of gravity, the full algebra A of observables has one more generator
Hr , so A = {A0,Hr} is the von Neumann algebra generated by A0

together with (bounded functions of) Hr .
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While Hr is observable for an observer in the right region Ur , the
corresponding left energy H`

commutes with all observables in that region. Taking the
perspective of an observer in region Ur who knows nothing about
H`, let us just call that operator X . We can trivially write the
formula H = Hr − H` = Hr − X in the form

Hr = H + X .

So, taking gravity into account, we can describe the observable
algebra in region Ur :

A = {A0,H + X}.
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Here we have run into a classic construction of a Type II algebra
starting with a Type III algebra (Takesaki 1972).

The crossed
product of an algebra A0 by a one-parameter group with generator
H is defined by adjoining to A0 one more generator H + X (where
X is central) to get

A = {A0,H + X},

and we see that this is what we have just found. This construction
can be defined for any automorphism of a von Neumann algebra,
but if the symmetry is the modular automorphism group (for some
state), which is the case for the black hole with symmetry
generator H (Sewell 1982), and the initial algebra is generic Type
III, also true here, then the crossed product algebra is Type II∞.
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If A0 acts on a Hilbert space H0, and H is an operator on H0,
then the crossed product algebra A = {A0,H + X} acts on a
Hilbert space H = H0 ⊗ L2(X ), where L2(X ) is the space of
square-integrable functions of X .

The trace in the crossed product
algebra is as follows: if ΨTFD ∈ H0 is the thermofield double state
and Ψ̂ ∈ H is defined by Ψ̂ = ΨTFDe

X/2, then

Tr â = 〈Ψ̂|â|Ψ̂〉

for any â ∈ A. The algebra is Type II∞, not Type II1, since
Tr 1 = 〈Ψ̂|1|Ψ̂〉 = 〈Ψ̂|Ψ̂〉 =

∫∞
−∞ dX eX =∞.
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Tr â = 〈Ψ̂|â|Ψ̂〉
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Since we have a trace, we can also define an entropy.

To compare this
entropy to the usual generalized entropy

Sgen =
A

4G
+ Sout,

we have to remember that the generalized entropy is defined for quantum
fields in some state Ψ in an (almost) definite spacetime. In our case, to
get a definite spacetime, we need the canonical conjugate of X (which is
a relative time-shift between left and right boundaries) to have an
(almost) definite value. This means that to be able to compare to the

generalized entropy, we should consider states such as Ψ̂ = Ψ⊗ f (X ),
where f (X ) is a slowly varying function. In CPW, the density matrix of
such a state was computed approximately and it was shown that the
entropy agrees with the usual generalized entropy (up to an important
state-independent additive constant, which is undefined from this point
of view). Subsequently, the exact density matrix was computed for states
Ψ⊗ f (X ) in K. Jensen, J. Sorce, and A. J. Speranza, 2306.01837. In
general, it is hard to use this to compute the entropy when f (X ) is not
slowly varying, but this was recently done for a class of far from
semiclassical states in which X , rather than its canonical conjugate, has
an almost definite value so that the generalized entropy formula does not
apply (J. De Vuyst, S. Eccles, P. A. Hoehn, and J. Kirklin, 2412.15502).
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In this construction, it is important that the two-sided AdS
Schwarzschild (or asymptotically flat Schwarzschild) black hole has
an equilibrium state – the thermofield double state.

In important
examples such as a Kerr black hole or a Schwarzschild-de Sittter
spacetime, there is no equilibrium state and the discussion as
presented does not apply. However, by starting instead with the
Unruh state, and operators on the past horizon, it is possible to
make a somewhat similar construction of a Type II∞ algebra for
those spacetimes (J. Kudler-Flam, S. Leutheusser, and G.
Satishchandran (KFLS) 2309.15897). There are also extensions in
cosmology that I will not have time to describe (KFLS 2406.01669,
C.-H. Chen and G. Penington 2406.02116).
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What I have explained for black holes has an analog for de Sitter
space (CLPW) that I actually think is more interesting, because de
Sitter entropy has been even more mysterious than black hole
entropy.

Cosmological horizons – such as the horizons of de SItter
space – are highly observer-dependent: they bound the portions of
spacetime that a given observer can see or influence. For example,
consider an observer propagating on a geodesic γ in de Sitter. We
can choose coordinates such that γ is the left boundary of the
Penrose diagram

and the green region P (called a static patch) is the region causally
accessible to the observer. In ordinary quantum field theory, we
associate to P an algebra of observables A0 which is of Type III.
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In gravity, we observe first that the region P is invariant under a
one-parameter group of “time translations” whose generator I will
call H.

Because de Sitter space is a closed universe, in the
presence of gravity, H has to be treated as a constraint operator.
This means that only H-invariant operators are allowed, so naively
we should replace A0 with its H-invariant subalgebra AH

0 .
However, this does not work: a basic result in ergodic theory
(using the fact that H generates the modular automorphism
group) says that AH

0 consists only of c-numbers. (For recent
developments involving modular theory and ergodic theory, see S.
Ouseph, K. Furuya, N. Lashkari, K. L. Leung, and M. Moosa,
2310.13736, E. Gesteau 2310.13733.)
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To get a sensible answer, we need to take seriously the fact that
the reason we are interested in the static patch P is that there is
an observer in that patch and we are trying to discuss the
measurements accessible to that observer.

We need to include this
observer and the observer’s Hamiltonian in the description of the
algebra and the constraint. For a simple model of the observer
Hamiltonian, we take

Hobs = mc2 + q,

where m is the observer’s rest mass and q is the Hamiltonian for
the experimental apparatus the observer carries. If m is really to be
the observer’s rest mass, we want q ≥ 0, but we will otherwise give
q a continuous, non-degenerate spectrum. So the Hilbert space of
the observer is L2(q) where q ≥ 0. For a moment, though, I will
ignore the constraint q ≥ 0, and freely use the operator p = −i d

dq .
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The naive algebra including the observer is then A1 = {A0, q, p},
that is, it is generated by A0 together with p and q.

However, we
have to impose the constraint. The constraint generator now
receives a contribution from the observer Hamiltonian and is

Ĥ = H + Hobs.

The Ĥ-invariant subalgebra of A1 is now quite non-trivial and is
generated by “dressed” operators e ipHae−ipH , for all a ∈ A0,
together with one more operator q:

AH1 = {e ipHae−ipH , q}.

By conjugating by e−ipH , one can show that AH
1 is isomorphic to

the crossed product algebra as defined earlier. In particular, it is
again of Type II∞. But we have to take into account the
constraint q ≥ 0. If Π is the projection operator onto q ≥ 0, then
the algebra we really want is just

A = ΠAH
1 Π.
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That last projection turns the Type II∞ algebra AH
1 into a Type II1

algebra.

It means therefore that there is a state of maximum
entropy, which is the “maximally mixed” state with density matrix
ρ = 1. Concretely, the maximum entropy state is empty de Sitter
space with the observer in thermal equilibrium. This was guessed
long ago (R. Bousso, hep-th/0012052) on purely thermodynamic
grounds, with no microscopic definition of entropy (and without
explicitly including an observer).
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If we want to go beyond lowest order in G , it won’t work well to say that
we are trying to define operators in the causal domain of the observer

because this fluctuates quantum mechanically and really isn’t well-defined
except in the classical limit. What is equivalent in leading order and
makes sense in higher orders, and really is a better match for the idea of
“the algebra accessible to the observer,” is to take for the naive algebra
A0 that we started with not the algebra of all operators in the static
patch, but simply the algebra of all operators along the observer’s
worldline. That way, we get a version that appears to make sense at least
to all orders in perturbation theory in G , and moreover can be defined
“universally,” with no a priori knowledge of what is the spacetime in
which the observer is living (EW, 2308.03663). In other words, this is a
“background independent” algebra that is determined by the theory, with
no knowledge required about the spacetime. DIfferent spacetimes (and
different observer trajectories in the same spacetime) correspond to
different representations of this one universal algebra.
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I will close with the following speculation.

Can we improve the
definition of entropy that I’ve given so that there will be no
arbitrary additive constant? We can possibly do this by thinking of
the Hartle-Hawking “no-boundary” state ΨHH as a universal state
of maximum entropy. I assume that this state makes sense as a
state of the observer algebra, no matter what spacetime the
observer is living in. If so, then given any other state Ψ of the
background-independent algebra, we can define the entropy S(Ψ)
to be the relative entropy S(Ψ|ΨHH). The state ΨHH has been
interpreted previously as a universal state of maximum entropy (see
J. Maldacena 2403.10510 for a review) and a similar definition of
entropy was used previously in proving a version of the Generalized
Second Law (A. Wall, 1105.3445). But at the moment there is
only very limited evidence for this proposal.
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