
Figure 1: An example of the type of (complex) one dimensional fluid flows studied in this paper.
They start at the outer edges with densities given by the densities of the three Young Tableaux
shown, and are glued together at the middle by a regularity condition. The lines drawn here are
positions xi(t) of the fluid bits whose locations are governed by an integrable discrete model known
as the Calogero-Moser rational model, see (37).

We will discuss correlation functions of three protected operators 2

Ẑ3 =

〈
3∏

i=1

Oi

〉
, Oi → NRi ωRi(yi · ε(xi)) (1)

This object is at the same time trivial and extremely rich. On the one hand it is trivial:
it is protected by supersymmetry, it has no coupling dependence and is obtained by simply
Wick contracting the three operators at tree-level. On the other hand, preforming these
simple Wick contractions is by no means trivial, especially for very large representations
with each operator containing O(N2) fields. It then becomes a rich combinatorial problem
which leads to a beautiful matrix model problem describable through a rich world of (1+1)D
complex fluid dynamics of the sort shown in figure 1. Identifying these flows and studying

2Here the representation Ri parametrizes the operator which is oriented along an R-charge direction
parametrized by the six dimensional null vector yi and which is inserted at the four dimensional space-
time location xi. ωR(!) is the character of the field ! in the U(N) representation R and NRi are simple
normalization factors. More details in the next section. These so-called Schur operators were introduced
in [13].
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Light, heavy, huge

[Witten 1998; Freedman, Mathur, Matusis, Rastelli 
1998; Lee, Minwalla, Rangamani, Seiberg 1998; 
Penedones 2010; Rastelli, Zhou 2016; Gonçalves, 
Pereira, Zhou, 2019;…]
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! = O(N2)

[Janik, Surowka, Wereszczynski 2010; Roiban, 
Tseytlin 2010; Janik, Wereszczynski, 2011; Klose, 
McLoughlin 2011; Minahan 2012; Kazama, Komatsu 
2012; Caetano, Toledo 2012; Aprile, PV 2000, …]

[Lin, Lunin, Maldacena 2004; Yamaguchi, 2011; D'Hoker, Estes, Gutperle 
2007; Gomis, Matsuura, Okuda, Trancanelli 2008; Fitzpatrick, Kaplan, 
Walters, 2015; Chang-Lin 2016; Chandra, Collier, Hartman, Maloney 
2020; Abajian, Aprile, Myers, PV, 2024; …]
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→OHeavyOHeavyOLight↑ = →OLight↑AdS with a heavy object (string, brane,...) inside
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→OHugeOHugeOLight↑ = →OLight↑Back-reacted geometry created by the huge operator

Heavy-Heavy-Light Correlators are great probes and great precision tests of AdS/CFT.

These correlators are O(1) quantities. They are not exponentially suppressed (or enhanced). 

[Skenderis, Taylor 2007, Zarembo 2010; 
Costa, Monteiro, Santos, Zoakos 2010; 
Paul, Perlmutter, Raj 2022,…]



Three heavy objects
Heavy-Heavy-Heavy or Huge-Huge-Huge behave exponentially. They are semi-classical tunnelling 
processes. For example
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→OHugeOHugeOHuge↑ ↓ e
N2

(semi-classical tunnelling geometry action)+(quantum corrections)
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→=

Space-time banana. We can start with a geometry in global AdS and perform a 
few conformal transformations and Wick rotations to bring infinite past and future 
to two finite points in the boundary of Poincare AdS [Abajian, Aprile, Myers, PV]. This 
strategy was proposed for big classical strings in [Janik, Surowka, Wereszczynski 2010]

Easy:Hard to find:

Three-legged space-time banana geometry. Close to 
each puncture the geometry is similar to the two-point 
function but globally it is quite complicated.



1/2 BPS operators

Example:

<latexit sha1_base64="TFy1DHNzbStFWTVgSM3eHT/FrSc="></latexit>

O → ωR(y · ε(x)︸ ︷︷ ︸
matrix Z with eigenvalues zi

) → det
i,j

z
ωj+j→1
i / det

i,j
z
j→1
i
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hj
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O → ωR(y · ε(x)︸ ︷︷ ︸
matrix ! with eigenvalues zi

) → det
i,j

z
ωj+j→1
i / det

i,j
z
j→1
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! = number of scalars = number of boxes of the Young-tableaux

Two- and three- point functions of these operators are coupling 
independent due to SUSY. [Baggio, de Boer, Papadodimas, 2012]  

Two point functions are orthonormal. 

For Young-Tableaux with O(1) number of boxes — i.e. for light operators — 
the match between the gauge theory combinatorics and the SUGRA 
overlaps for 3-pt functions was one of the first powerful tests of AdS/CFT 
[Lee, Minwalla, Rangamani, Seiberg 1998].  

There has been a lot of work on correlation functions of light 1/2 BPS 
operators. There is some work on heavy operators but very little for huge 
operators; that is what this talk is about.

[Corley, Kevicki, Ramgoolam 2011]



1/2 Huge BPS operators
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C123[ω1, ω2, ω3] =?

Today we ask

This was the problem we addressed 
with Harish Murali and Vladimir 
Kazakov about half a year ago. 

(h = O(N), # of boxes = O(N2))



Three Matrix Model Starting Point

We consider three operators with three representations R. For now they can be light, heavy 
or huge. The three point function is then given by 
where the 3 matrix model partition function 

<latexit sha1_base64="ZjGTm/sAFfj++tYzzcAwHjWpP5g="></latexit>

Z(R1,R2,R3)→
√

Z(ω,ω,ω)/
∏3

n=1 Z(Rn,Rn,ω)

Finally we have the dynamical factor Z3 which is given by simply Wick contracting the
fields between all operators Oi without self-contractions within the operators themselves. We
can thus count these Wick contractions by a matrix model where we code the fields of the
three operator as a N →N matrix Mi with a kinetic term such that the propagator between
Mi and Mj is 1

N
for i ↑= j and 0 for i = j. That leads us to Z3 = NZ in terms of a

simple 3-matrix model

Z(R1,R2,R3) =

∫ 3∏

i=1

dMi ωRi(Mi) e
→N tr

(
1
2

∑
i
M

2
i →

∑
i<j

MiMj

)

(6)

This matrix model partition function Z is the key player in this paper; it is our starting point.
Similar matrix models solve beautiful combinatorial problems such as the Potts model on
Random Graphs [16], followed by its explicit solutions in [17–20], etc.

The normalization constant N is trivially given in terms of the general matrix model
partition function by setting particular representations to become the trivial empty repre-
sentation ε for which ωω(M) = 1,

N =

√√√√√
Z(ε,ε,ε)

3∏
i=1

Z(Ri,Ri,ε)

(7)

This simple normalization nicely ensures the orthonormality property mentioned above. We
are now going to manipulate (6) to arrive at various equivalent matrix model representa-
tions. At various intermediate steps we will find and drop simple factorized factors of the
form

∏3
n=1 f(Rn, N). Dropping these normalization factors is totally fine since they all drop

out anyway when multiplying the partition function Z by its corresponding normalization
factor N in (7) to obtain the physical structure constant Z3.

The three matrix model in (6) can be reduced to a single matrix model!, albeit quite a
non-trivial one. The simple idea is to introduce, following the trick of [16], an auxiliary field
X to disentangle the MiMj interactions so that the dependences on the matrices Mi totally
factorize and can thus be easily integrated out. Details are in appendix A. Then we end up
with a simple representation in terms of integration over the N eigenvalues x = (x1, . . . , xN)
of the auxiliary matrix X,

Z(R1,R2,R3) =

∫
dµ(x)Q1(x)Q2(x)Q3(x) , dµ(x) =

N∏

i=1

dxi !(x)2 exp
(
↓
N

2

N∑

i=1

x2
i

)

(8)
where !(x) ↔

∏
i>j

(xi ↓ xj) = deti,j x
j→1
i

is the usual Vandermonde determinant and
where, for each of the three operators, we have a wave function Q given as a Slater
determinant of Hermite polynomials a as

Qn(x) =
1

!(x̂)
det

1↑i,j↑N

Hhn,j(x̂i) , x̂ =

√
N

2
x , (9)

7

Kinetic term such that different matrix have unit propagator while same matrices have zero propagator. 

Everything would factorize if it were not for the last term. We thus introduce a simple forth matrix X to disentangle it and 
reduce Z to a bunch of XM factorized interactions. We then integrate over the angles between X and the M’s. At the end 
we get an integral over 4 sets of eigenvalues (4N variables instead of the original 3N2). 
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Four Matrix Eigenvalue Quantum Expression
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Figure 3: Graphical representation of the four-fold integral representation (11). The three sets of
outer variables hn propagate into bulk variables mn which then propagate into a common point
x. The points mn and x are integrated over; in other words, these propagations are quantum. We
can also think of the mn integrations as producing three quantum wave functions Qn(x) which are
then glued together with a single last x integration; that is precisely the representation (8).

Z(R1,R2,R3) =

∫
dµ(x)

3∏

n=1

∮
dµ(mn)I(x,mn)I(hn,→ logmn)

!(→ logmn)

!(mn)
!(hn) (11)

where (with G being the Barnes G-function),

I(a, b) ↑
deti,j eNaibi

!(a)!(b)
↓

G(N + 1)

NN(N→1)/2
(12)

can also be cast as an angular integral I(a, b) =
∫
dUeNtr(AU

†
BU) as shown by Harish-

Chandra-Itzykson-Zuber.

Using the Harish-Chandra-Itzykson-Zuber integral we could also have jumped directly
from (6) to the representation (11) once we introduce the auxiliary matrix X and recall that

ω(M) can be written in terms of the M eigenvalues as ω(M) = (deti,j m
hj

i
)/!(m). In other

words, once we introduce the auxiliary matrix X to disentangle the Mj interactions in (6),
we end up with (8) if we completely integrate out the matrices Mi and we end up with (11)
if we only integrate out the angular part of the matrices Mi.

These matrix model representations are quantum expressions; they are exact, no approx-
imation was taken. They are represented in figure 3.

We reach here the main focus of this paper: The limit of very large operators with
O(N2) fields with N ↔ ↗. These operators ought to correspond to backreacted geometries.
For two point functions of huge operators, the map between the representation R and the
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Finally we have the dynamical factor Z3 which is given by simply Wick contracting the
fields between all operators Oi without self-contractions within the operators themselves. We
can thus count these Wick contractions by a matrix model where we code the fields of the
three operator as a N →N matrix Mi with a kinetic term such that the propagator between
Mi and Mj is 1

N
for i ↑= j and 0 for i = j. That leads us to Z3 = NZ in terms of a

simple 3-matrix model

Z(R1,R2,R3) =

∫ 3∏

i=1

dMi ωRi(Mi) e
→N tr

(
1
2

∑
i
M

2
i →

∑
i<j

MiMj

)

(6)

This matrix model partition function Z is the key player in this paper; it is our starting point.
Similar matrix models solve beautiful combinatorial problems such as the Potts model on
Random Graphs [16], followed by its explicit solutions in [17–20], etc.

The normalization constant N is trivially given in terms of the general matrix model
partition function by setting particular representations to become the trivial empty repre-
sentation ε for which ωω(M) = 1,

N =

√√√√√
Z(ε,ε,ε)

3∏
i=1

Z(Ri,Ri,ε)

(7)

This simple normalization nicely ensures the orthonormality property mentioned above. We
are now going to manipulate (6) to arrive at various equivalent matrix model representa-
tions. At various intermediate steps we will find and drop simple factorized factors of the
form

∏3
n=1 f(Rn, N). Dropping these normalization factors is totally fine since they all drop

out anyway when multiplying the partition function Z by its corresponding normalization
factor N in (7) to obtain the physical structure constant Z3.

The three matrix model in (6) can be reduced to a single matrix model!, albeit quite a
non-trivial one. The simple idea is to introduce, following the trick of [16], an auxiliary field
X to disentangle the MiMj interactions so that the dependences on the matrices Mi totally
factorize and can thus be easily integrated out. Details are in appendix A. Then we end up
with a simple representation in terms of integration over the N eigenvalues x = (x1, . . . , xN)
of the auxiliary matrix X,

Z(R1,R2,R3) =

∫
dµ(x)Q1(x)Q2(x)Q3(x) , dµ(x) =

N∏

i=1

dxi !(x)2 exp
(
↓
N

2

N∑

i=1

x2
i

)

(8)
where !(x) ↔

∏
i>j

(xi ↓ xj) = deti,j x
j→1
i

is the usual Vandermonde determinant and
where, for each of the three operators, we have a wave function Q given as a Slater
determinant of Hermite polynomials a as

Qn(x) =
1

!(x̂)
det

1↑i,j↑N

Hhn,j(x̂i) , x̂ =

√
N

2
x , (9)

7

Four Matrix Eigenvalue Quantum Expression

Finally we have the dynamical factor Z3 which is given by simply Wick contracting the
fields between all operators Oi without self-contractions within the operators themselves. We
can thus count these Wick contractions by a matrix model where we code the fields of the
three operator as a N →N matrix Mi with a kinetic term such that the propagator between
Mi and Mj is 1

N
for i ↑= j and 0 for i = j. That leads us to Z3 = NZ in terms of a

simple 3-matrix model

Z(R1,R2,R3) =

∫ 3∏

i=1

dMi ωRi(Mi) e
→N tr

(
1
2

∑
i
M

2
i →

∑
i<j

MiMj

)

(6)

This matrix model partition function Z is the key player in this paper; it is our starting point.
Similar matrix models solve beautiful combinatorial problems such as the Potts model on
Random Graphs [16], followed by its explicit solutions in [17–20], etc.

The normalization constant N is trivially given in terms of the general matrix model
partition function by setting particular representations to become the trivial empty repre-
sentation ε for which ωω(M) = 1,

N =

√√√√√
Z(ε,ε,ε)

3∏
i=1

Z(Ri,Ri,ε)

(7)

This simple normalization nicely ensures the orthonormality property mentioned above. We
are now going to manipulate (6) to arrive at various equivalent matrix model representa-
tions. At various intermediate steps we will find and drop simple factorized factors of the
form

∏3
n=1 f(Rn, N). Dropping these normalization factors is totally fine since they all drop

out anyway when multiplying the partition function Z by its corresponding normalization
factor N in (7) to obtain the physical structure constant Z3.

The three matrix model in (6) can be reduced to a single matrix model!, albeit quite a
non-trivial one. The simple idea is to introduce, following the trick of [16], an auxiliary field
X to disentangle the MiMj interactions so that the dependences on the matrices Mi totally
factorize and can thus be easily integrated out. Details are in appendix A. Then we end up
with a simple representation in terms of integration over the N eigenvalues x = (x1, . . . , xN)
of the auxiliary matrix X,

Z(R1,R2,R3) =

∫
dµ(x)Q1(x)Q2(x)Q3(x) , dµ(x) =

N∏

i=1

dxi !(x)2 exp
(
↓
N

2

N∑

i=1

x2
i

)

(8)
where !(x) ↔

∏
i>j

(xi ↓ xj) = deti,j x
j→1
i

is the usual Vandermonde determinant and
where, for each of the three operators, we have a wave function Q given as a Slater
determinant of Hermite polynomials a as

Qn(x) =
1

!(x̂)
det

1↑i,j↑N

Hhn,j(x̂i) , x̂ =

√
N

2
x , (9)

7

Finally we have the dynamical factor Z3 which is given by simply Wick contracting the
fields between all operators Oi without self-contractions within the operators themselves. We
can thus count these Wick contractions by a matrix model where we code the fields of the
three operator as a N →N matrix Mi with a kinetic term such that the propagator between
Mi and Mj is 1

N
for i ↑= j and 0 for i = j. That leads us to Z3 = NZ in terms of a

simple 3-matrix model

Z(R1,R2,R3) =

∫ 3∏

i=1

dMi ωRi(Mi) e
→N tr

(
1
2

∑
i
M

2
i →

∑
i<j

MiMj

)

(6)

This matrix model partition function Z is the key player in this paper; it is our starting point.
Similar matrix models solve beautiful combinatorial problems such as the Potts model on
Random Graphs [16], followed by its explicit solutions in [17–20], etc.

The normalization constant N is trivially given in terms of the general matrix model
partition function by setting particular representations to become the trivial empty repre-
sentation ε for which ωω(M) = 1,

N =

√√√√√
Z(ε,ε,ε)

3∏
i=1

Z(Ri,Ri,ε)

(7)

This simple normalization nicely ensures the orthonormality property mentioned above. We
are now going to manipulate (6) to arrive at various equivalent matrix model representa-
tions. At various intermediate steps we will find and drop simple factorized factors of the
form

∏3
n=1 f(Rn, N). Dropping these normalization factors is totally fine since they all drop

out anyway when multiplying the partition function Z by its corresponding normalization
factor N in (7) to obtain the physical structure constant Z3.

The three matrix model in (6) can be reduced to a single matrix model!, albeit quite a
non-trivial one. The simple idea is to introduce, following the trick of [16], an auxiliary field
X to disentangle the MiMj interactions so that the dependences on the matrices Mi totally
factorize and can thus be easily integrated out. Details are in appendix A. Then we end up
with a simple representation in terms of integration over the N eigenvalues x = (x1, . . . , xN)
of the auxiliary matrix X,

Z(R1,R2,R3) =

∫
dµ(x)Q1(x)Q2(x)Q3(x) , dµ(x) =

N∏

i=1

dxi !(x)2 exp
(
↓
N

2

N∑

i=1

x2
i

)

(8)
where !(x) ↔

∏
i>j

(xi ↓ xj) = deti,j x
j→1
i

is the usual Vandermonde determinant and
where, for each of the three operators, we have a wave function Q given as a Slater
determinant of Hermite polynomials a as

Qn(x) =
1

!(x̂)
det

1↑i,j↑N

Hhn,j(x̂i) , x̂ =

√
N

2
x , (9)

7

h1

<latexit sha1_base64="PfGd/ilnloH2+WjnO5dh8F02RKA=">AAAB6nicdVDLSsNAFL2pr1pfVZduBovgKiQx9LErunFZ0T6gDWUynbRDJw9mJkIJ/QQ3LhRx6xe582+ctBVU9MCFwzn3cu89fsKZVJb1YRTW1jc2t4rbpZ3dvf2D8uFRR8apILRNYh6Lno8l5SyibcUUp71EUBz6nHb96VXud++pkCyO7tQsoV6IxxELGMFKS7eToT0sVyyzUa86bhVZpmXVbMfOiVNzL1xkayVHBVZoDcvvg1FM0pBGinAsZd+2EuVlWChGOJ2XBqmkCSZTPKZ9TSMcUulli1Pn6EwrIxTEQlek0EL9PpHhUMpZ6OvOEKuJ/O3l4l9eP1VB3ctYlKSKRmS5KEg5UjHK/0YjJihRfKYJJoLpWxGZYIGJ0umUdAhfn6L/Sccxbdds3LiV5uUqjiKcwCmcgw01aMI1tKANBMbwAE/wbHDj0XgxXpetBWM1cww/YLx9Alc/jd4=</latexit>

h2

<latexit sha1_base64="5RzTa3kOFRz21nOQX8YgbIpbeRM=">AAAB6nicdVDJSgNBEK1xjXGLevTSGARPQ8+QaOYW9OIxolkgGUJPpydp0rPQ3SOEIZ/gxYMiXv0ib/6NnUVQ0QcFj/eqqKoXpIIrjfGHtbK6tr6xWdgqbu/s7u2XDg5bKskkZU2aiER2AqKY4DFraq4F66SSkSgQrB2Mr2Z++55JxZP4Tk9S5kdkGPOQU6KNdDvqu/1SGdvYrVUrLsK2W8We4xlSxY53XkGOjecowxKNfum9N0hoFrFYU0GU6jo41X5OpOZUsGmxlymWEjomQ9Y1NCYRU34+P3WKTo0yQGEiTcUazdXvEzmJlJpEgemMiB6p395M/MvrZjqs+TmP00yzmC4WhZlAOkGzv9GAS0a1mBhCqOTmVkRHRBKqTTpFE8LXp+h/0nJtp2J7N5Vy/XIZRwGO4QTOwIELqMM1NKAJFIbwAE/wbAnr0XqxXhetK9Zy5gh+wHr7BGCjjeU=</latexit>

h3

<latexit sha1_base64="gXbTjr/P2MbuNeME8Sp3o4stqe8=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GjJ9z67oxmVFWwvtUDJppg3NZIYkI5Shn+DGhSJu/SJ3/o2ZtoKKHrhwOOde7r3HjzlTGqEPK7e2vrG5ld8u7Ozu7R8UD4+6KkokoR0S8Uj2fKwoZ4J2NNOc9mJJcehzeudPLzP/7p5KxSJxq2cx9UI8FixgBGsj3UyGlWGxhGxUr7kVBJFdQ07DdQ1BqN6slKFjSIYSWKE9LL4PRhFJQio04VipvoNi7aVYakY4nRcGiaIxJlM8pn1DBQ6p8tLFqXN4ZpQRDCJpSmi4UL9PpDhUahb6pjPEeqJ+e5n4l9dPdND0UibiRFNBlouChEMdwexvOGKSEs1nhmAimbkVkgmWmGiTTsGE8PUp/J90y7ZTtd3raql1sYojD07AKTgHDmiAFrgCbdABBIzBA3gCzxa3Hq0X63XZmrNWM8fgB6y3T2Pgjec=</latexit>

x

<latexit sha1_base64="g3vERbzU3kfXibT9Kek4KMf3Qbg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+oZjQg=</latexit>

Z
dx

<latexit sha1_base64="ddX4tRqo1QsrdjgDFmgeNvPH994=">AAAB9HicbVDLSsNAFL2pr1pfVZduphbBVUmkoO6KblxWsA9oQplMJu3QySTOTIol9DvcuFDErR/jzr9x2mahrQcGDufcyz1z/IQzpW372yqsrW9sbhW3Szu7e/sH5cOjtopTSWiLxDyWXR8rypmgLc00p91EUhz5nHb80e3M74ypVCwWD3qSUC/CA8FCRrA2kucyoZFbcSsoeEL9ctWu2XOgVeLkpAo5mv3ylxvEJI2o0IRjpXqOnWgvw1Izwum05KaKJpiM8ID2DBU4osrL5qGn6MwoAQpjaZ4JMVd/b2Q4UmoS+WYywnqolr2Z+J/XS3V45WVMJKmmgiwOhSlHOkazBlDAJCWaTwzBRDKTFZEhlpho01PJlOAsf3mVtC9qTr12fV+vNm7yOopwAqdwDg5cQgPuoAktIPAIz/AKb9bYerHerY/FaMHKd47hD6zPH+Q3kOU=</latexit>

Q1

<latexit sha1_base64="HL3bgxjdxHDI5tEgFpZrgKDE22w=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchSSGPnZFNy5btA9oQ5lMJ+3QyYOZiVBCP8GNC0Xc+kXu/BsnbQUVPXDhcM693HuPn3AmlWV9GGvrG5tb24Wd4u7e/sFh6ei4I+NUENomMY9Fz8eSchbRtmKK014iKA59Trv+9Dr3u/dUSBZHd2qWUC/E44gFjGClpdvW0B6WypZZr1Uct4Is07KqtmPnxKm6ly6ytZKjDCs0h6X3wSgmaUgjRTiWsm9bifIyLBQjnM6Lg1TSBJMpHtO+phEOqfSyxalzdK6VEQpioStSaKF+n8hwKOUs9HVniNVE/vZy8S+vn6qg5mUsSlJFI7JcFKQcqRjlf6MRE5QoPtMEE8H0rYhMsMBE6XSKOoSvT9H/pOOYtmvWW265cbWKowCncAYXYEMVGnADTWgDgTE8wBM8G9x4NF6M12XrmrGaOYEfMN4+ATQ1jcc=</latexit>

Q2

<latexit sha1_base64="/zCEopua2twjVLwI8UOR5rUsB6o=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0VwFSYh1WZXdOOyRfuANpTJdNIOnUzCzEQooZ/gxoUibv0id/6N04egogcuHM65l3vvCVPOlEbowyqsrW9sbhW3Szu7e/sH5cOjtkoySWiLJDyR3RArypmgLc00p91UUhyHnHbCyfXc79xTqVgi7vQ0pUGMR4JFjGBtpNvmwB2UK8hGbq3quRDZbhX5jm9IFTn+hQcdGy1QASs0BuX3/jAhWUyFJhwr1XNQqoMcS80Ip7NSP1M0xWSCR7RnqMAxVUG+OHUGz4wyhFEiTQkNF+r3iRzHSk3j0HTGWI/Vb28u/uX1Mh3VgpyJNNNUkOWiKONQJ3D+NxwySYnmU0MwkczcCskYS0y0SadkQvj6FP5P2q7teLbf9Cr1q1UcRXACTsE5cMAlqIMb0AAtQMAIPIAn8Gxx69F6sV6XrQVrNXMMfsB6+wQ9mY3O</latexit>

Q3

<latexit sha1_base64="V8f3EwozLWNVOGlH/JkNAid1sSA=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GjJ9z67oxmWL9gHtUDJp2oZmMkOSEcrQT3DjQhG3fpE7/8ZMW0FFD1w4nHMv997jR5wpjdCHldnY3Nreye7m9vYPDo/yxycdFcaS0DYJeSh7PlaUM0HbmmlOe5GkOPA57fqz69Tv3lOpWCju9DyiXoAngo0ZwdpIt61haZgvIBtVK24JQWRXkFNzXUMQqtZLRegYkqIA1mgO8++DUUjigApNOFaq76BIewmWmhFOF7lBrGiEyQxPaN9QgQOqvGR56gJeGGUEx6E0JTRcqt8nEhwoNQ980xlgPVW/vVT8y+vHelz3EiaiWFNBVovGMYc6hOnfcMQkJZrPDcFEMnMrJFMsMdEmnZwJ4etT+D/pFG2nbLutcqFxtY4jC87AObgEDqiBBrgBTdAGBEzAA3gCzxa3Hq0X63XVmrHWM6fgB6y3T0DWjdA=</latexit>

m1

<latexit sha1_base64="AvEKMFijyxVBZCY3AWMvV6352bs=">AAAB6nicdVDLSsNAFJ3UV62vqks3g0VwFZIY+tgV3bisaB/QhjKZTtqhM5MwMxFK6Ce4caGIW7/InX/jpK2gogcuHM65l3vvCRNGlXacD6uwtr6xuVXcLu3s7u0flA+POipOJSZtHLNY9kKkCKOCtDXVjPQSSRAPGemG06vc794TqWgs7vQsIQFHY0EjipE20i0fusNyxbEb9arnV6FjO07N9dyceDX/woeuUXJUwAqtYfl9MIpxyonQmCGl+q6T6CBDUlPMyLw0SBVJEJ6iMekbKhAnKsgWp87hmVFGMIqlKaHhQv0+kSGu1IyHppMjPVG/vVz8y+unOqoHGRVJqonAy0VRyqCOYf43HFFJsGYzQxCW1NwK8QRJhLVJp2RC+PoU/k86nu36duPGrzQvV3EUwQk4BefABTXQBNegBdoAgzF4AE/g2WLWo/VivS5bC9Zq5hj8gPX2CV7djeM=</latexit>

m2

<latexit sha1_base64="+Z8Eetvz58BdsrY65IW7/Ci8RfA=">AAAB6nicdVDLSgMxFM34rPVVdekmWARXQ2ZotbMrunFZ0T6gHUomzbShSWZIMkIZ+gluXCji1i9y59+YPgQVPXDhcM693HtPlHKmDUIfzsrq2vrGZmGruL2zu7dfOjhs6SRThDZJwhPVibCmnEnaNMxw2kkVxSLitB2Nr2Z++54qzRJ5ZyYpDQUeShYzgo2VbkXf75fKyEV+rVrxIXL9Kgq8wJIq8oLzCvRcNEcZLNHol957g4RkgkpDONa666HUhDlWhhFOp8VepmmKyRgPaddSiQXVYT4/dQpPrTKAcaJsSQPn6veJHAutJyKynQKbkf7tzcS/vG5m4lqYM5lmhkqyWBRnHJoEzv6GA6YoMXxiCSaK2VshGWGFibHpFG0IX5/C/0nLd72KG9xUyvXLZRwFcAxOwBnwwAWog2vQAE1AwBA8gCfw7HDn0XlxXhetK85y5gj8gPP2CWhBjeo=</latexit>

m3

<latexit sha1_base64="jX9LLOVfyiIUGLKxvrQD9GReiZg=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GjJ9z67oxmVFWwvtUDJppg1NZoYkI5Shn+DGhSJu/SJ3/o2ZtoKKHrhwOOde7r3HjzlTGqEPK7e2vrG5ld8u7Ozu7R8UD4+6KkokoR0S8Uj2fKwoZyHtaKY57cWSYuFzeudPLzP/7p5KxaLwVs9i6gk8DlnACNZGuhHDyrBYQjaq19wKgsiuIafhuoYgVG9WytAxJEMJrNAeFt8Ho4gkgoaacKxU30Gx9lIsNSOczguDRNEYkyke076hIRZUeeni1Dk8M8oIBpE0FWq4UL9PpFgoNRO+6RRYT9RvLxP/8vqJDppeysI40TQky0VBwqGOYPY3HDFJieYzQzCRzNwKyQRLTLRJp2BC+PoU/k+6Zdup2u51tdS6WMWRByfgFJwDBzRAC1yBNugAAsbgATyBZ4tbj9aL9bpszVmrmWPwA9bbJ2t+jew=</latexit>

I
dm3

<latexit sha1_base64="0Xpuf+2COqy1EzwnrxMn5W1ReII=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4GjJ9z67oxmUF24rtUDKZTBuayQxJRiilf+HGhSJu/Rt3/o2ZtoKKHggczrmXnHv8hDOlEfqwcmvrG5tb+e3Czu7e/kHx8Kir4lQS2iExj+WtjxXlTNCOZprT20RSHPmc9vzJZeb37qlULBY3eppQL8IjwUJGsDbS3SBmQsMgGlaGxRKyUb3mVhBEdg05Ddc1BKF6s1KGjiEZSmCF9rD4PghikkZUaMKxUn0HJdqbYakZ4XReGKSKJphM8Ij2DRU4osqbLRLP4ZlRAhjG0jwTYKF+35jhSKlp5JvJCOux+u1l4l9eP9Vh05sxkaSaCrL8KEw51DHMzocBk5RoPjUEE8lMVkjGWGKiTUkFU8LXpfB/0i3bTtV2r6ul1sWqjjw4AafgHDigAVrgCrRBBxAgwAN4As+Wsh6tF+t1OZqzVjvH4Aest09vypDM</latexit>

I
dm2

<latexit sha1_base64="q6xmTUe0iLhVFcu7DaXOOsNkZJo=">AAAB8XicdVDLSgMxFM34rPVVdekmWARXQ2aYamdXdOOygn1gO5RMJtOGZjJDkhHK0L9w40IRt/6NO//G9CGo6IHA4Zx7ybknzDhTGqEPa2V1bX1js7RV3t7Z3duvHBy2VZpLQlsk5anshlhRzgRtaaY57WaS4iTktBOOr2Z+555KxVJxqycZDRI8FCxmBGsj3fVTJjSMkoE7qFSRjdx6zXMhst0a8h3fkBpy/HMPOjaaowqWaA4q7/0oJXlChSYcK9VzUKaDAkvNCKfTcj9XNMNkjIe0Z6jACVVBMU88hadGiWCcSvNMgLn6faPAiVKTJDSTCdYj9dubiX95vVzH9aBgIss1FWTxUZxzqFM4Ox9GTFKi+cQQTCQzWSEZYYmJNiWVTQlfl8L/Sdu1Hc/2b7xq43JZRwkcgxNwBhxwARrgGjRBCxAgwAN4As+Wsh6tF+t1MbpiLXeOwA9Yb59sjZDK</latexit>

I
dm1

<latexit sha1_base64="Uka7mROjiWBORUq9J5pR8XRsqqk=">AAAB8XicdVDLSgMxFM3UV62vqks3wSK4Gmbq0Meu6MZlBfvAdiiZTKYNTTJDkhHK0L9w40IRt/6NO//GTFtBRQ8EDufcS849QcKo0o7zYRXW1jc2t4rbpZ3dvf2D8uFRV8WpxKSDYxbLfoAUYVSQjqaakX4iCeIBI71gepX7vXsiFY3FrZ4lxOdoLGhEMdJGuhvGVGgY8pE7Klccu9moVb0adGzHqbtVNyfVunfhQdcoOSpghfao/D4MY5xyIjRmSKmB6yTaz5DUFDMyLw1TRRKEp2hMBoYKxInys0XiOTwzSgijWJpnAizU7xsZ4krNeGAmOdIT9dvLxb+8Qaqjhp9RkaSaCLz8KEoZ1DHMz4chlQRrNjMEYUlNVognSCKsTUklU8LXpfB/0q3armc3b7xK63JVRxGcgFNwDlxQBy1wDdqgAzAQ4AE8gWdLWY/Wi/W6HC1Yq51j8APW2ydjKZDD</latexit>

Figure 3: Graphical representation of the four-fold integral representation (11). The three sets of
outer variables hn propagate into bulk variables mn which then propagate into a common point
x. The points mn and x are integrated over; in other words, these propagations are quantum. We
can also think of the mn integrations as producing three quantum wave functions Qn(x) which are
then glued together with a single last x integration; that is precisely the representation (8).

Z(R1,R2,R3) =

∫
dµ(x)

3∏

n=1

∮
dµ(mn)I(x,mn)I(hn,→ logmn)

!(→ logmn)

!(mn)
!(hn) (11)

where (with G being the Barnes G-function),

I(a, b) ↑
deti,j eNaibi

!(a)!(b)
↓

G(N + 1)

NN(N→1)/2
(12)

can also be cast as an angular integral I(a, b) =
∫
dUeNtr(AU

†
BU) as shown by Harish-

Chandra-Itzykson-Zuber.

Using the Harish-Chandra-Itzykson-Zuber integral we could also have jumped directly
from (6) to the representation (11) once we introduce the auxiliary matrix X and recall that

ω(M) can be written in terms of the M eigenvalues as ω(M) = (deti,j m
hj

i
)/!(m). In other

words, once we introduce the auxiliary matrix X to disentangle the Mj interactions in (6),
we end up with (8) if we completely integrate out the matrices Mi and we end up with (11)
if we only integrate out the angular part of the matrices Mi.

These matrix model representations are quantum expressions; they are exact, no approx-
imation was taken. They are represented in figure 3.

We reach here the main focus of this paper: The limit of very large operators with
O(N2) fields with N ↔ ↗. These operators ought to correspond to backreacted geometries.
For two point functions of huge operators, the map between the representation R and the
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Six I’s: Three from three characters and three 
from the angles between X and the M’s

I is a simple determinant:

The measure is the standard matrix model one with the usual Vandermond factors
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Figure 3: Graphical representation of the four-fold integral representation (11). The three sets of
outer variables hn propagate into bulk variables mn which then propagate into a common point
x. The points mn and x are integrated over; in other words, these propagations are quantum. We
can also think of the mn integrations as producing three quantum wave functions Qn(x) which are
then glued together with a single last x integration; that is precisely the representation (8).

Z(R1,R2,R3) =

∫
dµ(x)

3∏

n=1

∮
dµ(mn)I(x,mn)I(hn,→ logmn)

!(→ logmn)

!(mn)
!(hn) (11)

where (with G being the Barnes G-function),

I(a, b) ↑
deti,j eNaibi

!(a)!(b)
↓

G(N + 1)

NN(N→1)/2
(12)

can also be cast as an angular integral I(a, b) =
∫
dUeNtr(AU

†
BU) as shown by Harish-

Chandra-Itzykson-Zuber.

Using the Harish-Chandra-Itzykson-Zuber integral we could also have jumped directly
from (6) to the representation (11) once we introduce the auxiliary matrix X and recall that

ω(M) can be written in terms of the M eigenvalues as ω(M) = (deti,j m
hj

i
)/!(m). In other

words, once we introduce the auxiliary matrix X to disentangle the Mj interactions in (6),
we end up with (8) if we completely integrate out the matrices Mi and we end up with (11)
if we only integrate out the angular part of the matrices Mi.

These matrix model representations are quantum expressions; they are exact, no approx-
imation was taken. They are represented in figure 3.

We reach here the main focus of this paper: The limit of very large operators with
O(N2) fields with N ↔ ↗. These operators ought to correspond to backreacted geometries.
For two point functions of huge operators, the map between the representation R and the

9

Each line is an I(a,b) IZHC 
propagator



Huge operators
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ω(x)

Each line is the classical limit of the I(a,b) 
IZHC propagator

The four integrals collapse: They are given 
by the saddle point optimal configurations. 



Figure 22: On the left, the discrete flow with 50 particles for computing the character of a trapezium
is shown. On the right, the eigenvalues density is plotted as function of time. It nicely interpolates
between the initial density (164) and the density of a logarithmic cut corresponding to the trapezium

One could now go ahead and solve the flow for all 0 < t < 1 and then compute the
large N limit of the character from the flow’s action. However, let us note that there are a
few shortcomings of the inversion method that are nicely illustrated in this simple character
example

• At intermediate times 0 < t < 1, the inversion involves a transcendental equation and
it cannot be done analytically

• The second term in the final flow function (166) has extra velocity cuts. In particular,
when 4ab < 0, we see that the square root cut from the second term overlaps with
the physical cut obscuring the fluid’s support. Resolving these overlapping cuts can be
painful.

• We need the initial flow f(x, 0) on all its sheets. As seen in this example, the branch
points can move around, so we need this information to compute the full flow.

The discrete flow (40) does not su!er from these shortcomings – the support of the flow
is manifestly the location of the eigenvalues, and the initial positions and velocities of the
eigenvalues is all the information we need to solve the problem.

Let us now solve the discrete problem with initial velocity and density following from
(162) and (164) for the case of a rectangular YT (i.e. n = 1). For a = 1, b = 3, K

N
= 1 and

with 50 eigenvalues xi, the results are shown in figure 22. Note that in the discrete case,
solving the flow at intermediate times is trivial since we can simply use (40). The eigenvalue
trajectories are shown on the left. The fluid starts out expanding but eventually the negative
pressure takes over and we end up with equally spaced eigenvalues in the range [1, 2]. Also
in figure 22, we plot the density along the flow and it beautifully interpolates between (164)
and the constant YT density.

Using the discrete flow, we can compute the large N limit of the character. The Calogero-

57

Fluids
4 Semiclassics – Fluids

In [32] (see also [33]) Matysin beautifully explained that at large N , the HCIZ integral admits
a beautiful continuum limit description as

1

N2
log I(a, b) → Sfluid[ωa, ωb] + Sbdy[ωa,ωb] (22)

where ωa and ωb are the eigenvalue densities for the matrices A and B. The second term
Sbdy, is an explicit function given by the following expression,

Sbdy[ωa, ωb] =
1

2

∫
dx x2(ωa(x)+ωb(x))↑

1

2

∫
dx dy log |x↑y| (ωa(x)ωa(y)+ωb(x)ωb(y))↑

3

4
(23)

The remaining piece in (22), Sfluid, is the most important one since it carries all the dynam-
ical information. It is the action of a 1-d inviscid fluid with equation of state

P = ↑
ε2

3
ω3 (24)

and whose density ω(x, t) evolves in one time unit from

ω(x, t = 0) = ωa(x) into ω(x, t = 1) = ωb(x) . (25)

Explicitly, this fluid action reads

Sfluid[ωa, ωb] = ↑
1

2

∫ 1

0

dt

∫
dx ω(x, t)

(
v(x, t)2 +

ε2

3
ω(x, t)2

)
. (26)

Importantly, note that this contribution depends on the full flow and not only on the densities
at the end-points. One needs to solve for the density and velocity ω(x, t) and v(x, t) at all
times t ↓ [0, 1] to evaluate the action.

Extremizing the action (26), we get the following Riemann-Hopf equation of motion,

ϑf

ϑt
+ f

ϑf

ϑx
= 0 (27)

where,
f(x, t) = v(x, t) + iεω(x, t) (28)

The real and imaginary parts of (27) give Euler equations for the one dimensional fluid with
equation of state (24). More generally, we can have complex flows, where the velocity and/or
the support of the density are in the complex plane. In that case, the flow function f(x, t)
has a branch cut at the location of the fluid. The density and velocity, now identified as the
discontinuity and average across a cut, satisfy the Euler equations.

Importantly note that the equation has complex characteristics with eigenvalues v ± iεω
and therefore is elliptic9. So, the boundary conditions (25), where we fix the initial and final

9Recall a system of n first-order PDEs of the form ωu
ωt

+ A(x, t).ωu
ωx

= 0 is classified as hyperbolic if all
eigenvalues of the matrix A(x, t) are real, elliptic if all eigenvalues are complex, and parabolic if A is not
diagonalizable. In our case,

ωt

(
v
εϑ

)
+

(
v ↑εϑ
εϑ v

)
ωx

(
v
εϑ

)
= 0 (29)

and the A matrix has eigenvalues v ± iεϑ. Note that with a more sensible equation of state like P = +ε
2

3 ϑ3,
we would get a hyperbolic system with eigenvalues v ± εϑ, in line with our intuition for fluid flows.
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Figure 3: Graphical representation of the four-fold integral representation (11). The three sets of
outer variables hn propagate into bulk variables mn which then propagate into a common point
x. The points mn and x are integrated over; in other words, these propagations are quantum. We
can also think of the mn integrations as producing three quantum wave functions Qn(x) which are
then glued together with a single last x integration; that is precisely the representation (8).

Z(R1,R2,R3) =

∫
dµ(x)

3∏

n=1

∮
dµ(mn)I(x,mn)I(hn,→ logmn)

!(→ logmn)

!(mn)
!(hn) (11)

where (with G being the Barnes G-function),

I(a, b) ↑
deti,j eNaibi

!(a)!(b)
↓

G(N + 1)

NN(N→1)/2
(12)

can also be cast as an angular integral I(a, b) =
∫
dUeNtr(AU

†
BU) as shown by Harish-

Chandra-Itzykson-Zuber.

Using the Harish-Chandra-Itzykson-Zuber integral we could also have jumped directly
from (6) to the representation (11) once we introduce the auxiliary matrix X and recall that

ω(M) can be written in terms of the M eigenvalues as ω(M) = (deti,j m
hj

i
)/!(m). In other

words, once we introduce the auxiliary matrix X to disentangle the Mj interactions in (6),
we end up with (8) if we completely integrate out the matrices Mi and we end up with (11)
if we only integrate out the angular part of the matrices Mi.

These matrix model representations are quantum expressions; they are exact, no approx-
imation was taken. They are represented in figure 3.

We reach here the main focus of this paper: The limit of very large operators with
O(N2) fields with N ↔ ↗. These operators ought to correspond to backreacted geometries.
For two point functions of huge operators, the map between the representation R and the
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4 Semiclassics – Fluids

In [32] (see also [33]) Matysin beautifully explained that at large N , the HCIZ integral admits
a beautiful continuum limit description as

1

N2
log I(a, b) → Sfluid[ωa, ωb] + Sbdy[ωa,ωb] (22)

where ωa and ωb are the eigenvalue densities for the matrices A and B. The second term
Sbdy, is an explicit function given by the following expression,

Sbdy[ωa, ωb] =
1

2

∫
dx x2(ωa(x)+ωb(x))↑

1

2

∫
dx dy log |x↑y| (ωa(x)ωa(y)+ωb(x)ωb(y))↑

3

4
(23)

The remaining piece in (22), Sfluid, is the most important one since it carries all the dynam-
ical information. It is the action of a 1-d inviscid fluid with equation of state

P = ↑
ε2

3
ω3 (24)

and whose density ω(x, t) evolves in one time unit from

ω(x, t = 0) = ωa(x) into ω(x, t = 1) = ωb(x) . (25)

Explicitly, this fluid action reads

Sfluid[ωa, ωb] = ↑
1

2

∫ 1

0

dt

∫
dx ω(x, t)

(
v(x, t)2 +

ε2

3
ω(x, t)2

)
. (26)

Importantly, note that this contribution depends on the full flow and not only on the densities
at the end-points. One needs to solve for the density and velocity ω(x, t) and v(x, t) at all
times t ↓ [0, 1] to evaluate the action.

Extremizing the action (26), we get the following Riemann-Hopf equation of motion,

ϑf

ϑt
+ f

ϑf

ϑx
= 0 (27)

where,
f(x, t) = v(x, t) + iεω(x, t) (28)

The real and imaginary parts of (27) give Euler equations for the one dimensional fluid with
equation of state (24). More generally, we can have complex flows, where the velocity and/or
the support of the density are in the complex plane. In that case, the flow function f(x, t)
has a branch cut at the location of the fluid. The density and velocity, now identified as the
discontinuity and average across a cut, satisfy the Euler equations.

Importantly note that the equation has complex characteristics with eigenvalues v ± iεω
and therefore is elliptic9. So, the boundary conditions (25), where we fix the initial and final

9Recall a system of n first-order PDEs of the form ωu
ωt

+ A(x, t).ωu
ωx

= 0 is classified as hyperbolic if all
eigenvalues of the matrix A(x, t) are real, elliptic if all eigenvalues are complex, and parabolic if A is not
diagonalizable. In our case,

ωt

(
v
εϑ

)
+

(
v ↑εϑ
εϑ v

)
ωx

(
v
εϑ

)
= 0 (29)

and the A matrix has eigenvalues v ± iεϑ. Note that with a more sensible equation of state like P = +ε
2

3 ϑ3,
we would get a hyperbolic system with eigenvalues v ± εϑ, in line with our intuition for fluid flows.
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where

where Sbdy is a simple explicit expression while Sfluid is the action of an inviscid fluid with negative 
pressure                    ,  
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P → ↑ω2

[Matysin 1993]

The HCIZ integral admits a beautiful classical limit in terms on an integrable (!) 1+1dim fluid:



1

N2
logZ[ω1, ω2, ω3] →

3∑

n=1

Sfluid[ε, ϑn] +
3∑

n=1

Sfluid[ϑ̃n, ωn] + (32)

+

∫
dx x2

(
ε(x) +

1

2

3∑

n=1

ϑ̃n(x)
)

↑
1

2

∫
dx

∫
dy log |x ↑ y| ε(x)ε(y)

where we used ϑn(x) and ϑ̃n(x) = e→xϑn(e→x) to indicate the densities ofmn and ↑ logmn

respectively, at the junction n, see figure 8.a Lastly, we have four gluing conditions which
follow from the saddle point equations,

↑

∫
dz

ε(z)

x ↑ z
= 2x+

3∑

n=1

vn(x, 0) (33)

wn(x, 0) = ↑x ↑ e→x vn(e
→x, 1) , n = 1, 2, 3 (34)

aWe dropped simple normalization factors
∑

n
f [ωn] since they are not physical and drop out when

building the physical three point functions, see discussion below (7).

As a sanity check, let’s count the degrees of freedom and constraints. We have six flows,
each of which require two boundary conditions for a total of 12 degrees of freedom. At the
meeting point of the three legs, we require that the densities match (2 constraints) and the
velocities obey the gluing condition (33). We also have two additional gluing conditions per
leg, one for velocity (34) and one for continuity of density. This leaves us with precisely three
degrees of freedom, which are fixed by the YT densities ωn.

4.1 Local and Global Problems

The fluid equations

ϖtv + vϖxv = ϱ2εϖxε , ϖtε+ ϖx(εv) = 0 . (35)

following from Riemann-Hopf equation by splitting f as in (28) define an integrable model.
Let us also mention that there is an equally important discretization of these fluid equations.
The continuum fluid equations can be approximated as evolution equation of many discrete
eigenvalues xi(t) under an inverse cube mutual attraction [38] known as the Calegero-Moser

18
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An example exploiting integrability of the fluids

Trajectories of the N fluid bits xi(t) 
with follow the classical rational 
Colegero-Moser integrable model 
with equations of motion

rational model, 10

d2xi

dt2
+

2

N 2

∑

j →=i

1

(xi → xj)3
= 0 , i = 1, . . . N (37)

Numerically, these coupled ODEs are easier to work with than Euler equations; we will come
back to these below in later sections. As is well known, the Calogero-Moser model is also
integrable. A very nice review of a large class of such models is [39].

These models admit infinitely many conserved charges. In the continuum, we find a
general large class of charges that to our knowledge were not known before. Namely,

Qn,m ↑

∮
dx

f(x,t)∫
dz (x → tz)n(x+ (1 → t)z)m (38)

are conserved along any fluid flow.11

Before reviewing the exact solvability of the fluid equations (27) or (35) let us first stress
that there are two natural problems to consider when dealing with such a fluid, in both its
discrete or continuum formulation.

A first type of problem is what we call an initial value problem (IVP). Here we specify
the initial density and velocity of the fluid at some t = 0 and evolve the fluid from that
point forward. In the discrete equations (37), the IVP is the one where we specify the initial
position xi(0) and velocity x↑

i
(0) of each fluid bit and then simply evolve the di!erential

equations (37) towards a future time t = 1. Clearly, the IVP formulation of both the
continuum and the discrete problems is local.

A second type of problem is what we call the boundary value problem (BVP). Here we
specify the initial density at some time t = 0 and the final density at some time t = 1
but we do not specify any velocity. This problem is global since it is impossible to find the
density and velocity at any time along the flow without solving the full flow. In the discrete
equations (37) the BVP is the one where we specify the initial and final positions xi(0) and
xi(1) of the fluid bits. This can in principle be solved by global relaxation methods but that
is not straightforward.

10Let us recall briefly how this equation has anything to do with the fluid equations above. The reason
is an anomaly. Indeed, for well separated xi and xj we can drop the interaction term because of the 1/N2

factor in front. For xj=i+k → xi ↓
k

Nω(xi)
→

k
2
ω
→(xi)

2N2ω(xi)2
+ . . . we do get a contribution. When we plug this into

the sum in (37) the leading term leads to a 1/k3 sum which vanishes by parity while the subleading term
contributes as

3ω(xi)ω
→(xi)

∑

k ↑=0

1/k2 = ε2ω(xi)ω
→(xi) . (36)

where we recognize precisely the right hand side of the first equation in (35). For a nice review with more
details see the lecture notes https://www.dam.brown.edu/people/menon/talks/cmsa.pdf by Menon.

11To check that this is indeed a conserved charge the reader can show that upon using (27) its time

derivative becomes an integral of a total derivative

∮
dx

ϑ

ϑx

(
→

∫
f(x,t)

dz z (x → tz)n(x + (1 → t)z)m
)

= 0. Note

that we are not assuming any special analyticity properties for f(x, t) here. The contour integral goes only
around the cut and can thus be expanded into a sum of real integrals on the cut.
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Consider symmetric flows with three identical operators.  

If we know the distribution of the middle x eigenvalues, we can immediately solve for the initial velocities in the middle.  

We can then evolve forward in both chambers and find the h distribution at the end-points where the operators are.  

For example, for a Wigner semi-circle distribution we get

[Calogero, 1981. Polychronakos 2006 
for a nice recent review]



The real problem
• Of course, the real problem is not to start from a density of x in the middle. That is what we call the easy local problem. 
• The real problem is about starting with three densities for h outside. That problem — which we call the hard global 

problem — is harder but can also be solved*. Example of final flow for three equal Trapezia YT’s:

* The trick is to start with a flow under good control (say the one in the previous slide) and use adiabatic deformation to arrive at any desired flow. 
As long as the topology is the same (number of cuts etc) this works great. That the global problem was much harder was well recognized in the 
literature. The great lecture notes by Govind Menon https://www.dam.brown.edu/people/menon/talks/cmsa.pdf nicely illustrate the challenges: 

https://www.dam.brown.edu/people/menon/talks/cmsa.pdf
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Conclusions
• Structure constants of huge BPS operators are given by an integrable 1+1 system:  

A one dimensional inviscid fluid [Riemann-Hopf system] or its known integrable discretization [the Colegero-Moser rational 
model] 
 
It is unexpected to find integrability is this highly non-planar regime. Charges: 
 
 
We can now compute structure constants of generic (i.e. non-extremal*) huge correlators. E.g. 

• From our Gauge theory combinatorics computation, we have a prediction for SUGRA: The action for the merging of three Lin-
Lunin-Maldacena geometries should be given by a bunch of 1+1 d fluids. [We stress that knowing the LLM 2pt function is far from telling us what the 3pt geometry is.] 
 
(We could try to compute the pre-factor and find out how to reproduce it from quantum gravity as well.)  

• Different operators are described by different initial densities and will give different correlators. This is different from the sort of 
words we would say about BHs. There we expect lots of universality and the details of the micro-states should not matter so 
much. 

• How to go in this BH direction? A small first step could be to generalize our 1/2-BPS to  1/4-BPS.

Thanks
* Extremal correlators are much easier to study and there are exact results about those. Their physics is a bit different (they are often effectively given by a bunch of two-point functions so that higher point correlators no longer exponentiate for instance)
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