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The simplest EFT

S = m∫ dτ gμν(x) ·xμxν + spin

?

+ 𝒪(Rω)#



The simplest EFT
Point particle must be augmented by dynamical multipoles

S = ∫ dτ [ m(τ) + ωiLi + Qij(τ)Eij + Qijk(τ)∇(iEjk)

[Goldberger, Rothstein; Porto]

quadrupole
octupole

mass/energy

Eij = Ci0j0

Multipoles encode microscopic/UV degrees of freedom

Qℓ ∼ mRℓdim. analysis:

Bij = *Ci0j0

+c2 EijLiLj + 𝒪(L3) + magnetic + ⋯ ]

spin

cℓ ∼ m1−ℓ

spin-ind multipoles



Tidal effects in the EFT

= λℓ + iλℓω ω + λℓω2 ω2 + ⋯

Static tide Dynamical tides

λℓ(ω) = ∫ dτ eiωτ θ(τ) ⟨[Qℓ(τ), Qℓ(0)]⟩

λℓωn ∼ mR2ℓ+n

 even: conservativen

 odd: dissipativen

Finite-size effects encoded by correlations

This includes effects such as:

• Absorption by horizon/hydro.

• Tidal deformations



Tidal effects in the EFT
Non-minimal couplings by integrating out multipoles

ΔScon. = λ2 ∫ dτE2
μν + λ2ω2 ∫ dτ( ·Eμν)2 + magnetic + ⋯

and dissipation (in-in effective action)

ΔSdis. = λ2ω ∫ dτ E−μν
·Eμν
+ + magnetic + ⋯



Why might one care?



Experiments!

?
Inspiral Merger Ringdown 

Post െ Newtonian 
Theory 

Perturbation 
Theory 
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?

Tidal Love numbers

Linear response to applied external gravitational field.

Qind
ij = λ2Eext.

ij

“gravitational polarizability”

[Damour, Nagar; 
Binnington, Poisson; …]Static responses are zero for BH in D=4 GR!

Note: dynamical responses are not!

Excellent possible window into new physics! [Cardoso, Franzin, …]

[Ivanov, Li, JPM, Zhou]



Why are these interesting?

“5PN”
[Damour; Cheung, Solon; 
Bern, JPM, Roiban, Sawyer, 
Shen; Porto, many others]

The modify the post-Newtonian potential & fluxes

So we should be able to measure with gravitational 
wave detectors. Equation of state of NS? [Flanagan, Hinderer]

V(r) ∼ λ2
R4

r4

R2
s

r2

[Chia, Ivanov, Zhou]

e.g.,

∼ λ2ω



Radiation from a binary

?

Binary itself is pointlike for ω ≪ 1/r

(E, L, Qℓ)

c.f. quadrupole formula

dE
dω

=
G
5

···Q2
2 + ⋯



Quantum Black Holes

⟨Qℓ(τ)Qℓ(τ′￼)⟩ ∼ λ2δ(τ − τ′￼) + λ2,ω∂τδ(τ − τ′￼) + ⋯

Point particle EFT was recently used to show that this effect is generic 
in the vicinity of any compact object and due to dissipative tides

Black hole horizons can decohere quantum superpositions
[Danielson, Satishchandran, Wald]

[Biggs, Maldacena]

One can also use the EFT to study the long-distance effects of Hawking 
radiation in various settings.

E.g., they give contributions to cross sections comparable to loops of 
gravitons!

[Goldberger, Rothstein]



Heavy states vs. Black holes

⟨𝒪H𝒪L𝒪L𝒪H⟩ ⟨𝒪L𝒪L⟩Tvs.

vs.

To which order in  do these coincide? How do we tell 
BH from other heavy operators with same dim. and spin?

1/N



EFT predictions



Universality

Leading tide is , so EFT predicts that we cannot tell 
apart point particle from BH until at least 

λ2 ∼ R5

O(R5, RL2)

S = ∫ dτ [ E(τ) + ωijLij + 𝒪(L2) + 𝒪(R5) ]
Universal! Non-universal



Tidal coefficients run!

A compact object cannot be cleanly separated from its gravitational field

Hence, tides depend on “how much of the spacetime is integrated out 
together with the microscopic d.o.f of the object”

λℓ(ω, rc) = λℓ + λℓω(rc) ω + λℓω2(rc) ω2 + ⋯

vs.

rc rc

In the EFT this manifests itself in UV divergences, even classically!



UV divergences

λℓ(rc, ω) = λ̄ℓ(ω) + 2γℓ(ω) λ̄ℓ(ω) log(R /rc) + βℓ(ω) log(R /rc) + ⋯

“Bare coupling”

μ
dQℓ(ω)

dμ
= γℓ(ω)Qℓ(ω)

Classical GR coupled to a point particle is non-renormalizable! We 
should expect classical UV divergences

“Anomalous dimension” “Beta function”

𝕆(rc ∼ 1/μ, ω) =
1
ϵ

+ λℓ(ω) + 2γℓ(ω) λℓ(ω) log(rcω) + βℓ(ω) log(rcω) + ⋯

These will be absorbed by tidal coefficients

μ
d

dμ
[(μ2)γℓλℓ(ω)] = βℓ(ω)



Multipole form factor
To compute the anomalous dimension one could study the multipole 
form factor

It has the general structure

Fℓ(ω) ∼ Gm |ω | + G2m2ω2 log(ω/μ) + G3m3 |ω |3 + ⋯

Fℓ(ω) = ⟨h |Qℓ |BH⟩

Qℓ Qℓ Qℓm m m m m

Qℓ → Qren
ℓ = (Rω)γ(ω)Qℓ



Universality in anomalous dimensions

EFT does not know Wilson coefficients, however it predicts RG 
running!

λℓ(rc, ω) = λ̄ℓ(ω) + 2γℓ(ω) λ̄ℓ(ω) log(R/rc) + βℓ(ω) log(R/rc) + ⋯

Not universal Universal(ish)!

Anomalous dimensions and beta functions are almost the same 
for any object (BH, NS, Coal, Cow, etc)

S = ∫ dτ [ E(τ) + ωijLij + 𝒪(L2) + 𝒪(R5) ]



This is a classical RG, 
can we understand it 

to all orders?

μ
dQℓ(ω)

dμ
= γℓ(ω)Qℓ(ω)



Exact tidal anomalous 
dimensions



Results:

γℓ(ω, a) = − 2
π (δℓ(ω, a) + δℓ(−ω, − a))1.

2. γBH
ℓ (ω) = − (a(ω)+ 1

2 +ℓ)
Quantum SW A-period for  SYM with  hypersSU(2) 𝒩 = 2 Nf = 3

“Far zone” scattering phase shif

[Ivanov, Li, JPM, Zhou] a = |L | /m



Review: RG from S-matrix

F(pi) = F*(eiπpi) = e−iπDF*(pi) = e−iπγF*

Analyticity + dimensional analysis: 

Unitarity:

SS† = 1 → SF* − FS† = 0 → F = SF⋆

[Caron-Huot, Wilhelm]

e−iπγF* = SF*S†

Key relation:

Allows, on-shell computation of RG running!



 from γ δ
Instead consider symmetric Green’s function

Analyticity + dim. Analysis:

GS(ω) = 1
2 ⟨BH |{O(ω), O(−ω)} |BH⟩ ∼ ImGR

eiπDGS(ω) = GS(eiπω) = GS(ω)* = 1
2 ⟨BH |{O†(ω), O†(−ω)} |BH⟩

O(τ) = QℓEℓ

Unitarity: O† = S†OS†

γℓ(ω) = −
2
π

(δℓ(ω) + δℓ(−ω)) |FZ

GS(ω)* = e−2i(δ(ω)+δ(−ω))GS(ω)



Scattering phase-shift in BHPT
Scattering amplitude:

fs(θ) =
2π
iω

∞

∑
ℓ=s

−sSs
ℓ(1,aω)−sSs

ℓ(cos θ, aω)(ηℓse2iδℓs − 1)

Phase shifts receive contributions from “near zone” ( ) and 
“far zone” 

r ∼ Rs
r ≫ Rs

δℓs = δℓs |NZ + δℓs |FZ

Contains information 
about tides

Computable in EFT, 
modulo counterterms



Wave scattering off BH
Regge-Wheeler/Teukolsky equation □BH hμν = 0

Δ−s d
dr (Δs+1 d

dr sUℓm(r)) + Veff(r) sUℓm(r) = 0

incoming b.c. −sUℓm(r) → B(inc)
−sℓmr−1e−iωr + B(refl)

−sℓmr−1+2seiωr

“Connection coefficients for 
the confluent Heun equation” ηℓse2iδℓs ∼

B(refl)
−sℓm

B(inc)
−sℓm

0 1 ∞

r/Rs



BHPT and SW theory

Old method: matched asymptotic expansions [Mano, Suzuki, Takasugi]

= Quantum Curve for  
SYM with  hypers

SU(2) 𝒩 = 2
Nf = 3

Recent observation: [Aminov, Grassi, Hatsuda; …]

Radial Teukolksy Equation

Allows a complete solution of the connection problem via Nekrasov-
Shatashvili functions ( semiclassical Liouville conformal blocks)!∼

m1 = i mχ − 2Gmω

χ2 − 1
m2 = − s − i2Gmω m3 = s − i2Gmω

L = − 2iGmω χ2 − 1



Scattering Solution

δℓ |FZ = ϵ log(2 |ϵ | ) −
1 − κ

2
ϵ +

1
2

Im∂m3
F +

1
2

Arg[AP
s ] +

1
2

Arg
Γ(1 + ν − m3)
Γ(1 + ν + m3)

+
π
2

(ℓ − ν)

Coulomb phase

NS function

Renormalized ℓTS constants

Near zone similar (but rational), so won’t show.

[Bautista, Bonelli, Iossa, Tanzini, Zhou]

NS function, , can be computed combinatorially, and also A-periodF

a2− 1
4 = ν(ν + 1) = L∂LF(ν) − u “Matone relation”

f(m, χ, s)



All orders BH anomalous dimensions

γℓ(ω) =
2
π

(δℓ(ω) + δℓ(−ω)) |FZ
BHPT

Plugging in we find that this is precisely the SW quantum period or 
renormalized angular momentum!

γℓ(ω) = (ν(ω) − ℓ) = − (a(ω)+ 1
2 +ℓ)

Which can be computed from combinatorially to all orders! Even 
numerically non-perturbatively.

γ =
1

2ℓ + 1 (−2 −
s2

ℓ(ℓ + 1)
+

[(ℓ + 1)2 − s2]2

(2ℓ + 1)(2ℓ + 2)(2ℓ + 3)
−

(ℓ2 − s2)2

(2ℓ − 1)2ℓ(2ℓ + 1) )(Rsω)2 + 𝒪((Rsω)3)



An application



Waveform resumation
We can use it to resum logarithms in the multipolar binary 
waveform itself! This is the observable measure in experiment.

In the probe limit , this agrees with a recent calculation, 
which also uses relation to SW theory 

m1 ≪ m2

hℓm ∼ (rω)ν(ω) hfinite
ℓm

[Fucito, Morales, Russo]

For quasi-circular binaries this allows us to propose a formula for “tail-
resummed” multipolar waveform

hℓm = (−irω)ν(ω)ei2iGEω log(2rω)+GEωπ Γ(ν + 1 − 2iGEω)
Γ(ν + 1) hfinite

ℓm



We can compare with state-of-the-art post-Newtonian waveforms used 
for LIGO/Virgo/Kagra (4PN)

Comparison with state-of-the-art

Same for other values of (ℓ, m)

[Blanchet et al. 2023]

“tail-of-memory”



Conclusions
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