Surfaceology for string/particle amplitudes

Song He (Institute of Theoretical Physics, CAS)

based on works with Nima Arkani-Hamed, Qu Cao, Jin Dong (see poster), Carolina Figueiredo
2312.16282, 2401.05483, 2401.00041, 2408.11891, ...

+ with Qu Cao, Jin Dong, Canxin Shi, Fan Zhu, 2406.03838, 2412.19629, ...

Strings 2025 (NYU Abu Dhabi)

January 10, 2025



Combinatorial Geometries (“polytopes”) underlying scattering amplitudes & beyond



Combinatorial Geometries (“polytopes”) underlying scattering amplitudes & beyond

« moduli space %g " for conventional & (ambi-)twistor strings [c.f. Witten,’04; Cachazo, SH, Yuan *13; Berkovits; Mason, Skinner ;...]

» positive Grassmannian G_(k, n), on-shell diagrams for planar N=4 SYM [Arkani-Hamed et al 12, ...]



Combinatorial Geometries (“polytopes”) underlying scattering amplitudes & beyond

« moduli space %g " for conventional & (ambi-)twistor strings [c.f. Witten,’04; Cachazo, SH, Yuan *13; Berkovits; Mason, Skinner ;...]

» positive Grassmannian G_(k, n), on-shell diagrams for planar N=4 SYM [Arkani-Hamed et al 12, ...]

 Amplituhedron: all-loop integrands of N=4 SYM in momentum twistor space [Arkani-Hamed, Trnka 13 + Thomas *17;...]
 ABJM amplituhedron: all-loop integrands of ABJM (reduced from SYM) [SH, Kuo, Li, Zhang ’22; SH, Huang, Kuo, ’23,...]

» Correlahedron for half-BPS correlator in SYM [Eden, Heslop, Mason; SH, Huang, Kuo, '24...] —> energy correctors [SH et al '24]



Combinatorial Geometries (“polytopes”) underlying scattering amplitudes & beyond

moduli space %g " for conventional & (ambi-)twistor strings [c.f. Witten,’04; Cachazo, SH, Yuan *13; Berkovits; Mason, Skinner ;...]

positive Grassmannian G (k, n), on-shell diagrams for planar N=4 SYM [Arkani-Hamed et al 12, ...]

Amplituhedron: all-loop integrands of N=4 SYM in momentum twistor space [Arkani-Hamed, Trnka *13 + Thomas *17;...]

ABJM amplituhedron: all-loop integrands of ABJM (reduced from SYM) [SH, Kuo, Li, Zhang "22; SH, Huang, Kuo, '23,...]

Correlahedron for half-BPS correlator in SYM [Eden, Heslop, Mason; SH, Huang, Kuo, '24...] —> energy correctors [SH et al '24]

kinematic associahedra (Tr gb3 tree amps) & (Deligne-Mumford) worldsheet associahedra [Arkani-Hamed, Bai, SH, Yan, *17; ...]
surfacehedra + curve-integrals on surfaces => all-order Tr q§3 amplitudes + (bosonic) string [Arkani-Hamed et al, 20-24,...]

cosmological polytopes (each graph) [Arkani-Hamed et al '17,...] —> cosmohedra for wavefunction/correlator in Tr qb3 [2412.19881]

wider context: tropical geometries for Feynman integrals etc. positive geometries in dS/AAS (Mellin) amps? [c.f. w. Cao, Li, Tang ’24]



Curve integral: from toy model to Real World

A new way of thinking about particle/string amplitudes based on combinatorial & geometric
objects without reference to Feynman diagrams/worldsheet physics

Curve integrals on surfaces: “counting problem” => “u” variables for bosonic string to all

orders = stringy completion of (simplest colored scalars) Tr gb3 amps (=“surfacehera”) [ABHY "17;
Arkani-Hamed, Frost, Salvatori, Plamondon, Thomas: 2309.15913, 2311.09284 ...]
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 All-loop cuts (" — 0) from surfaces => all-loop recursion for Tr gb3+ any colored-scalars [c.i. Arkani-Hamed, Frost, Salvatori 2412. 21027]

* Profound connections with math: positive geometries, quiver rep. theory, cluster algebra, Teichmueller theory, matrix model,...

Surprisingly, this toy model contains realistic theories: amplitudes of pions & gluons from stringy Tr 453 by kinematic shifts!

* The unity of qb3, pions & gluons (tree) => all-loop non linear sigma model (+ mixed amps) C 1r ¢3

* Reveals novel features of all these theories, e.g. hidden patterns of zeros & factorization/splits near zeros

« “Combinatorial origin of Yang-Mills”: scalar-scaffolded gluons => all-loop YM in stringy Tr gb3



Tr ¢ ampl|tUdeS [Arkani-Hamed, Bai, SH, Yan, ’17; Arkani-Hamed, Frost, Salvatori, Plamondon, Thomas, ’23,...]

L’I‘r(d)3) = Tr(3¢)2 + g Tr(qﬁg), @ : N by N matrix -> fat graphs, genus expansion (only planar graphs for N — o)
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Tr ¢ ampl|tUdeS [Arkani-Hamed, Bai, SH, Yan, ’17; Arkani-Hamed, Frost, Salvatori, Plamondon, Thomas, ’23,...]

L’I‘r(c,b3) = ’I‘r(8¢)2 + g Tr(¢3), @ : N by N matrix -> fat graphs, genus expansion (only planar graphs for N — o)
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Disk integral = stringy Tr ¢3 aMP [c . Arkani-Hamed, SH, Lam, 19]

a la Veneziano-Koba-Nielsen; Z-theory [Carrasco, Mafra, Schlotterer 16’,...]
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a la Veneziano-Koba-Nielsen; Z-theory [Carrasco, Mafra, Schlotterer 16’,...]
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Disk integral = stringy Tr qb3 aAMP [c.f. Arkani-Hamed, SH, Lam, 19

a la Veneziano-Koba-Nielsen; Z-theory [Carrasco, Mafra, Schlotterer 16’,...]
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stringy extension of associahedra [Arkani-Hamed, SH, Lam, 19; ...] -> similar “u” variables (curves)+ positive para. (triangulation) for any surface!

-> combinatorial formulation of (bosonic) strings: hyperbolic geometry (positive) vs. Riemann surfaces (complex); easier to see a’ — 0 limit



Zeros & Sp”tS of amplitudes [ACDFH 2312; see D’Adda, Sciuto, D’Auria, Gliozzi, 71]
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Deformed to the real world [ACDFH 2312]
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Deformed to the real world jacorH 2312
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Deformed to the real world jacorH 2312
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Tr gb3 2n-pt string amps => 2n-scalar amp in NLSM or in YM + scalar: same function @ different pts!



A universal splitting of string/particle amps . cao. bong, shi, zhu, 241

A new behavior for a wide class of string/particle tree amp => factorizes into two off-shell currents (total #=n+3)

Universally hold for scalars (gb3, NLSM, special Galileon, YMS/DBI) + gluons/gravitons in bosonic & superstring;
iImplies & extends splittings near zeros etc. to all these theories [see also J. Trnka et al; L. Rodina; Y. Zhang;.. ]
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A universal splitting of string/particle amps . cao. bong, shi, zhu, *241

A new behavior for a wide class of string/particle tree amp => factorizes into two off-shell currents (total #=n+3)

Universally hold for scalars (qb3, NLSM, special Galileon, YMS/DBI) + gluons/gravitons in bosonic & superstring;
iImplies & extends splittings near zeros etc. to all these theories [see also J. Trnka et al; L. Rodina; Y. Zhang;.. ]
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A universal splitting of string/particle amps . cao, bong, shi, zhu, 24

A new behavior for a wide class of string/particle tree amp => factorizes into two off-shell currents (total #=n+3)

Universally hold for scalars (gb3, NLSM, special Galileon, YMS/DBI) + gluons/gravitons in bosonic & superstring;
iImplies & extends splittings near zeros etc. to all these theories [see also J. Trnka et al; L. Rodina; Y. Zhang;.. ]
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A universal splitting of string/particle amps . cao, bong, shi, zhu, 24

A new behavior for a wide class of string/particle tree amp => factorizes into two off-shell currents (total #=n+3)

Universally hold for scalars (gb3, NLSM, special Galileon, YMS/DBI) + gluons/gravitons in bosonic & superstring;
iImplies & extends splittings near zeros etc. to all these theories [see also J. Trnka et al; L. Rodina; Y. Zhang;.. ]
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A universal splitting of string/particle amps . czo, bong, shi, zhu, 24

A new behavior for a wide class of string/particle tree amp => factorizes into two off-shell currents (total #=n+3)

Universally hold for scalars (gb3, NLSM, special Galileon, YMS/DBI) + gluons/gravitons in bosonic & superstring;
iImplies & extends splittings near zeros etc. to all these theories [see also J. Trnka et al; L. Rodina; Y. Zhang;.. ]
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Very nicely, extends to all loops for stringy ¢3 & NLSM etc. from “gluing surfaces” [Arkani-Hamed, Figueiredo, "24]



Splitting & soft theorems w. cao, bong, shi, zhu, 241

Ca'ebzetz'ei,j,k=0 .
Pa " € = Pa - €ijk =0 Mepen y gmixed (9 A 9 k%) x T (4, B,i; ') u€
€a *Pb = Pa *Pb = 0

1 -1

Saqn =0,a€ A/{m}

same for &: Mﬁloscd — J(id’s A, j%; "¢) X J (4, B,1; "')uvfﬁgz

swap a, b for &: Melosed . 7(39. A, 59; k) €eh X J(jg,B,ig;n'g),,é'; .



Splitting & soft theorems w. cao, bong, shi, zhu, 241

1
€a " €p = €q " €4 5k =0

Pa € = Pa " €ijk =0 MOPER — J"‘ixed(z"“’,A,jd’; K,d)) x J(3, B, 1; n')ue‘; ,
€a *Pb = Pa " Pp =0 n s
San =0,a€ A/{m}
same for €: Mﬁlosw — J(z’", A,j¢; "d’) X J (4, B,1; ”')uufﬁgfz
sSwap a, b for €: MSleSEd — j(igv A7 jg; K'g)udrt X j(jga Baig; K"g)ugfrj; .

simplest “skinny” splits => Weinberg’s soft
theorems for gluons/gravitons (string amp)
+ subleading [c.f. Cachazo, Strominger]

NLSM, DBI, sGal: enhanced Adler’s zeros

general splits => multi-soft theorems



Splitting & soft theorems w. cao, bong, shi, zhu, 24

1
€a " €p = €q " €4 5k =0

Pa " € = Pa - €ijk =0 MEPeR — gmixed (3, A, §%;6%) x T (4, B, i; K') uelt
€a *Pb = Pa"Pp =0 n s
San =0,a € A/{m}
same for &: Mﬁlo“%d — J(i%, A, 3°; "d’) X J (4, B, 1 “’)uvf’rfEZ ’
Sm.n=0 0
- 1 d o °q. . Q. qg o~
swap a, b for €: Mfzose — j(zg, A, 39; "'«g)ufﬁ X -.7(39, B, 9, K’ )uflf; . i
the “skinny” case: A = {a}: J™*¢4(i?, a,j%; k?) = €a - PiB(8i,ar Sja + 1) — €0 - PjB(Si.a +1,85.a)

simplest “skinny” splits => Weinberg’s soft

theorems for gluons/gravitons (string amp)

+ subleading [c.f. Cachazo, Strominger] soft gluon limit: (n‘1)'pt current-> amplitUde Z jmixed X T 1 — (;a : Zz‘ _;a. : IP;J) y J\/[:;’Edl,
a' M a V)

sum over choices of Kk (i, fixed to be adjacent to a): k#i,j,a
NLSM, DBI, sGal: enhanced Adler’s zeros

. . o S 2o s 3 mixe €a * bg " Pb :
general splits => multi-soft theorems similarly for gravity: sum over i, j ,k D A S (Z : pp - = ) MER,
k,i,j#a b#a @



All-loop NLSM contained in Tr ¢ acor 2401

2n—3

~dyr X . otd Xy o—d ' X
[T 2 [ e T e T
Y1 (

I=1 e,e) (0,0) (0,€)

Ign =/‘Z'n—’{
R0

3
—9w43;¢ CXE@'_)}Cge+'5wXBp'_}}E%O__é)a



All-loop NLSM contained in Tr ¢ acort 2401

2n—3 . .
- i o ; ix. o Field-theory directly take 0 — oo:
Ign =/ H @ H uﬁﬁ(Xe,e—FO) % H 'u;f;\()(XO,O 5) % H uojp)(o.e y y
2n—3 1 : :
]R>O I=1 JI (676) (O:O) (O:e)
Tr 3 , _ 3
— ‘Aan) (Xee = Xee + 0, Xo.0 = Xo,o — 9), AQNT}‘SM = lim 4" 1Ag5¢ (Xe,e — Xe,e + 0, Xo,o — Xo,o = 5),

0—00



All-loop NLSM contained in Tr ¢ acort 2401

2n—3 . :
- . o ; o (X o Field-theory directly take 0 — oo:
zh, = [ TT 2 TLusit? x TLusle x [T i Y crecty
m R2n—3 YI ' ‘ ’
>0 I=1 ° (e,e) (0,0) (0.€)
Tr ¢° . _ 3
— "4'2n¢ (Xe-;e — Xe,e + 53 XO:O — XO;O — 6)7 Ay',r:l["SI\J — 611}1’5.10 5'": ]-Aré[;l;gb (Xe,e — Xe’e —I— 5, X0,0 — X0,0 - 5)3

Same shift works for planar integrand of NLSM: X, , = X, ,+0, X,, — X, ,— 0 (inc. loop punctures)

oL 11::‘ ij

lim > (6)H2E=240 | = ANPM.

d—00 ’
Zq=1,.-- ,L even/odd




All-loop NLSM contained in Tr ¢ acort 2401

2n—3 . .
‘ i o : X o Field-theory directly take 0 — ©0o:
Ign — /2 .‘ H % H uB?e(Xe,e—FO) . H uo,n(Xo,o 5) % H uoj:‘(o.e y y
Ro " 1=1 T (e (0.0) (o)
Tr ¢° 3
— AZn(b (Xe)e — Xe,e + 53 XO:O — XO)O _ 5)’ Ag,r}‘SI\’l — 6lim (Sn_lA;[;[;¢ (Xe,e — Xe’e _|— (S, Xo,o — X0,0 - 5);
— 00

Same shift works for planar integrand of NLSM: X, , = X, ,+0, X,, — X, ,— 0 (inc. loop punctures)

oL IJ:i ij

lim > (6)H2E=240 | = ANPM.

0 — 00 ’
Zg—1,... . even/odd “
i 1 1

“Adler zero” manifest: soft limit -> scaleless integrals! very practical, e.g. 4-loop 4-pt NLSM integrand,;
Lagrangian origin of NLSM C Trgb3 [Arkani-Hamed, Figueiredo, '24] => any quantities e.g. off-shell, cosmological, ...
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a'o = 1 gives 2n-scalar stringy YMS amp = 2n-scalar in bosonic string!
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Scalar-scaffolded gluons (acor, 2312]

. \
a’'o = 1 gives 2n-scalar stringy YMS amp = 2n-scalar in bosonic string! “ ©. — .1‘
AN
q2n . . €& € ol -, EAT  SLEEP SCAFFOLD
ATe(1,2,...,2n - 'Pi'Ps exp 27' ] 2 :
( ) SL(2 R) (g ) (; z,] Zi,j ) multi-linear in ¢;

Di- € = 0, V (Z,]) c (1, ...,2n),

1 if (4,5) € {(1,2);(3,4); (5,6);...; (2n — 1,2n)},
€ €5 —
! 0 otherwise.



Scalar-scaffolded gluons acorw, 2312

. \
a’'o = 1 gives 2n-scalar stringy YMS amp = 2n-scalar in bosonic string! “ ©. — .1‘
AN
q2n . . €& € ol -, EAT  SLEEP SCAFFOLD
ATe(1,2,...,2n : *'Pi'Ps exp 257 =
( ) SL(2 R) (g ) (; z,] Zi,j ) multi-linear in ¢;

pi-€; =0, V(i,7)€(1,..,2n),
e {1 if (4,7) € {(1,2);(3,4); (5,6);...; (2n — 1, 2n)},

SN

N p 1"
MANANANANNY X Gym P2 — )
4

0 otherwise.
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Scalar-scaffolded gluons acorw, 2312

a'o = 1 gives 2n-scalar stringy YMS amp = 2n-scalar in bosonic string!

ree dznz’t 20! i € "€ \/(761} * Py
ATe(1,2,...,2n) = SL(ZR) (H Pi PJ) exp (22 J < J)

1<

Di- € = 0, V (Z,]) c (1, ...,27?,),

?
Zn €& O (P2 — p2i—1)H
1 if (¢,7) € {(1,2);(3,4);(5,6);...;(2n — 1,2n)}, RN
€; * ﬁj — N (P2 — ) ' )
0 otherwise. ANAAANS X gy (= 1)
2 L
special kinematlcs d“"z; 2a'p;p; 1
Aml1 2, 20) SL(2,R) [[=;"" 7 2
i< 27 2Z3 4756 “2n—1,2n
2 _
d nzi 1 1—[ z2a’m'm 22 324 5267+« + 22n.1 — <H 1 /H 1 ) (a’5 — 1)
3 e.e 0,0
SL(2,R) 212223234 ... 2201 r i 212234256 - - - 22n—1,2n

Stringy Tr ¢



Scalar-scaffolded gluons (acor, 2312]

a'o = 1 gives 2n-scalar stringy YMS amp = 2n-scalar in bosonic string!

ree dznz’i 20! i Ez €4 \/sz' * Py

1<J i#] ,] “i,j multi-linear in ¢;

Di- € = 0, V (Z,]) c (1, ...,2n),

?
NN & X (p2i — p2i—1)¥
o 1 if (4,75) € {(1,2);(3,4);(5,6);...; (2n — 1,2n)}, N
y ° § — . » — N
7’ ’ 0 otherwise \,\/V\/\/\/\/V X gym (P2 —m)*
2 t
n
special kinematlcs d Zq 2a'p;p; 1
Aml1 2, 20) SL(2,R) [[=;"" 7 2
i< 27 2z3 A4%5.6°*“2n—1,2n
/
d2n 1 Hz2a'p,~pj 22324 5%26,7 « - - 22n,1 — (I I 1 /I I y ) (a@'o =1)
3 e.e 0,0
SL(2,R) 212293234 ...22n.1 r i 210234256 - - - 22n—1.2n
Stringy Tr ¢

taking n “scaffolding residues” S1p =834 = 0 = 0 => n-gluon bosonic string amps (in 2n-scalar language)



5, = /R de?z_””l IT 2% 7wy,

Y% 1 2041 [ Y7 (a,b)

Q2n



d _ d1
78— /}R Y2i—1,2i+1 H dyr H abab,

i Y% 12641 [T U7 (a.h)

QZn

luon
Teluon _ /
R

Resy, 2=0 (Resy; s=0 (- - - (ReSy; 5, 120 (Q20)) ... ))

3

n—
>0 X2i—1,2i+1=0




d _ ds 3
Ign.=A Y2i—1,2i+1 H ayr H u; 3

Zn— g y -
i—1 Y3i 12041 [T vi (a.h)

QZn
luon
Teon — /n_.{ Resy, 2=0 (Resy; s=0 (- - - (ReSy; 5, 120 (Q20)) ... ))
Rig X2i—1,2i+1=0
ABOM — /2 () 3¢1 5+ €13Co 5 + C1.3C35 + C1.4€35 + C15C35 + C15C3.6)  +

— /% (X14X25X36)



I‘gn /Rzn 3 H dy?z—l = H dJ, H ’X“ b T X1,2n—1 —

Y% 1 2041 [ Y7 (a,b)

QZn

Resy, 30 (ReSys =0 (- -« (ReSy, 5, 120 (Q2n)) --.))

3

luon
e _ |
R

/2(

X2i—1,2i4+1=0

YL —
>0

1
AT =a/“(c13¢15 + c13c25 + c13C35 + C14C35 + C15C35 + C15C36)  +

— o3 (X14X25X36)

surfaceology -> gauge invariance + gluon factorization (in X variables)

1
AR = ) (X2i,; — X2i-1,5) X Q;
jA{2i—1,2i,2i+1}

= > (Xa2ij — X2it1,5) X 9

§#{2i—1,21,2i+1}

~/

Q; = Q; := 0x o, for gluon i (linear + gauge inv)



Ign /Rm_ H dy2i—1 2441 H dJI H uly a. b,

Y% 1 2041 [ Y7 (a,b)

QZn

Resy, 30 (ReSys 5—0 (-« (Resy, 5, 1=0 (Q2n)) ... ))

3

luon
.
R

Ag]uon _ 0/2 (

X2i—1,2i+1=0

YL —
>0

c13C15 + C13C25 + Cc13¢35 + C14C35 + C15¢35 + C15C36) +
'3
— o 7 (X14X25X356)

surfaceology -> gauge invariance + gluon factorization (in X variables)

/ /.,~—- P‘——_\.\\ /.,’—-0
\.\‘ // \\
/‘/ \\.\5 /f/ \ /
1 ’ \ / \\ , //
A% uon __ E (X2z,] — X2Z—1,]) X QJ 7 < I / [ } - I / Xop ) r X r § X
j ;é { 22 — 1 3 22 y 22 + 1 } \\. //, \\. //‘/ \\‘\
= ? N Xav N / "
= > (Xaij — Xait1) X Q; e e R
§#{2i—1,24,2i+1}
Resx, ,—0An = — > (X570 — Xjp— Xo) || ix, UX j;
~ 3.t Xrel,; XreR. s
N ® — : . . ~ - 7 H,—/
Q; = Q; := 0x o, for gluon i (linear + gauge inv) Py o7




All-loop YM in stringy Tr ¢)>pcor

Agluon / H

dy;
= Resys —0 Resy32 —0

Surfaceology => generalize tree (disk) to loops (higher-genus surfaces):

(... (Resy,, —0Q2n) -..)) -

\
— \‘\ —
\K// \/\j d
\—//,/>\\ /’<. ‘\\
S / — N\
\| / " oe 0 \
/| |\



All-loop YM in stringy Tr ¢)>pcor

Surfaceology => generalize tree (disk) to loops (higher-genus surfaces):

dy;
Agluon — / H Ji Resyslzo (Resy,, 0 (--- (Resy,, —002n) ---)) -

e.g. one-loop w. self-intersecting curves & closed curve A

1-1 dy; ' X ¢ o' X, A
7, °%P(1,2,...,2n) = H : Hug ¢ x H Uer @ X UA

simpler than bosonic string loops, but gives all-loop YM integrands!

(3
Tro
\ /
- N\ I /
e /
\\ > \\ //
////’\ /\/ \‘\

\
— \‘\ —
N /./ e
(S )
— 7 N AN
S "N\
\| / o0 \
/| \ \



All-loop YM in stringy Tr ¢ scorn

Surfaceology => generalize tree (disk) to loops (higher-genus surfaces):

dy,
Agiuon _ / 1‘[ y } Resy, -0 (Resy., o (- (Resy,, —of0) ).

e.g. one-loop w. self-intersecting curves & closed curve A

d , ; "X
yeP(1,2,.,2n) = [ [] = [Tue ™ x [T we™ xud
simpler than bosonic string loops, but gives all-loop YM integrands!

» extend the surface notion of gauge invariance + factorization/cuts

« proof for all-loop leading singularities (max. residue) with A =1 — D :

d
residue of JH%H ux = gluing of 3pt YM+ FA3 (in X space)
Y




All-loop YM in stringy Tr ¢ scorn

Surfaceology => generalize tree (disk) to loops (higher-genus surfaces): | , ) \\ /) /,L:

d ~ E>/;\<)/// | | ﬂ\f(//’;\/\)j /
Agluon / H Yi Resyslzo (Resy32 —0 ( (ResySnZOQQn) )) . // N /\/\\\ \_///\\v/(\\\
e IR AR

: : > dy o' X > dy o' X
e.g. one-loop w. self-intersecting curves & closed curve A / [ ]]ux /C H — H“x

1- loop dy7 o X¢; o' X A
Iz,n, ( s 2n) S / H y X H u(/” X UA

Y v - S e 3 e 3 ——
z (/ (/ ! e S.1. AN '."‘\4 e . ‘-l AL Xa, -_1
P N e ™~ P \ M ., P \ . .
e .\.. ._‘-.‘_ - , .\.'\.‘ y, ~ ‘-_.. -.__\..-‘ -.__.“‘ ,".'_. N

simpler than bosonic string loops, but gives all-loop YM integrands!

» extend the surface notion of gauge invariance + factorization/cuts

« proof for all-loop leading singularities (max. residue) with A =1 — D :

d
residue of JH—?H ux = gluing of 3pt YM+ FA3 (in X space)
Y

-~ 6




How to determine “the integrand” of YM?

Similar to tree factorizations, all we need are cuts: e.g. 1-loop single-cut = forward limit (gluing tree)



How to determine “the integrand” of YM?

Similar to tree factorizations, all we need are cuts: e.g. 1-loop single-cut = forward limit (gluing tree)

naively divergent => “the integrand”
(e.g. Adler zero, gauge inv.) ill defined!

no issues for scalars, but for gluons 1/0 !
(cancels in super-Yang-Mills)

LR

A L5

Zt;oT— Cut Tra- Gl



How to determine “the integrand” of YM?

Similar to tree factorizations, all we need are cuts: e.g. 1-loop single-cut = forward limit (gluing tree)

naively divergent => “the integrand”
(e.g. Adler zero, gauge inv.) ill defined!

no issues for scalars, but for gluons 1/0 !
(cancels in super-Yang-Mills)

LR

A L5

Z’OT - G“JC Tr%t - (5fus
surface provides a natural way out: curves without
. .," ree trianealation . ./' Tree triamgulalion ‘..‘
standard momentum (e.g. tadpoles) => “the integrand” \
'o" 3T Y, %\IT Cot Y, 0 ff ":‘ "
11 . . . . . x \ | | ( A , Al
doubling” variables: similar to Lorentzian -> complex *.\ T ' § * ;
in 4d tree kinematics \ |/ Vs LN Al .
2 } :—v/_P i .»- 2'._~ --.\L/'I l . |
| ] ] 1



LOOp reCurSIOnS |n YM [ACDFH,2408, in progress]

Surface makes it clear “the integrand” to all loops exist (beyond planar limit) Gauge-Invariance and Linearity (in gluon 1):

=> the notion of surface gauge invariance+ cuts

LS OZLS
Zs = Xo i — Xy ;) —n X:o—X.q) 2N

LT 0Xone  0Xond oy



LOOp reCurSIOnS |n YM [ACDFH,2408, in progress]

Surface makes it clear “the integrand” to all loops exist (beyond planar limit) Gauge-Invariance and Linearity (in gluon 1):

=> the notion of surface gauge invariance+ cuts

oIS 0Ly

Loop integrands reconstructed from “residues” e.g. single-cut v O0Z> OZLS
=> forward-limit recursions for “the integrand” @ 1-loop & higher A X X | 0Xoma |,
- 82AS ) 7
Res (I;zs) = (Xjp + Xkep — Xi,j) =
Xa,,pzo J,Zk i 8XJ,$ an,.’B, Jd la’"—a - ‘ L " "}_:.: ‘
8./424.2 / . \\‘
d . ke (a,a+1,--- ;a—1,a \
BXa:’,a: y J> ( y ) ) ) )7 il .\D :ﬂ {
S ;" -
IS — Z ReSXz,p:'O (In (X],p — Xjap o X"'ap)) '_'.,:-"'F"',//U o
" Xip I. Tree-Loop c op ¢
) . Tree-T.oop cul IT. Loop cul

7



LOOp I‘eCurSIOnS |n YM [ACDFH,2408, in progress]

Surface makes it clear “the integrand” to all loops exist (beyond planar limit) Gauge-Invariance and Linearity (in gluon 1):

=> the notion of surface gauge invariance+ cuts

OTS OIS
Zs = Xo i — X4 . n X 0—X. n

Loop integrands reconstructed from “residues” e.g. single-cut v OIS L3

=> forward-limit recursions for “the integrand” @ 1-loop & higher mA2n,1 X OXon 2 | 0Xon 1|y,
- 82AS ) 7

Res (IS) = (Xjp+ Xip — Xk j) "

Xa,p=0 " %k: i 8Xj,$an,fB' Jd la’—a e b L

6 A 8 ‘% - \\‘\\.
d n+2; .77k c(a,a+1,---,a— laa’/ y :::". ~_\

0X3' ( ) I ™ -

78 = Z o

I. Tree-Toop cul IT. Loop cul

Discard scaleless integrals => physical integrands up to 2-loop 6-pt (-> 3-loop 4-pt in progress)
—> correct amplitudes after loop integration (in D dim), e.g. 1-loop helicity amps up to n=5; all-plus to all n?

enormous simplifications when reducing to 4d spinor-helicity: new results for higher loops?



Fermions, general gauge theories & SYM . cao, bong, zhu, 2412

How to include matters ([c.f. De et al, 2406.04411] for Yukawa): fermions in the loop? nice structure obtained via worldsheet |w. Edison et al 20, 22



Fermions, general gauge theories & SYM . cao, bong, zhu, 2412

How to include matters ([c.f. De et al, 2406.04411] for Yukawa): fermions in the loop? nice structure obtained via worldsheet [w. Edison et al *20, '22]

. . . YM( g9 19)— Z . . mixed o
“universal expansion” of gluon tree + 2 gluons/fermions/scalars Anta(—7,+7) €~ Jau * fag  fam €4 XA (+, 2, —)

Forward Limit (surface) => 1-loop gluon amps in gauge theories m,0€5m
'A?gza_,:lzge(_f7 _|_f) — E X—fal fa2 ce /am§+ X Amixed(_i_’a) _)

m,uESm



Fermions, general gauge theories & SYM . cao, bong, zhu, 2412

How to include matters ([c.f. De et al, 2406.04411] for Yukawa): fermions in the loop? nice structure obtained via worldsheet [w. Edison et al *20, '22]

9 : : . : mixed o
“universal expansion” of gluon tree + 2 gluons/fermions/scalars 'n+”( ) = Z €~ Jar  Jaz Jam €4 X A (+,0,—)
Forward Limit (surface) => 1-loop gluon amps in gauge theories m,0€5m
'Ig'z,a-:lde( f +f) Z X—/al fag U /amg-i- X Amlxed(+7 (l, _)
F.L m,uESm
€E_ €4 — D —2,
F.L.
€_ - fal ' fa2 e .fam ' €+ __) trv(falfQZ ne .fam)'
041 052 Ofrn),_l am

X_€+ F.L. 2D/2_1’ + E E « & 0 E E ) F.L.

_ F.L. gluon/fermion
X—fal o famé.-i- — trs(falfag C fam)'




Fermions, general gauge theories & SYM . cao, bong, zhu, 2412

How to include matters ([c.f. De et al, 2406.04411] for Yukawa): fermions in the loop? nice structure obtained via worldsheet [w. Edison et al *20, '22]

YM (9 19)— : : . : mixed o
“universal expansion” of gluon tree + 2 gluons/fermions/scalars Anta (=7, +9) = Z €~ Jor Jaz + Jom €4 X A (+,0,—)
Forward Limit (surface) => 1-loop gluon amps in gauge theories m,0€5m
A%,a-tlzge(_f7 +f) — E X_]al /(12 e /amg'i‘ x Amixed(+7 a) _)
F.L. m,uESm
€E_ €4 — D —2,
F.L.
€_ - fal ) fa;; N fam g S — trV(falfag e fam)'
al 052 Ofrrn_l am

X_€+ F.L. 2D/2_1’ + E E « & 0 E E ) F.L.

_ F.L. gluon/fermion
X—fal o fam€+ — trs(falfag C fam)'

already new formula/relations for n-gluon amps: pure YM 1-loop = sum of mixed scalar-loop amps with Lorentz traces

AXM = Z try (fo, - - f )Ascalar—IOOP n=2: (D=2)A+try(f1f2)A1z,
n 2 1 m ) n=3: (D-2)Ap+ [trv(fif2)A1,2+2 perms]+ try(fifafs)A1z2;3.



Almost identical for gen. gauge theory! any multiplet in the loop = sum of mixed scalar-loop amps with “vector/spinor trace”



Almost identical for gen. gauge theory! any multiplet in the loop = sum of mixed scalar-loop amps with “vector/spinor trace”

n

G/n £, i soee —_— l ) .
I, =ntry(a;a,) 5 trg(a; -+ at,) for n,, N, Ng vectors, Weyl fermions, scalars

A%auge — E '7& N ASCalaI‘—lOOp A,y
1, Om Y ‘o

n
(M=0: I o :=(D—2)n,+n, — 2(D_2)/2—f , counts # of on-shell d.o.f)
m,o "



Almost identical for gen. gauge theory! any multiplet in the loop = sum of mixed scalar-loop amps with “vector/spinor trace”

n

vy, . — / ,
I, =ntry(a;ea,) — jtrs(al---am) for m,,, ny, ng vectors, Weyl fermions, scalars

_ Ay,
A%auge _ E :7; R Azcalar loop 1

n
(M=0: I o :=(D—2)n,+n, — 2(D_2)/2—f , counts # of on-shell d.o.f)
m,o "

universal 1-loop objects: scalar loop with tree blobs of m scalars (in & ordering) + (n-m) gluons attached

most important (m=0): ,Qig as the coefficient of “D-2” (large D limit), simply attaching n gluons to scalar loop

—>all of/™* obtained by differential operators w.r.t polarizations €gps***5 €

o, m> a

m



Almost identical for gen. gauge theory! any multiplet in the loop = sum of mixed scalar-loop amps with “vector/spinor trace”

n

vy, . — / ,
I, =ntry(a;ea,) — jtrs(al---am) for m,,, ny, ng vectors, Weyl fermions, scalars

_ Ay,
A%auge _ 2 :7; . Asacalar loop 1

n
—_— (M=0: I o :=(D—2)n,+n, — 2(D_2)/27f , counts # of on-shell d.o.f)
b

universal 1-loop objects: scalar loop with tree blobs of m scalars (in & ordering) + (n-m) gluons attached

most important (m=0): ,Qig as the coefficient of “D-2” (large D limit), simply attaching n gluons to scalar loop

—>all of/™xed shtained by differential operators w.r.t polarizations €., -+, €
a,m>0 y aq

X

effective SUSY Ward identities! In particular, huge simplifications for SYM, e.g. w, maximal SUSY

I .4 = 0 since it is proportional to n,, — 2D/2_5nf = 0 (=10,n; =n,n =0, orD=4,n, = 8n,,n, = 6n,)

“no triangle/bubble/tadpole” + correct power-counting ¢ m=4 for the m-gon!

1 1 1
e.g. m=4: t; tensor for box numerator, try, — EtrS |10 = E[trV(I’Z’BA) — Ztrv(1,2)trv(3,4) + cyc.]



Towards superstring?



Towards superstring?

1
(12)(34)---(2n — 12n)

Scaffolded n-gluon in superstring: .7, = d2”_3zd2”_2@H |z, — 2+ 00, |2*PiPi

’ i<j
=> 5, = szn_3ZH \Zi,j\zapipf X La A =—"t—"w 01 5 = 034 = --- = 1 otherwise 0)

i<j

i< 21,223 4" * 2on—1,2n N



Towards superstring?

1
(12)(34)---(2n — 12n)

Scaffolded n-gluon in superstring: %, = d2”_3zd2”_29H |z, — 2+ 00, |2*PiPi

J

1<j
- jzn — Jd2n—3zl I |Zl‘,j ‘Zapi-pj < 2nX2n (A L L] l,] W, 61,2 — 53,4 — 1 otherwise O)

i<j

i< 21,223 4" * 2on—1,2n N

dy
u variables => sum over pairings as “corrections” to bosonic string: H—2(1 + SSH u+...+s... SH u)
Y
dy 0‘/231 452 3U 4 0‘/251 352 4
j6 — H_u —1 : I

Uy 3Uz sU3 g Uy 3Uz sU3 ¢

e.g. n=3:

~
b

” ”
—1 =Sy 453 QS| 35 4 |
: : (W|th S1,2 — S3,4 — S5,6 — O)

> .2 2 ) )
12334856  K1272343,4%4,145 6 <1,282,434,343,135 ¢

YM+F> —F3



Towards superstring?

1
(12)(34)---(2n — 12n)

Scaffolded n-gluon in superstring: %, = d2”_3zd2”_29H |z, — 2+ 00, |2*PiPi

J

1<j
- jzn — Jd2n—3zl I |Zl"j ‘Zapi-pj < 2nX2n (A L L] l,] W, 61,2 — 53,4 — 1 otherwise O)

i<j

i< 21,223 4" * 2on—1,2n N

d
u variables => sum over pairings as “corrections” to bosonic string: H—z(l + SSH u+...+s... SH u)
Y

” 2
dy A8 4Sy3Ur 4 ATS1 3554
I I—uX —14 |

e.g.n=3: S =

~
b

Uy 3Uz sU3 g Uy 3Uz sU3 ¢

” ”
—1 =Sy 453 QS| 35 4 |
: : (W|th S1,2 — S3,4 — S5,6 — O)

> .2 2 ) )
12334856  K1272343,4%4,145 6 <1,282,434,343,135 ¢

CYMAF _p3
Q: surface origin of worldsheet SUSY? e.g. manifest cancellation of Flin (tree) LS

Q: how spacetime SUSY appears? Could we see SUSY cancellations already for loop-level LS?



Outlook

Surfaceology: stringy q§3 from curve-integral => all-loop amps of pions, gluons etc. (real world)

e Hidden zeros + splits: physical implications for trees & loops (scalars, YM, even gravity)?
e All-loop recursion for YM: “tropical” formula? form factors + correlators? practically usable form for integrations?

e (scaffolded) Gravity: trees & all-loop LS from squaring; extend (loop-level) curve-integral to colorless case?
manifest surface diff. invariance + ALL factorizations/cuts?

e Superstring from surfaceology? revisit SYM/SUGRA loop amplitudes in this picture

e Cosmohedra (“surfacehedra” for wavefunction) => “stringy/curve integral” in dS/AdS [c.f. AdS Veneziano of Alday et al]



Outlook

Surfaceology: stringy q§3 from curve-integral => all-loop amps of pions, gluons etc. (real world)

e Hidden zeros + splits: physical implications for trees & loops (scalars, YM, even gravity)?
e All-loop recursion for YM: “tropical” formula? form factors + correlators? practically usable form for integrations?

e (scaffolded) Gravity: trees & all-loop LS from squaring; extend (loop-level) curve-integral to colorless case?
manifest surface diff. invariance + ALL factorizations/cuts?

e Superstring from surfaceology? revisit SYM/SUGRA loop amplitudes in this picture

e Cosmohedra (“surfacehedra” for wavefunction) => “stringy/curve integral” in dS/AdS [c.f. AdS Veneziano of Alday et al]

Thank you!



Revisit massive string states

(combinations of) massive string states from residues! X; ;. , = — k — k-th derivatives @ u; ;,, = ¥, ;,oll; ;4o = 0



Revisit massive string states

(combinations of) massive string states from residues! X.

02 = k — k-th derivatives @ ui,i+2 — yi,i+2ﬂi,i+2 — O
0 dy, 3 - dlog i 3 dlogu, ;
e.g. level-1,residue @ X, ; = — 1 — : J - (111,3)X1,3H ul.X.”’ — X3 — Z Xy, ~ 4 X
0y 3 Y13 i i ! V1,3 >3 0y 3
| | dlogu, ;
u egs (surfaceology) => Resy __ .5, = Vl( )7 | with Vl( ) = 2 <X2,j — X +X1’3> g ,
| V1,3

J -

-

E€1 '.X:3’j

exactly the same formula as gluon except for X1,3 = — ] (no gauge invariance, massive spin-1 + spin-0)




Revisit massive string states

(combinations of) massive string states from residues! X; ;. , = — k — k-th derivatives @ u; ;,, = ¥, ;,oll; ;4o = 0
. 9 ~ 1.1 9 ’.]
e.g. level-1, residue@ X, ., = —1 — ; G )l = X | X, X
1,3 a 2 1,3 l,] 1,3 2,] a 1,]
V1,3 )13 i V1,3 >3 V1,3
) ) dlogu, !
U egs (surfaceology) => Resy _ %, =V "'.F ,_with V|7 = 2 <X2,j — X+ X1,3> g ,
. Y1,3
J -
E€1°X3’j
exactly the same formula as gluon except for X; ; = — 1 (no gauge invariance, massive spin-1 + spin-0)
( AT T 0>
PN same for higher levels, e.g. residue @ X; ; = — 2 — :
= ,,.r_;:i-"";;f , ay 12 3
f 21 ’
7 2 0~ logu, ;
. i (k) v@ .= (vD) + Z €1 * X3 ; (massive spin-2, 1, 0)
+ Sy vV 1 ! J >
VAR a
\'q.\_:_ - Ok lOg Mz :
. ; , ) (1) /
vertex operators” for any k: V1 D V1 , e, €] * X3 p
e j 13



6210gu2,6

more massive string states e.g. X; 3 = X5, =—1 — Vl(l)Vél) + ay57V(1) = (X, 5+ X506 — X1 6= X26) — Wl(lél)

! ) aY1,3@%,7

-~

€15
Just like scaffolded gluons: 2n-gon massless => massive states with X, ; = —ny, X355 = —n,, Xs7 = —ns, ...



6210gu2,6

more massive string statese.g. X; ;= X5 = -1 — Vl(l)Vgl) + 6y57V1(1) — (X s+ X56— X1 6—X5¢6) P
’ ’ | ] ’ ’ 0y 30Y57

-~

—_ wA(1.1)
= W1,3

€15
Just like scaffolded gluons: 2n-gon massless => massive states with X, ; = —ny, X355 = —n,, Xs7 = —ns, ...

8 a0
7N N \ > . .
T N SN T N A sum of products of V(m“), W(ma p) with total degree n, n,, ---,
O I W A R e.g. /1 = VYV 4 (WLDVD 4 cye. )
) —// ST \\\\\\\ NnNeg ‘l /////Is - }\\‘ = ,
[ N3\ # S~ \i3
\ - explicit 4-pt (any level): szi4 PR = Z I I V W)X
s L(X,5+ X37)
4 '-> , { R ’14 N — : B ’ ’
{ Vake / polynomial in X
3T~ \ ’/15
— \\~§ L _////////;?/1 b N 7 //_ ~
.\.\ // \ // \\\ \ ‘//"‘
2\ / \K }
1 h S~ - /\\ / o ™ //// ¢ '
2 n.\: ij/r \



6210gu2,6

more massive string statese.g. X; ;= X5 = -1 — Vl(l)Vgl) + 6y57V1(1) — (X s+ X56— X1 6—X5¢6) P
’ ’ | ] ’ ’ 0y 30Y57

-~

€15
Just like scaffolded gluons: 2n-gon massless => massive states with X, ; = —ny, X355 = —n,, Xs7 = —ns, ...

—_ wA(1.1)
= W1,3

¢ 0 \
8 o '\ 10
N AN (my,) vy (mgmy) .
" § SN N A sum of products of V "¢’ Wa ) with total degree n, n,, ---,
o /0 |\ | X e.g. /{1 = VIOV 4 (WEDVD 4 cye. )
TN ne s’ TN |
-/ PN i \
) "1\13 F(X )F(X )
. ~ 1,5 3,7
,\/ g explicit 4-pt (any level): @fi”l’”z’”?”“) = <2 I I 4 W) X
[ F(Xi5+X3.7)
4e >— —_ el4 - — ) ’ ’
J\ Vakc / polynomial in X
N, A AN /
- -\ /////nl PN //
§—~_// \ / N - -
\ /’ l‘. / \ f \ / . . . . . .
2™ / \\ RV compare residues with worldsheet calculation: leading trajectories
LSOy N/ ST Q: can we produce & label all string states in this way?
2n \—’—// )



Massive factorizations: open & closed

explicit formula for massive factorizations: gluing of massive states @ X, , = — k — k-th derivatives @ u, ;, =y, ,ii, , = 0



Massive factorizations: open & closed

explicit formula for massive factorizations: gluing of massive states @ X, , = — k — k-th derivatives @ u, ;, =y, ,ii, , = 0
- o LR -
residue @ X; ;= — 1 — oy Resy _ 1, = — 2 (X;;+ X, —Xjp, — X, )OQ; Q) (same as gluon fan) with
l,] ],]
— aﬂL(a,--.,b’x) R ._ aﬂR(b,-.-,a,y)

; obvious generalization to k-th level!

Q]'L : ’ J
0X, ; 0X,,



Massive factorizations: open & closed

explicit formula for massive factorizations: gluing of massive states @ X, = — k — k-th derivatives@u,_, =y, i, , =0
residue@ X. . = —1 — o, Res A = — X, +X ,— — )OOX  (same as gluon fan) with
ij = SV X, ,=—1%%n = i J T Aab — Np T Ag ) g 9
Vij i
deL(a,"',b,x) deR(b,---,a,y)
L R - S
Qj = : = ; obvious generalization to k-th level!
0Xy.; 0Xy,;
b b b
.-//.-" N P ,I"’ \l.‘ \ \\.
’ 9 'ﬁ\
, ‘ z k
it L Rt -+ L v X R |
, / \'~.,\ !
N, Xob . Xob X,




Massive factorizations: open & closed

explicit formula for massive factorizations: gluing of massive states @ X,

0
residue@ X..=—1 —
L] a .
yz,j
L R
QL L o (d,”’,b,X) R . __ x4 (b9°"9aay)
j ’ J
0X, j ()Xy, 7
b b
: | T | l', k:
i<t L AT R tJ -+ L
h . -‘Y-u.,h “u. "\r‘ 1,0
e T
. . . dy
Even more interesting for closed strings: already | —|

e.g. non-planar poles starts @ s 5

C
1 forn >4, 555

Y

— k — k-th derivatives @ u, ;, = y, i, , = 0

:Resy 1, = - 2 (Xig+Xop—Xip— a,])QjLQf (same as gluon fan) with
jJ

; obvious generalization to k-th level!

b
| b "
v r X Y B *
,",;
‘Yu,,_h o ’
@
=> detect massive poles for all possible orderings!

2forn 26, 5,357 = —3forn > 3, same factorization formula



