
Dual perspectives on double scaled SYK

Herman Verlinde

Strings 2025, NYU Abu Dhabi, 01/08/25

Based on: 2310.16991, 2402.00635, 2402.02584, 2409.11551,WIP
with D. Gaiotto, V. Narovlansky, D.Tietto, and M. Zhang

Herman Verlinde Dual perspectives on DSSYK Strings 2025, NYU Abu Dhabi, 01/08/25 1 / 28



3D de Sitter gravity
1D Double scaled

SYK model
q = e−

2p2
N

q = fugacity

q = e− 2π
κ

q = e−8πGN

q = e iπb2
[HV] [Rahman, Susskind]

[Narovlansky, HV] [Zhang, HV]

Herman Verlinde Dual perspectives on DSSYK Strings 2025, NYU Abu Dhabi, 01/08/25 2 / 28



SL(2,C) CS theory
−−−−−−−−−−

3D de Sitter gravity

2D Complex
Liouville gravity

1D Double scaled
SYK model

q = e−
2p2
N

q = fugacity

q = e 2πi
k

q = e−8πGN

q = e iπb2
[Narovlansky, HV] [Zhang, HV]
[Collier, Eberhardt, Mühlman]
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Double scaled SYKSYK model  = 1D many body QM with maximal chaos

3.1 Definition
The SYK model is defined as having a Hamiltonian

H =
X

ijk`

Jijk` 
i j k `, (18)

where Jijk` are drawn from a normal distribution. The operators obey the anticommutation
relations

{ i,  j} = �ij. (19)

3.2 Initial Calculations

3.3 Large N Limit

3.4 Supersymmetry
The discussion of the supersymmetric models comes from reference [1]. In the supersym-

metric generalization, the Hamiltonian is written in terms of the supercharge

Q = i
X

i<j<k

Cijk 
i j k, (20)

where Cijk are now drawn from a Gaussian with mean 0 and variance 2J/N2. Because the
 operators are antisymmetric, the other components of C may be chosen so that C is also
antisymmetric. In this case

Q =
i

6

X

ijk

Cijk 
i j k, (21)

with the indices no longer necessarily ordered.
The Hamiltonian is defined as

H = Q2 = �
X

i<j<k

Cijk 
i j k

X

`<m<n

C`mn 
` m n. (22)

For those terms where (i, j, k) = (`, m, n), the sum becomes

X

i<j<k

C2
ijk 

i j k i j k =
1

8

X

i<j<k

C2
ijk (23)

Eventually5 the Hamiltonian becomes

H = E0 +
X

i<j<k<`

Jijk` 
i j kk `, (24)

5I’m not able to derive this. What am I missing?

4

random couplings N majorana variables

1 Introduction

An interesting class of solvable theories that displays maximally chaotic behavior are the Sachdev-

Ye-Kitaev (SYK) models [6, 9, 10, 11, 12, 13].
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1 � ⇤r2
+ r2d✓2 (1.2)

To quantize the pure Einstein gravity, it is useful to go to a first order formalism, and rewrite

the metric in terms of a dreibein ea and SO(2, 1) spin connection !a. The dreibein and spin-

connection can be combined in an SL(2, C) gauge field A = Aa⌧a and Ā = Āa⌧a. The Einstein

action (1.1) then takes the form of sum of two Chern-Simons actions

S =
i
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�
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A^A^A
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i
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d⌧
�
 i@⌧ i � HSYK
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(1.8)

HSYK = ip/2
X

i1...ip

Ji1...ip i1 . . .  ip (1.9)

where the disorder average over couplings j is described by

D
J2

i1...ip

E
= J 2 2p�1p!

p2Np�1
. (1.10)
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. (1.25)
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h = eh(⌧1,⌧2)d⌧1d⌧2 (1.26)
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1
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p
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G(⌧1, ⌧2) = e
1
p

g(⌧1,⌧2)
(1.29)

Se↵ [g, h] =
N

8p2

Z
d2⌧

h
@⌧1g(⌧)@⌧2g(⌧) � g(⌧)Rh(⌧) + J 2eg(⌧)+h(⌧) � 2⇤ eh(⌧)

i
, (1.30)

Se↵ [g, h] = SL['+ ] � SL['�], '+ = g + h, '�= h (1.31)

SL['±] =
N

8p2

Z
d2⌧ [@⌧1'±@⌧2'± + 2⇤e'± ] (1.32)

The main example is the SYK model of N Majorana fermions  i with Hamiltonian

H = H+ � H� (1.33)

4

In the N → ∞ limit with λ = p2

N finite, the bi-local collective field theory takes the
form of a Liouville CFT with complex central charge c± = 13± i( 6λ

π
− 6π

λ
)

5 Collective mean field theory

As explained in [6] one can reformulate this theory and go from a path integral over  and j to

a mean field formulation with fundamental fieldS G(⌧1, ⌧2) and ⌃(⌧1, ⌧2). The former is identified

with

G(⌧1, ⌧2) ⌘
1

N

X

i

h i(⌧1) i(⌧2)i, (5.1)

and the latter with the self-energy. Fermion correlators can then be replaced by correlators of this

bilocal mean field G(⌧1, ⌧2), integrated over with a semiclassical action [11]

� SE/N =
1

2
Tr log (@⌧ � ⌃) � 1

2

Z
d⌧1d⌧2


⌃(⌧1, ⌧2)G(⌧1, ⌧2) �

J 2

q2
G(⌧1, ⌧2)

q

�
. (5.2)

Analyzing the saddle point equations associated to this action one can find that in the strong cou-

pling limit of large �J the two-point function becomes G(⌧1, ⌧2) ⇠ |⌧12|�2� with scaling dimension

� = 1/q. We will focus now on the large q limit. This means we can approximate the bilocal field

in the following way up to 1/q corrections

G(⌧1, ⌧2) =
sgn(⌧12)

2
e��g(⌧1,⌧2) =

sgn(⌧12)

2

✓
1 +

1

q
g(⌧1, ⌧2)

◆
, (5.3)

and study the dynamics of g(⌧1, ⌧2). On-shell the self-energy is also given in terms of g(⌧1, ⌧2)

as ⌃ ⇠ J 2eg(⌧1,⌧2)/q2. Since we are interested in fermion correlators that can be obtained from

correlators of the bilocal field g(⌧1, ⌧2) one can integrate first over ⌃. This can be done in the large

q limit to obtain an e↵ective action for g. This was done in [11, 13, 48] giving

Se↵ =
N

8p2

Z
d⌧1d⌧2

⇥
@⌧1g@⌧2g � 4J 2 exp g(⌧1, ⌧2)

⇤
. (5.4)

It was also noted that this is precisely the Liouville action for g(⌧1, ⌧2). This bilocal action from

the point of view of the original quantum mechanical system becomes local in the two dimensional

kinematic space (⌧1, ⌧2). These two parameters behave like null coordinates in the 2d space (x0, x1)

such that z = ⌧1 = �x0 + x1, z̄ = ⌧2 = x0 + x1 and g(⌧1, ⌧2) ! g(z, z̄). Then we can use this

relabeling to write the action as a 2d theory for a scalar field g

Se↵ =
N

8q2

Z
d2z

⇥
@g@̄g � 4J 2 exp g

⇤
. (5.5)

One can view this e↵ective problem on a two-dimensional kinematic space as shown in the figure.

The time coordinates play the role of the lightcone coordinates in the 2d Lorentzian Liouville

theory. Notice that this problem is peculiar in that even though the action under consideration

is Lorentzian, there is no overall i sitting in front of the action in the path integral and needS

to be supplemented with a contour prescription in the complex plane to make sense and give a

convergent result.

11

G(1, 2) =
1
N
ψi (1)ψi (2)
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Ā^dĀ +

2

3
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Ā^dĀ +

2

3
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⇤ea, Āa = !a � i

p
⇤ea (1.4)

S =
i

2⇡

Z
d2z
⇣1

2
@�+ @̄�+ + 2e�+

⌘
� i

2⇡

Z
d2z
⇣1

2
@�� @̄�� + 2e��

⌘
(1.5)

c± = 1 + 6Q±
2, Q± = b± +

1

b±
± i =

1

b±
2

(1.6)

b± = e±i⇡/4� ; c± = 13 ± i
⇣
�2 � 1

�2

⌘
(1.7)

S[ ] =
X

i

Z
d⌧
�
 i@⌧ i � HSYK

�
(1.8)

HSYK = ip/2
X

i1...ip

Ji1...ip i1 . . .  ip (1.9)

where the disorder average over couplings j is described by

D
J2

i1...ip

E
= J 2 2p�1p!

p2Np�1
. (1.10)

2

S[ ] =
X

i

Z
d⌧
�
 i@⌧ i � HSYK

�
(1.22)

HSYK = ip/2
X

i1...ip

Ji1...ip i1 . . .  ip (1.23)

where the disorder average over couplings j is described by

D
J2

i1...ip

E
= J 2 2p�1p!

p2Np�1
. (1.24)

D
Ji1...ip(⌧1)Ji1...ip(⌧2)

E
= eh(⌧1,⌧2) J 2 2p�1p!

p2Np�1
. (1.25)

ds2
h = eh(⌧1,⌧2)d⌧1d⌧2 (1.26)

G(⌧1, ⌧2) =
1

N

X

i

 i(⌧1) i(⌧2) (1.27)

Se↵ = �N

2
Tr log (@⌧ � eh⌃) +

N

2

Z
d⌧1d⌧2 eh(⌧1,⌧2)


⌃(⌧1, ⌧2)G(⌧1, ⌧2) �

J 2

p2
G(⌧1, ⌧2)

p

�
. (1.28)

G(⌧1, ⌧2) = e
1
p

g(⌧1,⌧2)
(1.29)

Se↵ [g, h] =
N

8p2

Z
d2⌧

h
@⌧1g(⌧)@⌧2g(⌧) � g(⌧)Rh(⌧) + J 2eg(⌧)+h(⌧) � 2⇤ eh(⌧)

i
, (1.30)

Se↵ [g, h] = SL['+ ] � SL['�], '+ = g + h, '�= h (1.31)

SL['±] =
N

8p2

Z
d2⌧ [@⌧1'±@⌧2'± + 2⇤e'± ] (1.32)

The main example is the SYK model of N Majorana fermions  i with Hamiltonian

H = H+ � H� (1.33)

4

In the N → ∞ limit with λ = p2

N finite, the bi-local collective field theory takes the
form of a Liouville CFT with complex central charge c± = 13± i( 6λ

π
− 6π

λ
)

5 Collective mean field theory

As explained in [6] one can reformulate this theory and go from a path integral over  and j to

a mean field formulation with fundamental fieldS G(⌧1, ⌧2) and ⌃(⌧1, ⌧2). The former is identified

with

G(⌧1, ⌧2) ⌘
1

N

X

i

h i(⌧1) i(⌧2)i, (5.1)

and the latter with the self-energy. Fermion correlators can then be replaced by correlators of this

bilocal mean field G(⌧1, ⌧2), integrated over with a semiclassical action [11]

� SE/N =
1

2
Tr log (@⌧ � ⌃) � 1

2

Z
d⌧1d⌧2


⌃(⌧1, ⌧2)G(⌧1, ⌧2) �

J 2

q2
G(⌧1, ⌧2)

q

�
. (5.2)

Analyzing the saddle point equations associated to this action one can find that in the strong cou-

pling limit of large �J the two-point function becomes G(⌧1, ⌧2) ⇠ |⌧12|�2� with scaling dimension

� = 1/q. We will focus now on the large q limit. This means we can approximate the bilocal field

in the following way up to 1/q corrections

G(⌧1, ⌧2) =
sgn(⌧12)

2
e��g(⌧1,⌧2) =

sgn(⌧12)

2

✓
1 +

1

q
g(⌧1, ⌧2)

◆
, (5.3)

and study the dynamics of g(⌧1, ⌧2). On-shell the self-energy is also given in terms of g(⌧1, ⌧2)

as ⌃ ⇠ J 2eg(⌧1,⌧2)/q2. Since we are interested in fermion correlators that can be obtained from

correlators of the bilocal field g(⌧1, ⌧2) one can integrate first over ⌃. This can be done in the large

q limit to obtain an e↵ective action for g. This was done in [11, 13, 48] giving

Se↵ =
N

8p2

Z
d⌧1d⌧2

⇥
@⌧1g@⌧2g � 4J 2 exp g(⌧1, ⌧2)

⇤
. (5.4)

It was also noted that this is precisely the Liouville action for g(⌧1, ⌧2). This bilocal action from

the point of view of the original quantum mechanical system becomes local in the two dimensional

kinematic space (⌧1, ⌧2). These two parameters behave like null coordinates in the 2d space (x0, x1)

such that z = ⌧1 = �x0 + x1, z̄ = ⌧2 = x0 + x1 and g(⌧1, ⌧2) ! g(z, z̄). Then we can use this

relabeling to write the action as a 2d theory for a scalar field g

Se↵ =
N

8q2

Z
d2z

⇥
@g@̄g � 4J 2 exp g

⇤
. (5.5)

One can view this e↵ective problem on a two-dimensional kinematic space as shown in the figure.

The time coordinates play the role of the lightcone coordinates in the 2d Lorentzian Liouville

theory. Notice that this problem is peculiar in that even though the action under consideration

is Lorentzian, there is no overall i sitting in front of the action in the path integral and needS

to be supplemented with a contour prescription in the complex plane to make sense and give a

convergent result.

11

G(1, 2) =
1
N
ψi (1)ψi (2)

DSSYK is exactly soluble. Its interactions are governed by simple chord rules
. [Berkooz et al]

1 Introduction

In this note, we investigate the proposed duality between double scaled SYK model at infinite

temperature and low dimensional de Sitter gravity with the goal of combining the recent insights

and reconcile apparent discrepancies. First let us outline the di↵erent strands of evidence and the

tension between them.

DSSYK is defined by taking a suitable double scaling limit of the SYK Hamiltonian for N

Majorana fermions with commutators { i,  j} = 2�ij with gaussian random couplings

H = ip/2
X

i1...ip

Ji1...ip i1 i2 . . .  ip , h(Ji1...ip)
2i =

J 2

�
�
N
p

� (1)

where p and N are both sent to infinity while keeping � = 2p2/N fixed. In this limit, the model

can be exactly solved by summing over chord diagrams depicted below

H

H

H

H

H

H

q

Each chord represents a Wick contraction from the gaussian average of the random couplings. The

chords associated with the moments of the Hamiltonian are weighted by a factor of q#intersections.

The factor q arises from summing the Poisson distribution of all instances that two chords contain

identical majorana oscillators while taking into account fermi statistics

q =
X

m

e�
p2

N

�p2

N

�m

m!
(�1)m = e�

2p2

N ⌘ e�� (2)

The sum over chord diagram can be exactly evaluated with the help of a q-deformed oscillator

algebra and reveals a Uq(sl2) quantum symmetry. The double scaled Hamiltonian is expressed in

terms of q oscillators via (here we set J = 1)

p
�H = a† + a [a, a†]q = 1 (3)

with [A, B]q = AB � qBA. Via the q-analog of the standard SHO treatment, one finds that the

energy eigen spectrum is bounded and parametrized by an angle 2⇡⌘ via 1

E(⌘) =
2 sin(⇡⌘)p
�(1�q)

' 2⇡⌘

�
for ⌘, �⌧ 1 (4)

In the strict double scaling and infinite temperature limit, all physical quantities only depend on q.

1We parametrize the usual spectral angle via ✓ = ⇡
2

+ ⇡⌘ so that the infinite temperature point sits at ⌘ = 0.

2

H|n〉 = |n + 1〉+ [n]q |n − 1〉

[n]q = 1−qn

1−q q ≡ e−2λ ≡ e−
2p2
N
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The Hamiltonian can be expressed in terms of q-deformed oscillators a, a† as

a†|n〉 = |n + 1〉,

H = a† + a a|n〉 = [n]q|n − 1〉,

[a, a†]q = 1.

=⇒ The energy spectrum and partition function of DSSYK are given by

H|θ 〉 = cos θ√
λ(1−q)

|θ 〉 ρ(E ) = eS0 ϑ1(2θ, q)

ZSYK(q, β) = Tr[e−βH ] = eS0

∫ π

0

dθ
π

(q, e±2iθ; q)∞ e−βE(θ)

The energy spectrum is bounded and
has a state with maximum entropy.

DSSYK operators span a type II1 algebra.
E = 0 E

ρ(E )
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Schur correlators in 4D N = 2 supersymmetric gauge theory
Schur correlation functions in superconformal 4D N =2 gauge theory are defined
as the twisted trace over the Hilbert space of states on S3, or equivalently, as the
twisted partition function on S3×S1 decorated by line operators wrapping the S1:

I(q, β) = Tr(−1)2Rqj3+Re−βW1

⇢= ⇡/2

⇢ = 0

0  ⌧ < ⇡

' = ⇡' = 0

paste

⇢= ⇡/2

⇢ = 0

⇡  ⌧ < 2⇡

' = 0' = ⇡

Figure 3: Euclidean 3D de Sitter space is obtained by gluing two half three spheres, c.f. [?]. The

observer world line at ⇢ = 0 (red) and observer horizon at ⇢ = ⇡/2 (green) indicated.

S3 S1⇥

The most natural choice for our purpose is to divide up the three sphere into a left- and right half

Mket =
�

0 < ' < ⇡
 
, Mbra =

�
⇡ < ' < 2⇡

 
. (24)

Theses two half three-spheres have a common 2D boundary

@Mket = �@Mbra =
�
' = 0, ⇡

 
⌘ ⌃0 [ ⌃⇡ (25)

in the form of two disks (half two-spheres) ⌃0 and ⌃⇡ glued together along the observer world-line

@⌃0 = �@⌃⇡ = { ⇢ = 0 } (26)

indicated with the red straight line(s) in figure 3.

To quantize the theory, we could either first impose the constraints (20) and then quantize, or

first quantize and then impose the constraints. The former approach is described in a companion

paper [?]. Here we will follow the latter approach. We promote the SL(2, C) gauge field A+ =

(A+, A�) into operators that satisfy the commutator algebra

[A+
a↵(x), A+

b�(y)] = �[A�
a↵(x), A�

b�(y)] =
4⇡
k �ab✏↵��(x � y). (27)

10

Schur correlators are topological: they only depend on operator ordering and do
not depend on gauge couplings. Hence they can be computed at zero coupling.1

1In this talk, we are interested in Schur correlators in pure SU(2) SW theory.
SW-theory is not superconformal, so defining the correlators takes some care.
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SYK-Schur duality

By introducing a boundary, the Schur index can be generalized to a half-index.
Schur-SYK duality is the statement that

ZSYK(q, β) = I
1/2
SW(q, β)

[Gaiotto, HV]

What explains this correspondence? What can we learn from it?
Can we generalize it?
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SYK-Schur duality is a cousin of AGT duality. Both follow from the class S
description of SU(2) SW theory in terms of 6D (2,0) theory compactified on the
sphere C with two irregular singularities.

W1

C

N

S

H0

Figure 1: The spatial section of the Schwarzschild-de Sitter spacetime is a a sphere ! with two punctures.
The two basic gravitational line operators W1 and Z are indicated.

3 Derivation of the Skein algebra

Let us summarize the canonical quantization of 2+1D de Sitter gravity on a Cauchy slice

!. For our application, ! describes a two-sphere S2 with two irregular singularities, one at the

north-pole and one on the south pole. The phase space of the Schwarzschild-de Sitter spacetime

is spanned by the holonomies of the de Sitter isometry group SL(2, C) around non-trivial cycles

on !. It is convenient to identify this phase space with the space of flat SL(2, C) connections

on ! modulo gauge transformations. Besides the line operator W1 that measures the holonomy

around the equator, there are three other line operators that play a special role in the following:

the open line operator Z connecting the north and south pode without any winding (see figure

1) and the open line operators Hk that connect the two podes after winding k times around the

equator. We would like to construct the Hilbert space representation of these four line operators.

Let A denote the flat SL(2, C) connection on ! with F (A) → dA + A ↑ A = 0. The classical

line operators are defined as follows. Let s and n denote two two-component spinors located at

the south and north pode related by parallel transport via the flat SL(2, C)-connection. In other

words, if ” denotes a covariantly constant spinor satisfying (ω ↓ A)” = 0, then

s = ”|southpode, n = ”|northpode. (3.1)

We assume that the monodromy M = P exp
)︄
A A around the equator (A-cycle) acts non-trivially

on n and s, so that s ↑ Ms ↔= 0 and n ↑ Mn ↔= 0. Here ↑ is the antisymmetric SL(2)-invariant

inner product defined with the ε-symbol. It will be convenient to normalize s and n such that

s ↑ Ms = n ↑ Mn = 1 (3.2)

Note that this condition is compatible with s and n being related via parallel transport.

Let us make these definitions a bit more explicit. The monodromy M around the equator is

an elliptic element of the isometry group. Using gauge freedom under conjugation, we may set

M = P exp

[︄

A
A =

]︄
eiω 0

0 e→iω

⌊︄
(3.3)

Here ϑ is related to the deficit angle ϖ at the north- and southpode via ϑ = ε
2 (1↓ϖ). In addition,

6
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indicated with the red straight line(s) in figure 3.

To quantize the theory, we could either first impose the constraints (20) and then quantize, or

first quantize and then impose the constraints. The former approach is described in a companion

paper [?]. Here we will follow the latter approach. We promote the SL(2, C) gauge field A+ =

(A+, A�) into operators that satisfy the commutator algebra

[A+
a↵(x), A+

b�(y)] = �[A�
a↵(x), A�

b�(y)] =
4⇡
k �ab✏↵��(x � y). (27)

10

The class S description of SW theory maps Schur correlators to correlators
of Wilson line operators of SL(2,C) Chern-Simons theory defined on a 3D
manifold B3 with boundary given by the curve C.

Schur quantization
Gaiotto, Teschner
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Pure 2+1 de Sitter gravity can be reformulated as an SL(2,C) CS theory via

SE = iκ
2π

∫
tr(AdA+ 2

3A
2)− iκ

2π

∫
tr(ĀdĀ+ 2

3 Ā
3)

A = ω + ie, Ā = ω − ie, 2π
κ

= 8πGN

The Hilbert space of SL(2,C) CS theory is spanned by the conformal blocks of a pair
of Virasoro-Liouville CFTs with complex central charge

S = iκ
2π

∫
( 1

2∂ϕ+∂ϕ+ + 2eϕ+ )− iκ
2π

∫
( 1

2∂ϕ−∂ϕ− + 2eϕ− )

c± = 13± 6i(κ− 1
κ

)

The central charges add up to 26 =⇒ Adding a bc-ghost system produces
the worldsheet theory of a soluble string theory, the Complex Liouville String.
Amplitudes of the CLS are invariant under the mapping class group. They
evaluate the inner product between states of 3D de Sitter gravity.
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CLS amplitudes of a given topology Σg compute cosmological correlators
in 3D de Sitter gravity in a cosmological spacetime with Cauchy slice Σg .

Collier, Eberhardt, Mühlman

Applying this idea to the SW curve C, we are led to identify C with the spatial
section of 3D de Sitter with a localized matter source (”observer”) at the podes.

W1

N

S

H0
paste

N

S

=
H0

S3

W1

NS

Figure 2

line operators no longer commute but satisfy a non-commutative skein algebra. The form of this

algebra can be derived by either first quantizing the space of all 2D gauge connections and then

impose flatness and divide out gauge symmetry, or by directly quantizing the finite dimensional

phase space of flat connections modulo gauge transformations. Either way, the upshot is that

the quantum skein relations are captured by the local rule

= q
1
4 + q→

1
4

(3.8)

As a result, the Skein and Ptolemy relations are deformed to their quantum versions

HkW1 = q1/4Hk→1 + q→1/4Hk+1 Hk→1Hk+1 = 1 + q→1/2H2
k (3.9)

W1Hk = q→1/4Hk→1 + q1/4Hk+1 Hk→1Hk+1 = 1 + q1/2 H2
k (3.10)

The non-commutativity among the Hk variables is quantified via

Hk Hk→1 = q1/2 Hk→1Hk (3.11)

These relations are the most useful starting point for constructing the quantum description of

the Schwarzschild-de Sitter spacetime.

8

The path-integral over the ball B3 with boundary C produces an in-state |Ψin〉.
Gluing the two spheres amounts to taking an innerproduct 〈Ψout |Ψin〉.

The holonomy operator W1 measures the deficit angle at the podes. The open
line operator H0 measures the time difference between the podes. In complex
Virasoro-Liouville CFT, they correspond to closed and open Verlinde line operators.
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Classical phase space of SL(2,C) CS theory on C

W1

N

S

H0

Figure 1: The spatial section of the Schwarzschild-de Sitter spacetime is a a sphere ! with two punctures.
The two basic gravitational line operators W1 and Z are indicated.

3 Derivation of the Skein algebra

Let us summarize the canonical quantization of 2+1D de Sitter gravity on a Cauchy slice

!. For our application, ! describes a two-sphere S2 with two irregular singularities, one at the

north-pole and one on the south pole. The phase space of the Schwarzschild-de Sitter spacetime

is spanned by the holonomies of the de Sitter isometry group SL(2, C) around non-trivial cycles

on !. It is convenient to identify this phase space with the space of flat SL(2, C) connections

on ! modulo gauge transformations. Besides the line operator W1 that measures the holonomy

around the equator, there are three other line operators that play a special role in the following:

the open line operator Z connecting the north and south pode without any winding (see figure

1) and the open line operators Hk that connect the two podes after winding k times around the

equator. We would like to construct the Hilbert space representation of these four line operators.

Let A denote the flat SL(2, C) connection on ! with F (A) → dA + A ↑ A = 0. The classical

line operators are defined as follows. Let s and n denote two two-component spinors located at

the south and north pode related by parallel transport via the flat SL(2, C)-connection. In other

words, if ” denotes a covariantly constant spinor satisfying (ω ↓ A)” = 0, then

s = ”|southpode, n = ”|northpode. (3.1)

We assume that the monodromy M = P exp
)︄
A A around the equator (A-cycle) acts non-trivially

on n and s, so that s ↑ Ms ↔= 0 and n ↑ Mn ↔= 0. Here ↑ is the antisymmetric SL(2)-invariant

inner product defined with the ε-symbol. It will be convenient to normalize s and n such that

s ↑ Ms = n ↑ Mn = 1 (3.2)

Note that this condition is compatible with s and n being related via parallel transport.

Let us make these definitions a bit more explicit. The monodromy M around the equator is

an elliptic element of the isometry group. Using gauge freedom under conjugation, we may set

M = P exp

[︄

A
A =

]︄
eiω 0

0 e→iω

⌊︄
(3.3)

Here ϑ is related to the deficit angle ϖ at the north- and southpode via ϑ = ε
2 (1↓ϖ). In addition,

6

F (A) = dA+A ∧A = 0

(∂ −A)Ψ = 0

We parametrize the holonomy M around the equator
and the values of the constant section Ψ at the north and south podes via

M = P exp
∮

A
A =

(
e iθ 0
0 e−iθ

)
θ = π

2 (1− α)
α = deficit angle

s = Ψ|S =
(

s1
s2

)
, n =Ψ|N =

(
s1 eu

s2e−u

)
The gauge invariant holonomies are then given by2

W1 = TrM = 2 cos θ Hk = n ∧Mks = sinh(u + ikθ)
cos θ

2Here we choose to normalize the section Ψ such that s∧M s = n∧M n = 1.
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Classical Skein and Ptolemy relations
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Figure 1: The spatial section of the Schwarzschild-de Sitter spacetime is a a sphere ! with two punctures.
The two basic gravitational line operators W1 and Z are indicated.
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6

H0W1 = H−1 + H 1 (Skein)

H 1 H−1 = 1 + H2
0 (Ptolemy)

SL(2,C) Wilson line operator in CS theory satisfy the classical skein rule

S N

H0

W1

= S N

H1

+ S N

H�1

Figure 3: The holonomy variables LA and LZ that span the phase space of Schwarzschild-de Sitter

(left) and the holonomies LY and LỸ that arise in the Poisson bracket between LA and LZ (right).

We can now follow one of two approaches (i) we can first use the above formulas to quantize

the space of all 2D gauge connections and then impose the flatness constraints while dividing out

gauge transformations, or (ii) we can aim to directly quantize the finite dimensional phase space of

flat connections modulo gauge transformations. Here we will take a hybrid approach: we will use

the ‘quantize first’ method to compute the Poisson bracket between the gauge invariant holonomy

variables LA and LZ and then use this result to directly construct a Hilbert space representation

of the operator algebra of physical observables in the full quantum theory.

The symplectic form (31) leads to the following local commutators between the gauge fields

⇥
A±

↵a(x), A±
�b(y)

⇤
= ±~✏↵� �ab �(x � y), ~ ⌘ 2⇡i


(32)

These are the familiar commutators from quantum Chern-Simons theory, except that the level

k = i is now imaginary, so the ~ on the right-hand side has an extra factor of i.

In the ‘quantize first’ approach, one first introduces a Hilbert space spanned by wave functionals

of a maximally commuting subset of gauge field components and then implements the flatness

conditions by requiring that physical states are annihilated by the operators F (A+) and F (A�),

while imposing that physical operators must commute with the constraints. The physical state

conditions automatically implement gauge and di↵eomorphism invariance, leaving the holonomies

around the non-trivial cycles of the spatial slice ⌃ as the only physical, gauge and di↵eomorphism

invariant observables.3

Defining the Poisson bracket as the classical limit { , }
PB

= lim
~!0

1
~ [ , ] of the commutator (32),

we can now compute the bracket between the holonomy variables LA and LZ . This bracket is

non-zero because the two lines intersect [22]. From (32) it is straightforward to derive 4

{LA, LZ}PB = LY � LỸ (33)

where LY and LỸ denote the holonomies along the two paths obtained by breaking open the lines

LA and LZ and reconnecting the two open ends in the two possible ways, as indicated in figure 2.

3This is not quite true. For general Wilson line configurations, di↵eomorphism invariance is in fact broken by

the framing anomaly. This anomaly cancels in suitable spinless combinations of Wilson lines of the A+ and A�

gauge field. We will return to this point later.
4To avoid clutter and unnecessary repetition, we will from now on drop the ± superscripts.

11

As a result, the Skein and Ptolemy relations are deformed to

H−1H1 = 1 + q−1H2
0H0W1 = q 1

2 H−1 + q− 1
2 H1

H−1H1 = 1 + q H2
0

W1H0 = q− 1
2 H−1 + q 1

2 H1 H0 H±1 = q± 1
2 H±1H0
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Quantum Skein algebra

W1

N

S

H0

Figure 1: The spatial section of the Schwarzschild-de Sitter spacetime is a a sphere ! with two punctures.
The two basic gravitational line operators W1 and Z are indicated.

3 Derivation of the Skein algebra

Let us summarize the canonical quantization of 2+1D de Sitter gravity on a Cauchy slice

!. For our application, ! describes a two-sphere S2 with two irregular singularities, one at the

north-pole and one on the south pole. The phase space of the Schwarzschild-de Sitter spacetime

is spanned by the holonomies of the de Sitter isometry group SL(2, C) around non-trivial cycles

on !. It is convenient to identify this phase space with the space of flat SL(2, C) connections

on ! modulo gauge transformations. Besides the line operator W1 that measures the holonomy

around the equator, there are three other line operators that play a special role in the following:

the open line operator Z connecting the north and south pode without any winding (see figure

1) and the open line operators Hk that connect the two podes after winding k times around the

equator. We would like to construct the Hilbert space representation of these four line operators.

Let A denote the flat SL(2, C) connection on ! with F (A) → dA + A ↑ A = 0. The classical

line operators are defined as follows. Let s and n denote two two-component spinors located at

the south and north pode related by parallel transport via the flat SL(2, C)-connection. In other

words, if ” denotes a covariantly constant spinor satisfying (ω ↓ A)” = 0, then

s = ”|southpode, n = ”|northpode. (3.1)

We assume that the monodromy M = P exp
)︄
A A around the equator (A-cycle) acts non-trivially

on n and s, so that s ↑ Ms ↔= 0 and n ↑ Mn ↔= 0. Here ↑ is the antisymmetric SL(2)-invariant

inner product defined with the ε-symbol. It will be convenient to normalize s and n such that

s ↑ Ms = n ↑ Mn = 1 (3.2)

Note that this condition is compatible with s and n being related via parallel transport.

Let us make these definitions a bit more explicit. The monodromy M around the equator is

an elliptic element of the isometry group. Using gauge freedom under conjugation, we may set

M = P exp

[︄

A
A =

]︄
eiω 0

0 e→iω

⌊︄
(3.3)

Here ϑ is related to the deficit angle ϖ at the north- and southpode via ϑ = ε
2 (1↓ϖ). In addition,

6

H0W1 = q1/2H−1 + q−1/2H 1

H 1H−1 = 1 + q H2
0

H0 H±1 = q±1/2 H±1H0

SL(2,C) Wilson line operator in CS theory satisfy the local skein rule

W1

N

S

H0
paste

N

S

=
H0

S3

W1

NS

Figure 2

line operators no longer commute but satisfy a non-commutative skein algebra. The form of this

algebra can be derived by either first quantizing the space of all 2D gauge connections and then

impose flatness and divide out gauge symmetry, or by directly quantizing the finite dimensional

phase space of flat connections modulo gauge transformations. Either way, the upshot is that

the quantum skein relations are captured by the local rule

= q
1
2 + q→

1
2

(3.8)

As a result, the Skein and Ptolemy relations are deformed to their quantum versions

HkW1 = q1/4Hk→1 + q→1/4Hk+1 Hk→1Hk+1 = 1 + q→1/2H2
k (3.9)

W1Hk = q→1/4Hk→1 + q1/4Hk+1 Hk→1Hk+1 = 1 + q1/2 H2
k (3.10)

The non-commutativity among the Hk variables is quantified via

Hk Hk→1 = q1/2 Hk→1Hk (3.11)

These relations are the most useful starting point for constructing the quantum description of

the Schwarzschild-de Sitter spacetime.

8

SYK-Schur duality is based on the isomorphism between the Skein algebra of
line operators on C and the q-deformed oscillator algebra via the identifications

H = W1, q−n = H 0, a = qnH 1, a† = H−1q
n

The hermiticity properties of the q-oscillators match with the ∗-structure and Hilbert space
representation of the Skein algebra that follows from Schur quantization of SW theory.

⇒ Note that the vacuum condition a|vac〉 = 0 implies that classically n = Ms. ⇐
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Let us compute the DSSYK partition function from the 3D gravity side! This can
be done via the following relatively standard surgery argument:
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the chiral SL(2, C) CS theory with the defect thus becomes:

Z(S3; p) =
)︄
!A(p)

[︄[︄!B(1)
]︄

= S1p, (4.5)

where A and B denote the A-cycles and the B-cycles of the tori. Additionally, we can also

modify the framing of the defect by a Dehn twist implemented by a modular T̂ transformation:

Zn(S3; p) =
)︄
!A(p)

[︄[︄ T̂→n [︄[︄!B(1)
]︄

= S1p (Tp)
→n , (4.6)

where the integer n → Z counts the number of twists along the defect. Notice that the framing

has a physical e”ect since it acts non-trivially on the space of conformal blocks.

Let us now define

|!A(ω)↑ = i

⌊︄ e→
iω
4 ↑

0
dp e→ωµb(p)

[︄[︄!A(p)
]︄

; (4.7)

The chiral SL(2, C) CS partition function on S3 with these defects read

Zn(S3;ω) =
)︄
!A(ω)

[︄[︄ T̂→n [︄[︄!B(1)
]︄

= i

⌊︄ e→
iω
4 ↑

0
dp e→ωµb(p)S1p (Tp)

→n . (4.8)

Using the explicit expressions for the S and T -matrices, the above expression becomes

Zn(S3;ω) = ↓4
↔

2i e
inω
2

Q2
+

⌊︄ e→
iω
4 ↑

0
dp e→ωµb(p) sin

⌋︄
2εb→1p

⌈︄
sin (2εbp) e→2εinp2

. (4.9)

It is also instructive to rewrite (4.9) by reintroducing the real variable ϑ and defining a modular

parameter ϖ , its modular transform ⌉︄ϖ , and their respective nomes q and ⌉︄q as

ϖ = b2 =
iϱ

2ε
→ iR+ , ⌉︄ϖ = ↓1

ϖ
= b→2 → iR+ , (4.10)

q = e2εiϑ = e→ϖ < 1 , ⌉︄q = e2εiϑ̃ = e→
4ω2

ε < 1 (4.11)

11

In general, we should allow for torus bundles with a non-trivial framing. These
can included by gluing the tori together via a non-trivial Dehn twist.
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We associate wavefunctions |ΨA〉 and |ΨB〉 to the two tori
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parameter ϖ , its modular transform ⌉︄ϖ , and their respective nomes q and ⌉︄q as
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11

For |ΨA〉we take a weighted superposition of W1 eigenstates

|ΨA(β)〉 =
∫
γ

dp e−βµb(p)|ΨA(p)〉 µb(p) = 2 cos(2πb p)

representing the state for which the blue circle has total geodesic length β.

The innerproduct can be evaluated in terms of CLCFT modular S and T matrix:

Zn(β) = 〈ΨB(β)|T̂ n|ΨA(1)〉 =
∫
γ

dp e−βµb(p) (Tp)n S1p

S1p = sin(πb p) sin(πb−1p) Tp = e2πip2
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The special cases n = 0, 2 reproduce the CLS and SYK partition functions

Z0(0) = c0

∫ π

0
dθ sinθ sinh( 2πθ

λ
) = ZCLS(0)

Z2(0) = c2

∫ ∞
0

dθ e−
2
λ
θ2

sinθ sinh( 2πθ
λ

) = ZSYK(0)

Introducing ψ = π − 2θ and taking the semi-classical limit, we can write

ZCLS(0) =
∫

dψ eSCLS(ψ), SCLS = S0 −
2πψ
λ

ZSYK(0) =
∫

dψ eSSYK(ψ), SSYK = S0 −
2ψ2

λ

Can we interpret these formulas from the gravity side?
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The Schwarschild-de Sitter spacetime of an observer with energy E

dS3 O

B

S

E

R

V

E

R

Figure 4

6 DSSYK and de Sitter worldline holography

ZSYK =

)︄ →

0
dω εSYK(ω) e↑ωE(ε) (6.1)

εSYK(ω) = eS0 sin ω e
1
ω
(2ϑε↑2ε2) (6.2)

ds2
E = (1 → r2)dϑ2 +

dr2

1 → r2
+ r2dϖ2 (6.3)

ϖ ↑ ϖ+ 2ϱ → ς (6.4)

ϑ ↑ ϑ + 2ϱ (6.5)

2ϱ → ς = 2ϱ
[︄

1 → 8GNE (6.6)

φdS = 2ϱ (6.7)

SGH =
2ϱ → ς

4GN
=

ϱ

2GN

[︄
1 → 8GNE (6.8)

16

ds2 = (1−ρ2)dτ 2 + dρ2

1−ρ2 + ρ2dϕ2

ϕ ' ϕ+ 2π − ψ ; τ' τ + 2π

2π − ψ = 2π
√

1−8GNE

The GH entropy SGH and observer energy E depend on the deficit angle via

SGH = 2π − ψ
4GN

; βdSE = 1
16πGN

(4πψ − ψ2)

Comparing with the formulas on the previous slide, we see that, after equating
λ = 8πGN and modulo the overall constant shift by S0, the entropies are related
via

SCLS(ψ) = SGH(ψ) = SSYK(ψ)− βdSE(ψ)
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Things I did not have time to talk about:

Figure 3. Two-dimensional euclidean anti-de Sitter space (left) and global lorentzian de

Sitter spacetime (right) have the same isometry group.

A De Sitter preliminaries

As a preparation for the discussion of the holographic dictionary between de Sitter

and DSSYK, we give a brief overview of the properties of 1+1-dimensional de Sitter

space, including coordinates systems, the algebra of isometries and the scalar Green’s

function. It will be particularly useful to highlight the correspondences and di↵erences

between 1+1D lorentzian de Sitter and 2D euclidean anti-de Sitter space. Both are

given by hyperboloids in 2+1-dimensional Minkowski space

Euclidean AdS2 � X2
0 + X2

1 + X2
2 = �1 (54)

Lorentzian dS2 � X2
0 + X2

1 + X2
2 = 1 (55)

They share the same global isometry group SO(2, 1) and have a common asymptotic

boundary. The key di↵erence between dS2 and AdS2 holography lies in the hermiticity

conditions on the symmetry generators.

A.1 Symmetries of 1+1-D de Sitter

Besides the embedding coordinates XX = (X0, X1, X2), three other useful coordinate

systems are the global coordinates (⌧, ✓), the static coordinates (⇢, t) and the planar

coordinates (z, y), defined via

X0 = sinh ⌧ = cos⇢ sinh t = sinh z + 1
2
y2ez

X1 = cosh ⌧ cos ✓ = cos⇢ cosh t = yez (56)

X2 = cosh ⌧ sin ✓ = sin⇢ = cosh z � 1
2
y2ez

– 15 –

q-Schwarzian, Schur TFT

CLS = Schur × WP

dS isometries, SL(2)q

dS two-point function

Cosmological correlators

Possible generalisations

OTOCs, gravitational interactions

dS interpretation of the fake disk

Inflation and dark energy in DSSYK

Topological minimal string realization of DSSYK
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DSSYK 2pt-function = Zamolodchikov’s formula = Schur index of trinion SCFT

A3(∆, θ1, θ2) =
ϑ1(b2∆, q)

∏
i ϑ1(2θ1, q)

ϑ1(b2∆± θ1 ± θ2, q)
=

θ1

θ0

∆

More general n-point functions take the form

A1,..,n =
∑

Γ

1
|Aut(Γ)|

∏
e

∫
dpepe

∏
v

A(b)
TFT(pv )V(b)

gv ,nv (pv )

Collier et al
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O1

O2

O1O2

⇡v

Figure 1. Two-dimensional global de Sitter space (left) and the fake thermal circle (right).

The green region on the left indicates the static patch covered by the (⇢, t) coordinates. The

green segment on the right indicates the segment spanned by real thermal circle.

The name ‘fake circle’ is apt terminology: the fake region [�, �fake] outside of the

physical segment [0, �] is indeed unphysical.2 Nonetheless, as we will discuss below,

it is possible to define suitable operators O(✓) that explore the complete fake circle

✓ 2 [0, 2⇡], but their definition requires a special procedure akin to the mirror con-

struction of black hole interior operators in AdS/CFT. Indeed, we will argue that the

decomposition of the fake circle into a physical and fake region has a natural dual

interpretation as the decomposition of a spatial slice of global de Sitter space into an

observable patch and an outside region beyond the cosmological horizon.

�X2
0 + X2

1 + X2
2 = 1 (9)

It is relevant to note that the static patch region parametrized by the (⇢, t) coordinates

in (56) only covers a small segment of size 2`ds of the inifinite future boundary I+ of

the global de Sitter spacetime.

X0 = cos ⇢ sinh t, X1 = cos ⇢ cosh t X2 = sin ⇢ . (10)

2E.g. extending the two-point function g�(⌧) = h (⌧) (0)i� of two majorana fermions into the

fake region would violate the obvious physical bound g�(⌧)  1.

– 4 –
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LdS
GN
∼N

`ds
GN
∼ N

p2HSYK

Hcosmic

ϕ

ϕ
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