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Introduction



  Complexity in Quantum Field Theories

➡ Given a Quantum Field Theory (QFT):  
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Can we understand some of the properties of such a QFT, such as  
its vacuum structure, by using a measure of complexity  
associated to the QFT and its observables?
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  Complexity in Quantum Field Theories

➡ Given a Quantum Field Theory (QFT):  

Geometric/logical complexity from tame geometry

➡ Need to introduce a notion of complexity for a function and set

roughly: amount of information that needs to be specified  
                to encode set or function     
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  Complexity in the space of QFTs

set of 
QFTs

➡ Apply notion in the space of QFTs:  

➡ Complexity generically infinite
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generic analytic potentialinfinitely many free coefficients:

infinitely many vacua:
<latexit sha1_base64="7qQGIX27isv83mPdA/nxrr6Ulbk="></latexit>

V (�) = cos�+ cos↵�
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V (�)= sin(1/�)
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↵ irrartional
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  Complexity in the space of QFTs
➡ Apply notion in the space of QFTs:  

➡ Expect better finiteness properties

Restrain to QFTs coming from String Theory 

set of 
QFTs
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‣ String theory has no continuous free parameters apart from       
→ effective couplings determined by fields + discrete choices
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`s

(topological data, fluxes,…)

[Douglas ’05] [Vafa ’05] [Acharya,Douglas ’06]…[Hamada,Montero,Vafa,Valenzuela ’21]…  
                                                                                                [Delgado,Heisteeg,Raman,Torres,Vafa ’24] 

‣ Conjectures about finiteness of effective theories:

→ central part of ‘swampland program’  talk by [H.-C. Kim]



  Complexity in the space of QFTs

Propose unifying perspective:   

[TG ’21][Douglas,TG,Schlechter ’23]
Focus on tameness (o-minimality) as generalized finiteness principle 

→ effective QFTs from string theory valid below a fixed cutoff have  

➡ Apply notion to the space of QFTs:  
set of 
QFTs

Restrain to QFTs coming from String Theory 
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  Complexity in the space of QFTs

Propose unifying perspective:   

[TG ’21][Douglas,TG,Schlechter ’23]
Focus on tameness (o-minimality) as generalized finiteness principle 

Use geometric complexity (sharp o-minimality) as quantitative measure 
within a QFT and on the space of QFTs. 

[TG,Schlechter,van Vliet ’23][TG,van Vliet ’24]

→ effective QFTs from string theory valid below a fixed cutoff have  

➡ Apply notion to the space of QFTs:  
set of 
QFTs

Restrain to QFTs coming from String Theory 
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Geometric Complexity



  Intuition from polynomials

➡ Complexity for polynomials  
<latexit sha1_base64="8aakxsOf1ng8u04got2xl/WtuPY=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVISSVKluhKIblxXsBdoYJtNJO3QyCTMTaQndufFV3LhQxK2v4M63cZpmodUfBj7+cw5nzu9FjEplWV9GbmFxaXklv1pYW9/Y3DK3d5oyjAUmDRyyULQ9JAmjnDQUVYy0I0FQ4DHS8oZX03rrnghJQ36rxhFxAtTn1KcYKW255n69NDqCFxC5NhzdVeCxpgocwRROoGsWrbKVCv4FO4MiyFR3zc9uL8RxQLjCDEnZsa1IOQkSimJGJoVuLEmE8BD1SUcjRwGRTpLeMYGH2ulBPxT6cQVT9+dEggIpx4GnOwOkBnK+NjX/q3Vi5Z87CeVRrAjHs0V+zKAK4TQU2KOCYMXGGhAWVP8V4gESCCsdXUGHYM+f/BealbJdLVdvTou1yyyOPNgDB6AEbHAGauAa1EEDYPAAnsALeDUejWfjzXifteaMbGYX/JLx8Q1L4JUk</latexit>

P (x) = a1x
2 + a2x+ a3
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F
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D       -  degree of polynomial 
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  Intuition from polynomials

➡ Complexity for polynomials  

→  amount of information needed to specify polynomial (real coefficients)
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➡ Bounds from complexity: 
‣ Number of zeros  of            : 
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P (x)
<latexit sha1_base64="8vV17P1zPFPbuQUXjfo0JX7w23o="></latexit>

#(P = 0)  C(F,D) ⇠= DF
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  Intuition from polynomials
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<latexit sha1_base64="Jmx0gsdR2KZGTS2ybvPxP101dps=">AAACE3icdZDLSsNAFIYn9VbrLerSzWARRKQkRWK7K+rCZQV7gTSUyXTSDp1cmJkIJeQd3Pgqblwo4taNO9/GSdqAih4Y+Pm/c2bO/G7EqJCG8amVlpZXVtfK65WNza3tHX13ryvCmGPSwSELed9FgjAakI6kkpF+xAnyXUZ67vQy4707wgUNg1s5i4jjo3FAPYqRVNZQP0kG+SU2H7tOYtQMVZZ1mgmzYZhKNJuNer2ZXqVDvVpwWHBYcGjmyDCqYFHtof4xGIU49kkgMUNC2KYRSSdBXFLMSFoZxIJECE/RmNhKBsgnwknydVJ4pJwR9EKuTiBh7n6fSJAvxMx3VaeP5ET8Zpn5F7Nj6TWchAZRLEmA5w95MYMyhFlAcEQ5wZLNlECYU7UrxBPEEZYqxooKofgp/F906zXTqlk3Z9XWxSKOMjgAh+AYmOActMA1aIMOwOAePIJn8KI9aE/aq/Y2by1pi5l98KO09y+585pI</latexit>

D       -  degree of polynomial 

➡ Bounds from complexity: 
‣ Number of zeros  of            : 

<latexit sha1_base64="ZhgmikvCXS4fWnWRaCgWW64QHbk=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUrP6dD4oV9yaOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsJrP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukfVHz6rX6/WWlcZPHUYQTOIUqeHAFDbiDJrSAwBie4RXeHOG8OO/Ox6K14OQzx/AHzucPTleNxg==</latexit>

P (x)
<latexit sha1_base64="8vV17P1zPFPbuQUXjfo0JX7w23o="></latexit>

#(P = 0)  C(F,D) ⇠= DF
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<latexit sha1_base64="g2PFiQcZRuTIFxrx3h3SRO8xmfQ=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyURqW4KVTcuK9gHNKFMppN26OTBzESMoV/ixoUibv0Ud/6N0zYLbT1w4XDOvdx7jxdzJpVlfRsrq2vrG5uFreL2zu5eydw/aMsoEYS2SMQj0fWwpJyFtKWY4rQbC4oDj9OON76Z+p0HKiSLwnuVxtQN8DBkPiNYaalvlq5QHTlZs/J4Wk+RM+mbZatqzYCWiZ2TMuRo9s0vZxCRJKChIhxL2bOtWLkZFooRTidFJ5E0xmSMh7SnaYgDKt1sdvgEnWhlgPxI6AoVmqm/JzIcSJkGnu4MsBrJRW8q/uf1EuVfuhkL40TRkMwX+QlHKkLTFNCACUoUTzXBRDB9KyIjLDBROquiDsFefHmZtM+qdq1auzsvN67zOApwBMdQARsuoAG30IQWEEjgGV7hzXgyXox342PeumLkM4fwB8bnD2nOkak=</latexit>

A = {P (x) = y}‣ Volume of an n-dimensional set
<latexit sha1_base64="ULSnQdbFQ54yuUtZUKhGJm6ayvk="></latexit>

Vol(Bn+1(r) \A)  c(n) C(F,D) rn

see e.g. book [Yomdin,Comte]



  Intuition from polynomials

➡ Complexity for polynomials  

→  amount of information needed to specify polynomial (real coefficients)

<latexit sha1_base64="8aakxsOf1ng8u04got2xl/WtuPY=">AAACB3icbZDLSsNAFIYn9VbrLepSkMEiVISSVKluhKIblxXsBdoYJtNJO3QyCTMTaQndufFV3LhQxK2v4M63cZpmodUfBj7+cw5nzu9FjEplWV9GbmFxaXklv1pYW9/Y3DK3d5oyjAUmDRyyULQ9JAmjnDQUVYy0I0FQ4DHS8oZX03rrnghJQ36rxhFxAtTn1KcYKW255n69NDqCFxC5NhzdVeCxpgocwRROoGsWrbKVCv4FO4MiyFR3zc9uL8RxQLjCDEnZsa1IOQkSimJGJoVuLEmE8BD1SUcjRwGRTpLeMYGH2ulBPxT6cQVT9+dEggIpx4GnOwOkBnK+NjX/q3Vi5Z87CeVRrAjHs0V+zKAK4TQU2KOCYMXGGhAWVP8V4gESCCsdXUGHYM+f/BealbJdLVdvTou1yyyOPNgDB6AEbHAGauAa1EEDYPAAnsALeDUejWfjzXifteaMbGYX/JLx8Q1L4JUk</latexit>

P (x) = a1x
2 + a2x+ a3  -  number of variables

<latexit sha1_base64="c/XBkMryrEVcRVB7Tsct9aEdzVk=">AAACE3icdZDLSsNAFIYn9VbrLerSzWARRKQkRWK7KwrisoK9QBrKZDpph04uzEyEEvIObnwVNy4UcevGnW/jJG1ARQ8M/PzfOTNnfjdiVEjD+NRKS8srq2vl9crG5tb2jr671xVhzDHp4JCFvO8iQRgNSEdSyUg/4gT5LiM9d3qZ8d4d4YKGwa2cRcTx0TigHsVIKmuonySD/BKbj10nMWqGKss6zYTZMEwlms1Gvd5Mr9KhXi04LDgsODRzZBhVsKj2UP8YjEIc+ySQmCEhbNOIpJMgLilmJK0MYkEihKdoTGwlA+QT4ST5Oik8Us4IeiFXJ5Awd79PJMgXYua7qtNHciJ+s8z8i9mx9BpOQoMoliTA84e8mEEZwiwgOKKcYMlmSiDMqdoV4gniCEsVY0WFUPwU/i+69Zpp1aybs2rrYhFHGRyAQ3AMTHAOWuAatEEHYHAPHsEzeNEetCftVXubt5a0xcw++FHa+xe8/ZpK</latexit>

F

<latexit sha1_base64="Jmx0gsdR2KZGTS2ybvPxP101dps=">AAACE3icdZDLSsNAFIYn9VbrLerSzWARRKQkRWK7K+rCZQV7gTSUyXTSDp1cmJkIJeQd3Pgqblwo4taNO9/GSdqAih4Y+Pm/c2bO/G7EqJCG8amVlpZXVtfK65WNza3tHX13ryvCmGPSwSELed9FgjAakI6kkpF+xAnyXUZ67vQy4707wgUNg1s5i4jjo3FAPYqRVNZQP0kG+SU2H7tOYtQMVZZ1mgmzYZhKNJuNer2ZXqVDvVpwWHBYcGjmyDCqYFHtof4xGIU49kkgMUNC2KYRSSdBXFLMSFoZxIJECE/RmNhKBsgnwknydVJ4pJwR9EKuTiBh7n6fSJAvxMx3VaeP5ET8Zpn5F7Nj6TWchAZRLEmA5w95MYMyhFlAcEQ5wZLNlECYU7UrxBPEEZYqxooKofgp/F906zXTqlk3Z9XWxSKOMjgAh+AYmOActMA1aIMOwOAePIJn8KI9aE/aq/Y2by1pi5l98KO09y+585pI</latexit>
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A = {P (x) = y}‣ Volume of an n-dimensional set
<latexit sha1_base64="ULSnQdbFQ54yuUtZUKhGJm6ayvk="></latexit>

Vol(Bn+1(r) \A)  c(n) C(F,D) rn

see e.g. book [Yomdin,Comte]
‣ Number of    -balls covering

<latexit sha1_base64="FVgAUwTikBreAgApENvaUaa0fWI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJZvjNA=</latexit>

A<latexit sha1_base64="w9hvxVEtH0CwHtdl/UDboK03PwY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBQY5Ar</latexit>✏



  First step beyond polynomials

➡ How to deal with exponential function:   
 
 
 → needs polynomials of arbitrary degree

<latexit sha1_base64="m/4dY9HE3pnurMmoo0Jqc1EJ9QE="></latexit>
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  First step beyond polynomials

➡ How can one generalize this to more functions relevant in physics? 

Necessary condition:  Functions cannot be too wild! 

➡ How to deal with exponential function:   
 
 
 → needs polynomials of arbitrary degree

➡ But infinitely many relations among coefficients    
                                            
→  new perspective:   → record information appearing  

     in differential equation 
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  infinitely long  
  spiral:

‣ finitely many  
connected components  ✔   

→ not tame: infinite intersections with real line 

→  Tameness is stronger than simple finiteness

→  o-minimal structure 
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➡ Recently in mathematics:   ‘Tameness revolution’                      
Results in algebraic geometry, arithmetic geometry, number theory,…

‣ Zilber–Pink conjecture for Hodge str. (partial proof) [Baldi,Klingler,Ullmo ‘21]

‣ André-Oort conjecture      … [Binyamini,Schmidt,Yafaev],[Pila,Shankar,Tsimerman ‘21]

→ several remarkable theorems + conjectures  (often about finiteness)

General mathematical framework keeping track of finite information 
➡ Last years: [Binyamini,Novikov ’23] [Binyamini ’24]

tame structures with a notion of complexity (sharp o-minimality)

sharply o-minimal structureso-minimal structures

[IAS special year ’25/’26]
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@xif1 = P1,i(x, f1)

@xif2 = P2,i(x, f1, f2)

<latexit sha1_base64="cn2xwFGmepWEKCaRI46aj+ge8ck=">AAACGXicbVDLSsNAFJ34rPUVdelmsCgVSkiKVDdC0Y3LCvYBbQyT6aQdOnkwM5GWkN9w46+4caGIS135N07aLLT1wGUO59zLnXvciFEhTfNbW1peWV1bL2wUN7e2d3b1vf2WCGOOSROHLOQdFwnCaECakkpGOhEnyHcZabuj68xvPxAuaBjcyUlEbB8NAupRjKSSHN086UWIS4qYk4zvaQo9h8NL2HASXqFpeVzxHEtVtWIYhnr5qaOXTMOcAi4SKyclkKPh6J+9fohjnwQSMyRE1zIjaSfZUsxIWuzFgkQIj9CAdBUNkE+EnUwvS+GxUvrQC7mqQMKp+nsiQb4QE99VnT6SQzHvZeJ/XjeW3oWd0CCKJQnwbJEXMyhDmMUE+5QTLNlEEYQ5VX+FeIg4wlKFWVQhWPMnL5JW1bBqRu32rFS/yuMogENwBMrAAuegDm5AAzQBBo/gGbyCN+1Je9HetY9Z65KWzxyAP9C+fgDQrp5E</latexit>
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➡ Pfaffian functions [Khovanskii ’91][Gabrielov,Vorobjov ’04]
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<latexit sha1_base64="vdJ4g+A+TnYBHsP9JsYuNfbNHd4=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEClISkeqy6MZlBfuANoTJdNIOnUzCzI1YQsFfceNCEbd+hzv/xmmbhVYPXDhzzr3MvSdIBNfgOF9WYWl5ZXWtuF7a2Nza3rF391o6ThVlTRqLWHUCopngkjWBg2CdRDESBYK1g9H11G/fM6V5LO9gnDAvIgPJQ04JGMm3D0LfrTycnOKe6Megcegr8/TtslN1ZsB/iZuTMsrR8O3PXj+macQkUEG07rpOAl5GFHAq2KTUSzVLCB2RAesaKknEtJfN1p/gY6P0cRgrUxLwTP05kZFI63EUmM6IwFAvelPxP6+bQnjpZVwmKTBJ5x+FqcAQ42kWuM8VoyDGhhCquNkV0yFRhIJJrGRCcBdP/ktaZ1W3Vq3dnpfrV3kcRXSIjlAFuegC1dENaqAmoihDT+gFvVqP1rP1Zr3PWwtWPrOPfsH6+Abvi5Q1</latexit>

f1(x), . . . fr(x)

Pfaffian function:
<latexit sha1_base64="+dXU3VEtR+GTLQ6i2zjIxMfG3e0=">AAACDXicbVDLSsNAFJ34rPUVdelmsAotlJAUqW6EohuXFewD2hIm00k7dDIJMxNpCf0BN/6KGxeKuHXvzr9xmmahrQcunDnnXube40WMSmXb38bK6tr6xmZuK7+9s7u3bx4cNmUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6TljW5mfuuBCElDfq8mEekFaMCpTzFSWnLN00FxXLqqF8euU7Ysqzx2eRn6+uG7lVTwXVFyzYJt2SngMnEyUgAZ6q751e2HOA4IV5ghKTuOHalegoSimJFpvhtLEiE8QgPS0ZSjgMhekl4zhWda6UM/FLq4gqn6eyJBgZSTwNOdAVJDuejNxP+8Tqz8y15CeRQrwvH8Iz9mUIVwFg3sU0GwYhNNEBZU7wrxEAmElQ4wr0NwFk9eJs2K5VSt6t15oXadxZEDx+AEFIEDLkAN3II6aAAMHsEzeAVvxpPxYrwbH/PWFSObOQJ/YHz+ACqvl9k=</latexit>

g(x) = P (x1, ..., xn, f1, f2, ..., fr)

<latexit sha1_base64="GTunUSAlBTD5TnT8AzXuOQvDKdM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cKpi20oWw2m3bpZjfsToRS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAlu0PO+nNLa+sbmVnm7srO7t39QPTxqG5VrygKqhNLdiBgmuGQBchSsm2lG0kiwTjS+nfudR6YNV/IBJxkLUzKUPOGUoJWCPo0VDqo1r+4t4P4lfkFqUKA1qH72Y0XzlEmkghjT870MwynRyKlgs0o/NywjdEyGrGepJCkz4XRx7Mw9s0rsJkrbkugu1J8TU5IaM0kj25kSHJlVby7+5/VyTK7DKZdZjkzS5aIkFy4qd/65G3PNKIqJJYRqbm916YhoQtHmU7Eh+Ksv/yXti7rfqDfuL2vNmyKOMpzAKZyDD1fQhDtoQQAUODzBC7w60nl23pz3ZWvJKWaO4Recj2/cnI69</latexit>·<latexit sha1_base64="GTunUSAlBTD5TnT8AzXuOQvDKdM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cKpi20oWw2m3bpZjfsToRS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAlu0PO+nNLa+sbmVnm7srO7t39QPTxqG5VrygKqhNLdiBgmuGQBchSsm2lG0kiwTjS+nfudR6YNV/IBJxkLUzKUPOGUoJWCPo0VDqo1r+4t4P4lfkFqUKA1qH72Y0XzlEmkghjT870MwynRyKlgs0o/NywjdEyGrGepJCkz4XRx7Mw9s0rsJkrbkugu1J8TU5IaM0kj25kSHJlVby7+5/VyTK7DKZdZjkzS5aIkFy4qd/65G3PNKIqJJYRqbm916YhoQtHmU7Eh+Ksv/yXti7rfqDfuL2vNmyKOMpzAKZyDD1fQhDtoQQAUODzBC7w60nl23pz3ZWvJKWaO4Recj2/cnI69</latexit>·<latexit sha1_base64="GTunUSAlBTD5TnT8AzXuOQvDKdM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cKpi20oWw2m3bpZjfsToRS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAlu0PO+nNLa+sbmVnm7srO7t39QPTxqG5VrygKqhNLdiBgmuGQBchSsm2lG0kiwTjS+nfudR6YNV/IBJxkLUzKUPOGUoJWCPo0VDqo1r+4t4P4lfkFqUKA1qH72Y0XzlEmkghjT870MwynRyKlgs0o/NywjdEyGrGepJCkz4XRx7Mw9s0rsJkrbkugu1J8TU5IaM0kj25kSHJlVby7+5/VyTK7DKZdZjkzS5aIkFy4qd/65G3PNKIqJJYRqbm916YhoQtHmU7Eh+Ksv/yXti7rfqDfuL2vNmyKOMpzAKZyDD1fQhDtoQQAUODzBC7w60nl23pz3ZWvJKWaO4Recj2/cnI69</latexit>·
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f1(x), . . . fr(x)

➡ Key point:   Pfaffian functions are tame and have a notion of complexity

Pfaffian function:
<latexit sha1_base64="+dXU3VEtR+GTLQ6i2zjIxMfG3e0=">AAACDXicbVDLSsNAFJ34rPUVdelmsAotlJAUqW6EohuXFewD2hIm00k7dDIJMxNpCf0BN/6KGxeKuHXvzr9xmmahrQcunDnnXube40WMSmXb38bK6tr6xmZuK7+9s7u3bx4cNmUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6TljW5mfuuBCElDfq8mEekFaMCpTzFSWnLN00FxXLqqF8euU7Ysqzx2eRn6+uG7lVTwXVFyzYJt2SngMnEyUgAZ6q751e2HOA4IV5ghKTuOHalegoSimJFpvhtLEiE8QgPS0ZSjgMhekl4zhWda6UM/FLq4gqn6eyJBgZSTwNOdAVJDuejNxP+8Tqz8y15CeRQrwvH8Iz9mUIVwFg3sU0GwYhNNEBZU7wrxEAmElQ4wr0NwFk9eJs2K5VSt6t15oXadxZEDx+AEFIEDLkAN3II6aAAMHsEzeAVvxpPxYrwbH/PWFSObOQJ/YHz+ACqvl9k=</latexit>

g(x) = P (x1, ..., xn, f1, f2, ..., fr)

<latexit sha1_base64="GTunUSAlBTD5TnT8AzXuOQvDKdM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cKpi20oWw2m3bpZjfsToRS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAlu0PO+nNLa+sbmVnm7srO7t39QPTxqG5VrygKqhNLdiBgmuGQBchSsm2lG0kiwTjS+nfudR6YNV/IBJxkLUzKUPOGUoJWCPo0VDqo1r+4t4P4lfkFqUKA1qH72Y0XzlEmkghjT870MwynRyKlgs0o/NywjdEyGrGepJCkz4XRx7Mw9s0rsJkrbkugu1J8TU5IaM0kj25kSHJlVby7+5/VyTK7DKZdZjkzS5aIkFy4qd/65G3PNKIqJJYRqbm916YhoQtHmU7Eh+Ksv/yXti7rfqDfuL2vNmyKOMpzAKZyDD1fQhDtoQQAUODzBC7w60nl23pz3ZWvJKWaO4Recj2/cnI69</latexit>·<latexit sha1_base64="GTunUSAlBTD5TnT8AzXuOQvDKdM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cKpi20oWw2m3bpZjfsToRS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAlu0PO+nNLa+sbmVnm7srO7t39QPTxqG5VrygKqhNLdiBgmuGQBchSsm2lG0kiwTjS+nfudR6YNV/IBJxkLUzKUPOGUoJWCPo0VDqo1r+4t4P4lfkFqUKA1qH72Y0XzlEmkghjT870MwynRyKlgs0o/NywjdEyGrGepJCkz4XRx7Mw9s0rsJkrbkugu1J8TU5IaM0kj25kSHJlVby7+5/VyTK7DKZdZjkzS5aIkFy4qd/65G3PNKIqJJYRqbm916YhoQtHmU7Eh+Ksv/yXti7rfqDfuL2vNmyKOMpzAKZyDD1fQhDtoQQAUODzBC7w60nl23pz3ZWvJKWaO4Recj2/cnI69</latexit>·<latexit sha1_base64="GTunUSAlBTD5TnT8AzXuOQvDKdM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cKpi20oWw2m3bpZjfsToRS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAlu0PO+nNLa+sbmVnm7srO7t39QPTxqG5VrygKqhNLdiBgmuGQBchSsm2lG0kiwTjS+nfudR6YNV/IBJxkLUzKUPOGUoJWCPo0VDqo1r+4t4P4lfkFqUKA1qH72Y0XzlEmkghjT870MwynRyKlgs0o/NywjdEyGrGepJCkz4XRx7Mw9s0rsJkrbkugu1J8TU5IaM0kj25kSHJlVby7+5/VyTK7DKZdZjkzS5aIkFy4qd/65G3PNKIqJJYRqbm916YhoQtHmU7Eh+Ksv/yXti7rfqDfuL2vNmyKOMpzAKZyDD1fQhDtoQQAUODzBC7w60nl23pz3ZWvJKWaO4Recj2/cnI69</latexit>·

<latexit sha1_base64="+2mbKOGA09ov4RMj5bQHsu2zBkI="></latexit>

@xif1 = P1,i(x, f1)

@xif2 = P2,i(x, f1, f2)
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format:                                 (number of variables +  
                                                       number of non-trivial functions)

<latexit sha1_base64="ZWfRgR77oTDoDkOKvzOmianf4P8="></latexit>

D = deg(P ) +
X

ij

deg(Pi,j)

<latexit sha1_base64="wK9PfPMLeFluXPpNZfF9ApLHkis="></latexit>

F= n+ r

degree:

Pfaffian function:
<latexit sha1_base64="+dXU3VEtR+GTLQ6i2zjIxMfG3e0=">AAACDXicbVDLSsNAFJ34rPUVdelmsAotlJAUqW6EohuXFewD2hIm00k7dDIJMxNpCf0BN/6KGxeKuHXvzr9xmmahrQcunDnnXube40WMSmXb38bK6tr6xmZuK7+9s7u3bx4cNmUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6TljW5mfuuBCElDfq8mEekFaMCpTzFSWnLN00FxXLqqF8euU7Ysqzx2eRn6+uG7lVTwXVFyzYJt2SngMnEyUgAZ6q751e2HOA4IV5ghKTuOHalegoSimJFpvhtLEiE8QgPS0ZSjgMhekl4zhWda6UM/FLq4gqn6eyJBgZSTwNOdAVJDuejNxP+8Tqz8y15CeRQrwvH8Iz9mUIVwFg3sU0GwYhNNEBZU7wrxEAmElQ4wr0NwFk9eJs2K5VSt6t15oXadxZEDx+AEFIEDLkAN3II6aAAMHsEzeAVvxpPxYrwbH/PWFSObOQJ/YHz+ACqvl9k=</latexit>

g(x) = P (x1, ..., xn, f1, f2, ..., fr)

<latexit sha1_base64="GTunUSAlBTD5TnT8AzXuOQvDKdM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cKpi20oWw2m3bpZjfsToRS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAlu0PO+nNLa+sbmVnm7srO7t39QPTxqG5VrygKqhNLdiBgmuGQBchSsm2lG0kiwTjS+nfudR6YNV/IBJxkLUzKUPOGUoJWCPo0VDqo1r+4t4P4lfkFqUKA1qH72Y0XzlEmkghjT870MwynRyKlgs0o/NywjdEyGrGepJCkz4XRx7Mw9s0rsJkrbkugu1J8TU5IaM0kj25kSHJlVby7+5/VyTK7DKZdZjkzS5aIkFy4qd/65G3PNKIqJJYRqbm916YhoQtHmU7Eh+Ksv/yXti7rfqDfuL2vNmyKOMpzAKZyDD1fQhDtoQQAUODzBC7w60nl23pz3ZWvJKWaO4Recj2/cnI69</latexit>·<latexit sha1_base64="GTunUSAlBTD5TnT8AzXuOQvDKdM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cKpi20oWw2m3bpZjfsToRS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAlu0PO+nNLa+sbmVnm7srO7t39QPTxqG5VrygKqhNLdiBgmuGQBchSsm2lG0kiwTjS+nfudR6YNV/IBJxkLUzKUPOGUoJWCPo0VDqo1r+4t4P4lfkFqUKA1qH72Y0XzlEmkghjT870MwynRyKlgs0o/NywjdEyGrGepJCkz4XRx7Mw9s0rsJkrbkugu1J8TU5IaM0kj25kSHJlVby7+5/VyTK7DKZdZjkzS5aIkFy4qd/65G3PNKIqJJYRqbm916YhoQtHmU7Eh+Ksv/yXti7rfqDfuL2vNmyKOMpzAKZyDD1fQhDtoQQAUODzBC7w60nl23pz3ZWvJKWaO4Recj2/cnI69</latexit>·<latexit sha1_base64="GTunUSAlBTD5TnT8AzXuOQvDKdM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cKpi20oWw2m3bpZjfsToRS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAlu0PO+nNLa+sbmVnm7srO7t39QPTxqG5VrygKqhNLdiBgmuGQBchSsm2lG0kiwTjS+nfudR6YNV/IBJxkLUzKUPOGUoJWCPo0VDqo1r+4t4P4lfkFqUKA1qH72Y0XzlEmkghjT870MwynRyKlgs0o/NywjdEyGrGepJCkz4XRx7Mw9s0rsJkrbkugu1J8TU5IaM0kj25kSHJlVby7+5/VyTK7DKZdZjkzS5aIkFy4qd/65G3PNKIqJJYRqbm916YhoQtHmU7Eh+Ksv/yXti7rfqDfuL2vNmyKOMpzAKZyDD1fQhDtoQQAUODzBC7w60nl23pz3ZWvJKWaO4Recj2/cnI69</latexit>·

<latexit sha1_base64="+2mbKOGA09ov4RMj5bQHsu2zBkI="></latexit>

@xif1 = P1,i(x, f1)

@xif2 = P2,i(x, f1, f2)

<latexit sha1_base64="cn2xwFGmepWEKCaRI46aj+ge8ck=">AAACGXicbVDLSsNAFJ34rPUVdelmsCgVSkiKVDdC0Y3LCvYBbQyT6aQdOnkwM5GWkN9w46+4caGIS135N07aLLT1wGUO59zLnXvciFEhTfNbW1peWV1bL2wUN7e2d3b1vf2WCGOOSROHLOQdFwnCaECakkpGOhEnyHcZabuj68xvPxAuaBjcyUlEbB8NAupRjKSSHN086UWIS4qYk4zvaQo9h8NL2HASXqFpeVzxHEtVtWIYhnr5qaOXTMOcAi4SKyclkKPh6J+9fohjnwQSMyRE1zIjaSfZUsxIWuzFgkQIj9CAdBUNkE+EnUwvS+GxUvrQC7mqQMKp+nsiQb4QE99VnT6SQzHvZeJ/XjeW3oWd0CCKJQnwbJEXMyhDmMUE+5QTLNlEEYQ5VX+FeIg4wlKFWVQhWPMnL5JW1bBqRu32rFS/yuMogENwBMrAAuegDm5AAzQBBo/gGbyCN+1Je9HetY9Z65KWzxyAP9C+fgDQrp5E</latexit>

@xifr = Pr,i(x, f1, f2, ..., fr)
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  Example class of tame functions

➡ Pfaffian functions [Khovanskii ’91][Gabrielov,Vorobjov ’04]

building blocks:
<latexit sha1_base64="vdJ4g+A+TnYBHsP9JsYuNfbNHd4=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEClISkeqy6MZlBfuANoTJdNIOnUzCzI1YQsFfceNCEbd+hzv/xmmbhVYPXDhzzr3MvSdIBNfgOF9WYWl5ZXWtuF7a2Nza3rF391o6ThVlTRqLWHUCopngkjWBg2CdRDESBYK1g9H11G/fM6V5LO9gnDAvIgPJQ04JGMm3D0LfrTycnOKe6Megcegr8/TtslN1ZsB/iZuTMsrR8O3PXj+macQkUEG07rpOAl5GFHAq2KTUSzVLCB2RAesaKknEtJfN1p/gY6P0cRgrUxLwTP05kZFI63EUmM6IwFAvelPxP6+bQnjpZVwmKTBJ5x+FqcAQ42kWuM8VoyDGhhCquNkV0yFRhIJJrGRCcBdP/ktaZ1W3Vq3dnpfrV3kcRXSIjlAFuegC1dENaqAmoihDT+gFvVqP1rP1Zr3PWwtWPrOPfsH6+Abvi5Q1</latexit>

f1(x), . . . fr(x)

➡ Key point:   Pfaffian functions are tame and have a notion of complexity

 
format:                                 (number of variables +  
                                                       number of non-trivial functions)

<latexit sha1_base64="ZWfRgR77oTDoDkOKvzOmianf4P8="></latexit>

D = deg(P ) +
X

ij

deg(Pi,j)

<latexit sha1_base64="wK9PfPMLeFluXPpNZfF9ApLHkis="></latexit>

F= n+ r

degree:

Pfaffian function:
<latexit sha1_base64="+dXU3VEtR+GTLQ6i2zjIxMfG3e0=">AAACDXicbVDLSsNAFJ34rPUVdelmsAotlJAUqW6EohuXFewD2hIm00k7dDIJMxNpCf0BN/6KGxeKuHXvzr9xmmahrQcunDnnXube40WMSmXb38bK6tr6xmZuK7+9s7u3bx4cNmUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6TljW5mfuuBCElDfq8mEekFaMCpTzFSWnLN00FxXLqqF8euU7Ysqzx2eRn6+uG7lVTwXVFyzYJt2SngMnEyUgAZ6q751e2HOA4IV5ghKTuOHalegoSimJFpvhtLEiE8QgPS0ZSjgMhekl4zhWda6UM/FLq4gqn6eyJBgZSTwNOdAVJDuejNxP+8Tqz8y15CeRQrwvH8Iz9mUIVwFg3sU0GwYhNNEBZU7wrxEAmElQ4wr0NwFk9eJs2K5VSt6t15oXadxZEDx+AEFIEDLkAN3II6aAAMHsEzeAVvxpPxYrwbH/PWFSObOQJ/YHz+ACqvl9k=</latexit>

g(x) = P (x1, ..., xn, f1, f2, ..., fr)

<latexit sha1_base64="GTunUSAlBTD5TnT8AzXuOQvDKdM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cKpi20oWw2m3bpZjfsToRS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAlu0PO+nNLa+sbmVnm7srO7t39QPTxqG5VrygKqhNLdiBgmuGQBchSsm2lG0kiwTjS+nfudR6YNV/IBJxkLUzKUPOGUoJWCPo0VDqo1r+4t4P4lfkFqUKA1qH72Y0XzlEmkghjT870MwynRyKlgs0o/NywjdEyGrGepJCkz4XRx7Mw9s0rsJkrbkugu1J8TU5IaM0kj25kSHJlVby7+5/VyTK7DKZdZjkzS5aIkFy4qd/65G3PNKIqJJYRqbm916YhoQtHmU7Eh+Ksv/yXti7rfqDfuL2vNmyKOMpzAKZyDD1fQhDtoQQAUODzBC7w60nl23pz3ZWvJKWaO4Recj2/cnI69</latexit>·<latexit sha1_base64="GTunUSAlBTD5TnT8AzXuOQvDKdM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cKpi20oWw2m3bpZjfsToRS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAlu0PO+nNLa+sbmVnm7srO7t39QPTxqG5VrygKqhNLdiBgmuGQBchSsm2lG0kiwTjS+nfudR6YNV/IBJxkLUzKUPOGUoJWCPo0VDqo1r+4t4P4lfkFqUKA1qH72Y0XzlEmkghjT870MwynRyKlgs0o/NywjdEyGrGepJCkz4XRx7Mw9s0rsJkrbkugu1J8TU5IaM0kj25kSHJlVby7+5/VyTK7DKZdZjkzS5aIkFy4qd/65G3PNKIqJJYRqbm916YhoQtHmU7Eh+Ksv/yXti7rfqDfuL2vNmyKOMpzAKZyDD1fQhDtoQQAUODzBC7w60nl23pz3ZWvJKWaO4Recj2/cnI69</latexit>·<latexit sha1_base64="GTunUSAlBTD5TnT8AzXuOQvDKdM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cKpi20oWw2m3bpZjfsToRS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAlu0PO+nNLa+sbmVnm7srO7t39QPTxqG5VrygKqhNLdiBgmuGQBchSsm2lG0kiwTjS+nfudR6YNV/IBJxkLUzKUPOGUoJWCPo0VDqo1r+4t4P4lfkFqUKA1qH72Y0XzlEmkghjT870MwynRyKlgs0o/NywjdEyGrGepJCkz4XRx7Mw9s0rsJkrbkugu1J8TU5IaM0kj25kSHJlVby7+5/VyTK7DKZdZjkzS5aIkFy4qd/65G3PNKIqJJYRqbm916YhoQtHmU7Eh+Ksv/yXti7rfqDfuL2vNmyKOMpzAKZyDD1fQhDtoQQAUODzBC7w60nl23pz3ZWvJKWaO4Recj2/cnI69</latexit>·

<latexit sha1_base64="+2mbKOGA09ov4RMj5bQHsu2zBkI="></latexit>

@xif1 = P1,i(x, f1)

@xif2 = P2,i(x, f1, f2)

<latexit sha1_base64="cn2xwFGmepWEKCaRI46aj+ge8ck=">AAACGXicbVDLSsNAFJ34rPUVdelmsCgVSkiKVDdC0Y3LCvYBbQyT6aQdOnkwM5GWkN9w46+4caGIS135N07aLLT1wGUO59zLnXvciFEhTfNbW1peWV1bL2wUN7e2d3b1vf2WCGOOSROHLOQdFwnCaECakkpGOhEnyHcZabuj68xvPxAuaBjcyUlEbB8NAupRjKSSHN086UWIS4qYk4zvaQo9h8NL2HASXqFpeVzxHEtVtWIYhnr5qaOXTMOcAi4SKyclkKPh6J+9fohjnwQSMyRE1zIjaSfZUsxIWuzFgkQIj9CAdBUNkE+EnUwvS+GxUvrQC7mqQMKp+nsiQb4QE99VnT6SQzHvZeJ/XjeW3oWd0CCKJQnwbJEXMyhDmMUE+5QTLNlEEYQ5VX+FeIg4wlKFWVQhWPMnL5JW1bBqRu32rFS/yuMogENwBMrAAuegDm5AAzQBBo/gGbyCN+1Je9HetY9Z65KWzxyAP9C+fgDQrp5E</latexit>

@xifr = Pr,i(x, f1, f2, ..., fr)

bounds on zeros, 
volume etc.
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  Example class of tame functions

➡ Pfaffian functions [Khovanskii ’91][Gabrielov,Vorobjov ’04]

<latexit sha1_base64="/LJYmpQ45EL6ZDCVRAG6B53Q39s=">AAAB7HicdVBNS8NAEJ34WetX1aOXxSJUkJIUie2tqIjHCqYttKFstpt26WYTdjdCKf0NXjwo4tUf5M1/46atoKIPBh7vzTAzL0g4U9q2P6yl5ZXVtfXcRn5za3tnt7C331RxKgn1SMxj2Q6wopwJ6mmmOW0nkuIo4LQVjC4zv3VPpWKxuNPjhPoRHggWMoK1kbzS9enVSa9QtMu2geuijDhV2zGkVqtWKjXkzCzbLsICjV7hvduPSRpRoQnHSnUcO9H+BEvNCKfTfDdVNMFkhAe0Y6jAEVX+ZHbsFB0bpY/CWJoSGs3U7xMTHCk1jgLTGWE9VL+9TPzL66Q6rPoTJpJUU0Hmi8KUIx2j7HPUZ5ISzceGYCKZuRWRIZaYaJNP3oTw9Sn6nzQrZcctu7dnxfrFIo4cHMIRlMCBc6jDDTTAAwIMHuAJni1hPVov1uu8dclazBzAD1hvn6+Ujfs=</latexit>

(F,D)

building blocks:
<latexit sha1_base64="vdJ4g+A+TnYBHsP9JsYuNfbNHd4=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1iEClISkeqy6MZlBfuANoTJdNIOnUzCzI1YQsFfceNCEbd+hzv/xmmbhVYPXDhzzr3MvSdIBNfgOF9WYWl5ZXWtuF7a2Nza3rF391o6ThVlTRqLWHUCopngkjWBg2CdRDESBYK1g9H11G/fM6V5LO9gnDAvIgPJQ04JGMm3D0LfrTycnOKe6Megcegr8/TtslN1ZsB/iZuTMsrR8O3PXj+macQkUEG07rpOAl5GFHAq2KTUSzVLCB2RAesaKknEtJfN1p/gY6P0cRgrUxLwTP05kZFI63EUmM6IwFAvelPxP6+bQnjpZVwmKTBJ5x+FqcAQ42kWuM8VoyDGhhCquNkV0yFRhIJJrGRCcBdP/ktaZ1W3Vq3dnpfrV3kcRXSIjlAFuegC1dENaqAmoihDT+gFvVqP1rP1Zr3PWwtWPrOPfsH6+Abvi5Q1</latexit>

f1(x), . . . fr(x)

Pfaffian function:
<latexit sha1_base64="+dXU3VEtR+GTLQ6i2zjIxMfG3e0=">AAACDXicbVDLSsNAFJ34rPUVdelmsAotlJAUqW6EohuXFewD2hIm00k7dDIJMxNpCf0BN/6KGxeKuHXvzr9xmmahrQcunDnnXube40WMSmXb38bK6tr6xmZuK7+9s7u3bx4cNmUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6TljW5mfuuBCElDfq8mEekFaMCpTzFSWnLN00FxXLqqF8euU7Ysqzx2eRn6+uG7lVTwXVFyzYJt2SngMnEyUgAZ6q751e2HOA4IV5ghKTuOHalegoSimJFpvhtLEiE8QgPS0ZSjgMhekl4zhWda6UM/FLq4gqn6eyJBgZSTwNOdAVJDuejNxP+8Tqz8y15CeRQrwvH8Iz9mUIVwFg3sU0GwYhNNEBZU7wrxEAmElQ4wr0NwFk9eJs2K5VSt6t15oXadxZEDx+AEFIEDLkAN3II6aAAMHsEzeAVvxpPxYrwbH/PWFSObOQJ/YHz+ACqvl9k=</latexit>

g(x) = P (x1, ..., xn, f1, f2, ..., fr)

<latexit sha1_base64="GTunUSAlBTD5TnT8AzXuOQvDKdM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cKpi20oWw2m3bpZjfsToRS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAlu0PO+nNLa+sbmVnm7srO7t39QPTxqG5VrygKqhNLdiBgmuGQBchSsm2lG0kiwTjS+nfudR6YNV/IBJxkLUzKUPOGUoJWCPo0VDqo1r+4t4P4lfkFqUKA1qH72Y0XzlEmkghjT870MwynRyKlgs0o/NywjdEyGrGepJCkz4XRx7Mw9s0rsJkrbkugu1J8TU5IaM0kj25kSHJlVby7+5/VyTK7DKZdZjkzS5aIkFy4qd/65G3PNKIqJJYRqbm916YhoQtHmU7Eh+Ksv/yXti7rfqDfuL2vNmyKOMpzAKZyDD1fQhDtoQQAUODzBC7w60nl23pz3ZWvJKWaO4Recj2/cnI69</latexit>·<latexit sha1_base64="GTunUSAlBTD5TnT8AzXuOQvDKdM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cKpi20oWw2m3bpZjfsToRS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAlu0PO+nNLa+sbmVnm7srO7t39QPTxqG5VrygKqhNLdiBgmuGQBchSsm2lG0kiwTjS+nfudR6YNV/IBJxkLUzKUPOGUoJWCPo0VDqo1r+4t4P4lfkFqUKA1qH72Y0XzlEmkghjT870MwynRyKlgs0o/NywjdEyGrGepJCkz4XRx7Mw9s0rsJkrbkugu1J8TU5IaM0kj25kSHJlVby7+5/VyTK7DKZdZjkzS5aIkFy4qd/65G3PNKIqJJYRqbm916YhoQtHmU7Eh+Ksv/yXti7rfqDfuL2vNmyKOMpzAKZyDD1fQhDtoQQAUODzBC7w60nl23pz3ZWvJKWaO4Recj2/cnI69</latexit>·<latexit sha1_base64="GTunUSAlBTD5TnT8AzXuOQvDKdM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cKpi20oWw2m3bpZjfsToRS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZelAlu0PO+nNLa+sbmVnm7srO7t39QPTxqG5VrygKqhNLdiBgmuGQBchSsm2lG0kiwTjS+nfudR6YNV/IBJxkLUzKUPOGUoJWCPo0VDqo1r+4t4P4lfkFqUKA1qH72Y0XzlEmkghjT870MwynRyKlgs0o/NywjdEyGrGepJCkz4XRx7Mw9s0rsJkrbkugu1J8TU5IaM0kj25kSHJlVby7+5/VyTK7DKZdZjkzS5aIkFy4qd/65G3PNKIqJJYRqbm916YhoQtHmU7Eh+Ksv/yXti7rfqDfuL2vNmyKOMpzAKZyDD1fQhDtoQQAUODzBC7w60nl23pz3ZWvJKWaO4Recj2/cnI69</latexit>·

<latexit sha1_base64="+2mbKOGA09ov4RMj5bQHsu2zBkI="></latexit>

@xif1 = P1,i(x, f1)

@xif2 = P2,i(x, f1, f2)

<latexit sha1_base64="cn2xwFGmepWEKCaRI46aj+ge8ck=">AAACGXicbVDLSsNAFJ34rPUVdelmsCgVSkiKVDdC0Y3LCvYBbQyT6aQdOnkwM5GWkN9w46+4caGIS135N07aLLT1wGUO59zLnXvciFEhTfNbW1peWV1bL2wUN7e2d3b1vf2WCGOOSROHLOQdFwnCaECakkpGOhEnyHcZabuj68xvPxAuaBjcyUlEbB8NAupRjKSSHN086UWIS4qYk4zvaQo9h8NL2HASXqFpeVzxHEtVtWIYhnr5qaOXTMOcAi4SKyclkKPh6J+9fohjnwQSMyRE1zIjaSfZUsxIWuzFgkQIj9CAdBUNkE+EnUwvS+GxUvrQC7mqQMKp+nsiQb4QE99VnT6SQzHvZeJ/XjeW3oWd0CCKJQnwbJEXMyhDmMUE+5QTLNlEEYQ5VX+FeIg4wlKFWVQhWPMnL5JW1bBqRu32rFS/yuMogENwBMrAAuegDm5AAzQBBo/gGbyCN+1Je9HetY9Z65KWzxyAP9C+fgDQrp5E</latexit>

@xifr = Pr,i(x, f1, f2, ..., fr)

While we need the more general framework in the following:  
 Can always think of               for Pfaffian setting.    

<latexit sha1_base64="mVNeqw4q+zq97UyBlWrhstu2eoM=">AAACF3icdVDNS8MwHE3n15xfVY9egkOYMEo7pG63oSIeJ7hN6MpIs2wLSz9IUmGU/Rde/Fe8eFDEq978b0y7FVT0QeDx3vslvzwvYlRI0/zUCkvLK6trxfXSxubW9o6+u9cRYcwxaeOQhfzWQ4IwGpC2pJKR24gT5HuMdL3Jeep37wgXNAxu5DQiro9GAR1SjKSS+rqR9LJLHD7y3MQ0TAXbrqbEqpuWIo1GvVZrzCqX1YvjWV8v5xmYZ2CegVZmmWYZLNDq6x+9QYhjnwQSMySEY5mRdBPEJcWMzEq9WJAI4QkaEUfRAPlEuEm20gweKWUAhyFXJ5AwU79PJMgXYup7KukjORa/vVT8y3NiOay7CQ2iWJIAzx8axgzKEKYlwQHlBEs2VQRhTtWuEI8RR1iqKkuqhPyn8H/SqRmWbdjXJ+Xm2aKOIjgAh6ACLHAKmuAKtEAbYHAPHsEzeNEetCftVXubRwvaYmYf/ID2/gWljpsz</latexit>

(F,D)
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On the Complexity of QFTs



  Complexity of QFT Lagrangian

➡ Assign complexity to the Lagrangian

N scalar fields

<latexit sha1_base64="B7U0QAteC1jNimSOL4dGvLGxuH8="></latexit>

S(4) = �
Z

d4x
⇣ NX

k=1

(@�k)
2 + V (�1, ...,�N )

⌘
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  Complexity of QFT Lagrangian

➡ Assign complexity to the Lagrangian

N scalar fields

‣ polynomial          :                 number of fields,      degree of polynomial <latexit sha1_base64="wyc6fSG/VS371XdFdsXWghVozN8="></latexit>

F = N
<latexit sha1_base64="Jmx0gsdR2KZGTS2ybvPxP101dps=">AAACE3icdZDLSsNAFIYn9VbrLerSzWARRKQkRWK7K+rCZQV7gTSUyXTSDp1cmJkIJeQd3Pgqblwo4taNO9/GSdqAih4Y+Pm/c2bO/G7EqJCG8amVlpZXVtfK65WNza3tHX13ryvCmGPSwSELed9FgjAakI6kkpF+xAnyXUZ67vQy4707wgUNg1s5i4jjo3FAPYqRVNZQP0kG+SU2H7tOYtQMVZZ1mgmzYZhKNJuNer2ZXqVDvVpwWHBYcGjmyDCqYFHtof4xGIU49kkgMUNC2KYRSSdBXFLMSFoZxIJECE/RmNhKBsgnwknydVJ4pJwR9EKuTiBh7n6fSJAvxMx3VaeP5ET8Zpn5F7Nj6TWchAZRLEmA5w95MYMyhFlAcEQ5wZLNlECYU7UrxBPEEZYqxooKofgp/F906zXTqlk3Z9XWxSKOMjgAh+AYmOActMA1aIMOwOAePIJn8KI9aE/aq/Y2by1pi5l98KO09y+585pI</latexit>

D
<latexit sha1_base64="JrfQyQOCZnHMzbW8zaisqN6VVik=">AAACGXicdVDLSgMxFM34rPU16tJNsAgVSklLW10W3bisYB8wM5RMmrahmQdJRijD/IYbf8WNC0Vc6sq/MdPOgIpeCDmcc+7NzXFDzqRC6NNYWV1b39gsbBW3d3b39s2Dw54MIkFolwQ8EAMXS8qZT7uKKU4HoaDYczntu7OrVO/fUSFZ4N+qeUgdD098NmYEK00NTRTbiyGWmLhOjKpNpKteQdX0bjQrGdNMemU7nLKzZGiWchfMXTB3wdqCQagEsuoMzXd7FJDIo74iHEtp1VConBgLxQinSdGOJA0xmeEJtTT0sUelEy+WSuCpZkZwHAh9fAUX7PeOGHtSzj1XOz2spvK3lpJ/aVakxhdOzPwwUtQny4fGEYcqgGlMcMQEJYrPNcBEML0rJFMsMFE6zKIOIf8p/B/06tVaq9q6aZTal1kcBXAMTkAZ1MA5aINr0AFdQMA9eATP4MV4MJ6MV+NtaV0xsp4j8KOMjy+D6pw+</latexit>

V (�)

‣ more general          :                + non-trivial functions 
<latexit sha1_base64="JrfQyQOCZnHMzbW8zaisqN6VVik=">AAACGXicdVDLSgMxFM34rPU16tJNsAgVSklLW10W3bisYB8wM5RMmrahmQdJRijD/IYbf8WNC0Vc6sq/MdPOgIpeCDmcc+7NzXFDzqRC6NNYWV1b39gsbBW3d3b39s2Dw54MIkFolwQ8EAMXS8qZT7uKKU4HoaDYczntu7OrVO/fUSFZ4N+qeUgdD098NmYEK00NTRTbiyGWmLhOjKpNpKteQdX0bjQrGdNMemU7nLKzZGiWchfMXTB3wdqCQagEsuoMzXd7FJDIo74iHEtp1VConBgLxQinSdGOJA0xmeEJtTT0sUelEy+WSuCpZkZwHAh9fAUX7PeOGHtSzj1XOz2spvK3lpJ/aVakxhdOzPwwUtQny4fGEYcqgGlMcMQEJYrPNcBEML0rJFMsMFE6zKIOIf8p/B/06tVaq9q6aZTal1kcBXAMTkAZ1MA5aINr0AFdQMA9eATP4MV4MJ6MV+NtaV0xsp4j8KOMjy+D6pw+</latexit>

V (�)
<latexit sha1_base64="wyc6fSG/VS371XdFdsXWghVozN8="></latexit>

F = N

<latexit sha1_base64="B7U0QAteC1jNimSOL4dGvLGxuH8="></latexit>

S(4) = �
Z

d4x
⇣ NX

k=1

(@�k)
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  Complexity of QFT Lagrangian

➡ Assign complexity to the Lagrangian

N scalar fields

‣ polynomial          :                 number of fields,      degree of polynomial <latexit sha1_base64="wyc6fSG/VS371XdFdsXWghVozN8="></latexit>

F = N
<latexit sha1_base64="Jmx0gsdR2KZGTS2ybvPxP101dps=">AAACE3icdZDLSsNAFIYn9VbrLerSzWARRKQkRWK7K+rCZQV7gTSUyXTSDp1cmJkIJeQd3Pgqblwo4taNO9/GSdqAih4Y+Pm/c2bO/G7EqJCG8amVlpZXVtfK65WNza3tHX13ryvCmGPSwSELed9FgjAakI6kkpF+xAnyXUZ67vQy4707wgUNg1s5i4jjo3FAPYqRVNZQP0kG+SU2H7tOYtQMVZZ1mgmzYZhKNJuNer2ZXqVDvVpwWHBYcGjmyDCqYFHtof4xGIU49kkgMUNC2KYRSSdBXFLMSFoZxIJECE/RmNhKBsgnwknydVJ4pJwR9EKuTiBh7n6fSJAvxMx3VaeP5ET8Zpn5F7Nj6TWchAZRLEmA5w95MYMyhFlAcEQ5wZLNlECYU7UrxBPEEZYqxooKofgp/F906zXTqlk3Z9XWxSKOMjgAh+AYmOActMA1aIMOwOAePIJn8KI9aE/aq/Y2by1pi5l98KO09y+585pI</latexit>

D
<latexit sha1_base64="JrfQyQOCZnHMzbW8zaisqN6VVik=">AAACGXicdVDLSgMxFM34rPU16tJNsAgVSklLW10W3bisYB8wM5RMmrahmQdJRijD/IYbf8WNC0Vc6sq/MdPOgIpeCDmcc+7NzXFDzqRC6NNYWV1b39gsbBW3d3b39s2Dw54MIkFolwQ8EAMXS8qZT7uKKU4HoaDYczntu7OrVO/fUSFZ4N+qeUgdD098NmYEK00NTRTbiyGWmLhOjKpNpKteQdX0bjQrGdNMemU7nLKzZGiWchfMXTB3wdqCQagEsuoMzXd7FJDIo74iHEtp1VConBgLxQinSdGOJA0xmeEJtTT0sUelEy+WSuCpZkZwHAh9fAUX7PeOGHtSzj1XOz2spvK3lpJ/aVakxhdOzPwwUtQny4fGEYcqgGlMcMQEJYrPNcBEML0rJFMsMFE6zKIOIf8p/B/06tVaq9q6aZTal1kcBXAMTkAZ1MA5aINr0AFdQMA9eATP4MV4MJ6MV+NtaV0xsp4j8KOMjy+D6pw+</latexit>

V (�)

‣ more general          :                + non-trivial functions 
<latexit sha1_base64="JrfQyQOCZnHMzbW8zaisqN6VVik=">AAACGXicdVDLSgMxFM34rPU16tJNsAgVSklLW10W3bisYB8wM5RMmrahmQdJRijD/IYbf8WNC0Vc6sq/MdPOgIpeCDmcc+7NzXFDzqRC6NNYWV1b39gsbBW3d3b39s2Dw54MIkFolwQ8EAMXS8qZT7uKKU4HoaDYczntu7OrVO/fUSFZ4N+qeUgdD098NmYEK00NTRTbiyGWmLhOjKpNpKteQdX0bjQrGdNMemU7nLKzZGiWchfMXTB3wdqCQagEsuoMzXd7FJDIo74iHEtp1VConBgLxQinSdGOJA0xmeEJtTT0sUelEy+WSuCpZkZwHAh9fAUX7PeOGHtSzj1XOz2spvK3lpJ/aVakxhdOzPwwUtQny4fGEYcqgGlMcMQEJYrPNcBEML0rJFMsMFE6zKIOIf8p/B/06tVaq9q6aZTal1kcBXAMTkAZ1MA5aINr0AFdQMA9eATP4MV4MJ6MV+NtaV0xsp4j8KOMjy+D6pw+</latexit>

V (�)
<latexit sha1_base64="wyc6fSG/VS371XdFdsXWghVozN8="></latexit>
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<latexit sha1_base64="B7U0QAteC1jNimSOL4dGvLGxuH8="></latexit>
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➡ Applications:   
‣ bounds on the number of vacua of the theory



  Complexity of QFT Lagrangian

➡ Assign complexity to the Lagrangian

N scalar fields

‣ polynomial          :                 number of fields,      degree of polynomial <latexit sha1_base64="wyc6fSG/VS371XdFdsXWghVozN8="></latexit>

F = N
<latexit sha1_base64="Jmx0gsdR2KZGTS2ybvPxP101dps=">AAACE3icdZDLSsNAFIYn9VbrLerSzWARRKQkRWK7K+rCZQV7gTSUyXTSDp1cmJkIJeQd3Pgqblwo4taNO9/GSdqAih4Y+Pm/c2bO/G7EqJCG8amVlpZXVtfK65WNza3tHX13ryvCmGPSwSELed9FgjAakI6kkpF+xAnyXUZ67vQy4707wgUNg1s5i4jjo3FAPYqRVNZQP0kG+SU2H7tOYtQMVZZ1mgmzYZhKNJuNer2ZXqVDvVpwWHBYcGjmyDCqYFHtof4xGIU49kkgMUNC2KYRSSdBXFLMSFoZxIJECE/RmNhKBsgnwknydVJ4pJwR9EKuTiBh7n6fSJAvxMx3VaeP5ET8Zpn5F7Nj6TWchAZRLEmA5w95MYMyhFlAcEQ5wZLNlECYU7UrxBPEEZYqxooKofgp/F906zXTqlk3Z9XWxSKOMjgAh+AYmOActMA1aIMOwOAePIJn8KI9aE/aq/Y2by1pi5l98KO09y+585pI</latexit>

D
<latexit sha1_base64="JrfQyQOCZnHMzbW8zaisqN6VVik=">AAACGXicdVDLSgMxFM34rPU16tJNsAgVSklLW10W3bisYB8wM5RMmrahmQdJRijD/IYbf8WNC0Vc6sq/MdPOgIpeCDmcc+7NzXFDzqRC6NNYWV1b39gsbBW3d3b39s2Dw54MIkFolwQ8EAMXS8qZT7uKKU4HoaDYczntu7OrVO/fUSFZ4N+qeUgdD098NmYEK00NTRTbiyGWmLhOjKpNpKteQdX0bjQrGdNMemU7nLKzZGiWchfMXTB3wdqCQagEsuoMzXd7FJDIo74iHEtp1VConBgLxQinSdGOJA0xmeEJtTT0sUelEy+WSuCpZkZwHAh9fAUX7PeOGHtSzj1XOz2spvK3lpJ/aVakxhdOzPwwUtQny4fGEYcqgGlMcMQEJYrPNcBEML0rJFMsMFE6zKIOIf8p/B/06tVaq9q6aZTal1kcBXAMTkAZ1MA5aINr0AFdQMA9eATP4MV4MJ6MV+NtaV0xsp4j8KOMjy+D6pw+</latexit>

V (�)

‣ more general          :                + non-trivial functions 
<latexit sha1_base64="JrfQyQOCZnHMzbW8zaisqN6VVik=">AAACGXicdVDLSgMxFM34rPU16tJNsAgVSklLW10W3bisYB8wM5RMmrahmQdJRijD/IYbf8WNC0Vc6sq/MdPOgIpeCDmcc+7NzXFDzqRC6NNYWV1b39gsbBW3d3b39s2Dw54MIkFolwQ8EAMXS8qZT7uKKU4HoaDYczntu7OrVO/fUSFZ4N+qeUgdD098NmYEK00NTRTbiyGWmLhOjKpNpKteQdX0bjQrGdNMemU7nLKzZGiWchfMXTB3wdqCQagEsuoMzXd7FJDIo74iHEtp1VConBgLxQinSdGOJA0xmeEJtTT0sUelEy+WSuCpZkZwHAh9fAUX7PeOGHtSzj1XOz2spvK3lpJ/aVakxhdOzPwwUtQny4fGEYcqgGlMcMQEJYrPNcBEML0rJFMsMFE6zKIOIf8p/B/06tVaq9q6aZTal1kcBXAMTkAZ1MA5aINr0AFdQMA9eATP4MV4MJ6MV+NtaV0xsp4j8KOMjy+D6pw+</latexit>
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<latexit sha1_base64="wyc6fSG/VS371XdFdsXWghVozN8="></latexit>
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<latexit sha1_base64="B7U0QAteC1jNimSOL4dGvLGxuH8="></latexit>
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⌘
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➡ Applications:   
‣ bounds on the number of vacua of the theory
‣ slopes of potentials

<latexit sha1_base64="awwu0YTx0ewqO+8CRKLxtztgODo=">AAACC3icbVA9SwNBEN3zM8avqKXNYhC0CXci0VJMY6lgopCLYW4zSRb39s7dOTEk9jb+FRsLRWz9A3b+GzcxhV8PBt6+N8POvChV0pLvf3gTk1PTM7O5ufz8wuLScmFltWaTzAisikQl5jwCi0pqrJIkheepQYgjhWfRZWXon12jsTLRp9RLsRFDR8u2FEBOahY2BqGGSAGvbd1sD3jYwSte4YPR6yKkLhI0C0W/5I/A/5JgTIpsjONm4T1sJSKLUZNQYG098FNq9MGQFApv82FmMQVxCR2sO6ohRtvoj2655ZtOafF2Ylxp4iP1+0QfYmt7ceQ6Y6Cu/e0Nxf+8ekbt/UZf6jQj1OLro3amOCV8GAxvSYOCVM8REEa6XbnoggFBLr68CyH4ffJfUtspBeVS+WS3eHA4jiPH1tkG22IB22MH7IgdsyoT7I49sCf27N17j96L9/rVOuGNZ9bYD3hvn/CImb4=</latexit>

|rV (x)| � C|V (x)|✓
[Łojasiewicz] [Kurdyka ’98] …

(polynomially bounded o-minimal structure)



  Complexity of QFT Lagrangian

➡ Assign complexity to the Lagrangian

N scalar fields

‣ polynomial          :                 number of fields,      degree of polynomial <latexit sha1_base64="wyc6fSG/VS371XdFdsXWghVozN8="></latexit>

F = N
<latexit sha1_base64="Jmx0gsdR2KZGTS2ybvPxP101dps=">AAACE3icdZDLSsNAFIYn9VbrLerSzWARRKQkRWK7K+rCZQV7gTSUyXTSDp1cmJkIJeQd3Pgqblwo4taNO9/GSdqAih4Y+Pm/c2bO/G7EqJCG8amVlpZXVtfK65WNza3tHX13ryvCmGPSwSELed9FgjAakI6kkpF+xAnyXUZ67vQy4707wgUNg1s5i4jjo3FAPYqRVNZQP0kG+SU2H7tOYtQMVZZ1mgmzYZhKNJuNer2ZXqVDvVpwWHBYcGjmyDCqYFHtof4xGIU49kkgMUNC2KYRSSdBXFLMSFoZxIJECE/RmNhKBsgnwknydVJ4pJwR9EKuTiBh7n6fSJAvxMx3VaeP5ET8Zpn5F7Nj6TWchAZRLEmA5w95MYMyhFlAcEQ5wZLNlECYU7UrxBPEEZYqxooKofgp/F906zXTqlk3Z9XWxSKOMjgAh+AYmOActMA1aIMOwOAePIJn8KI9aE/aq/Y2by1pi5l98KO09y+585pI</latexit>

D
<latexit sha1_base64="JrfQyQOCZnHMzbW8zaisqN6VVik=">AAACGXicdVDLSgMxFM34rPU16tJNsAgVSklLW10W3bisYB8wM5RMmrahmQdJRijD/IYbf8WNC0Vc6sq/MdPOgIpeCDmcc+7NzXFDzqRC6NNYWV1b39gsbBW3d3b39s2Dw54MIkFolwQ8EAMXS8qZT7uKKU4HoaDYczntu7OrVO/fUSFZ4N+qeUgdD098NmYEK00NTRTbiyGWmLhOjKpNpKteQdX0bjQrGdNMemU7nLKzZGiWchfMXTB3wdqCQagEsuoMzXd7FJDIo74iHEtp1VConBgLxQinSdGOJA0xmeEJtTT0sUelEy+WSuCpZkZwHAh9fAUX7PeOGHtSzj1XOz2spvK3lpJ/aVakxhdOzPwwUtQny4fGEYcqgGlMcMQEJYrPNcBEML0rJFMsMFE6zKIOIf8p/B/06tVaq9q6aZTal1kcBXAMTkAZ1MA5aINr0AFdQMA9eATP4MV4MJ6MV+NtaV0xsp4j8KOMjy+D6pw+</latexit>

V (�)

‣ more general          :                + non-trivial functions 
<latexit sha1_base64="JrfQyQOCZnHMzbW8zaisqN6VVik=">AAACGXicdVDLSgMxFM34rPU16tJNsAgVSklLW10W3bisYB8wM5RMmrahmQdJRijD/IYbf8WNC0Vc6sq/MdPOgIpeCDmcc+7NzXFDzqRC6NNYWV1b39gsbBW3d3b39s2Dw54MIkFolwQ8EAMXS8qZT7uKKU4HoaDYczntu7OrVO/fUSFZ4N+qeUgdD098NmYEK00NTRTbiyGWmLhOjKpNpKteQdX0bjQrGdNMemU7nLKzZGiWchfMXTB3wdqCQagEsuoMzXd7FJDIo74iHEtp1VConBgLxQinSdGOJA0xmeEJtTT0sUelEy+WSuCpZkZwHAh9fAUX7PeOGHtSzj1XOz2spvK3lpJ/aVakxhdOzPwwUtQny4fGEYcqgGlMcMQEJYrPNcBEML0rJFMsMFE6zKIOIf8p/B/06tVaq9q6aZTal1kcBXAMTkAZ1MA5aINr0AFdQMA9eATP4MV4MJ6MV+NtaV0xsp4j8KOMjy+D6pw+</latexit>

V (�)
<latexit sha1_base64="wyc6fSG/VS371XdFdsXWghVozN8="></latexit>

F = N

<latexit sha1_base64="B7U0QAteC1jNimSOL4dGvLGxuH8="></latexit>
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➡ Applications:   
‣ bounds on the number of vacua of the theory
‣ slopes of potentials

<latexit sha1_base64="awwu0YTx0ewqO+8CRKLxtztgODo=">AAACC3icbVA9SwNBEN3zM8avqKXNYhC0CXci0VJMY6lgopCLYW4zSRb39s7dOTEk9jb+FRsLRWz9A3b+GzcxhV8PBt6+N8POvChV0pLvf3gTk1PTM7O5ufz8wuLScmFltWaTzAisikQl5jwCi0pqrJIkheepQYgjhWfRZWXon12jsTLRp9RLsRFDR8u2FEBOahY2BqGGSAGvbd1sD3jYwSte4YPR6yKkLhI0C0W/5I/A/5JgTIpsjONm4T1sJSKLUZNQYG098FNq9MGQFApv82FmMQVxCR2sO6ohRtvoj2655ZtOafF2Ylxp4iP1+0QfYmt7ceQ6Y6Cu/e0Nxf+8ekbt/UZf6jQj1OLro3amOCV8GAxvSYOCVM8REEa6XbnoggFBLr68CyH4ffJfUtspBeVS+WS3eHA4jiPH1tkG22IB22MH7IgdsyoT7I49sCf27N17j96L9/rVOuGNZ9bYD3hvn/CImb4=</latexit>

|rV (x)| � C|V (x)|✓
[Łojasiewicz] [Kurdyka ’98] …

(polynomially bounded o-minimal structure)

➡ Generalizes to broader classes of QFTs [TG,van Vliet ’24]



  Diversion: complexity of QFT observables

➡ Assign complexity to observables of a QFT
Example:  Amplitude                                                                   

<latexit sha1_base64="FcHx/PH5ME8CMxFeYfX7g8Gsv+k=">AAACCnicbVDLSsNAFJ34rPUVdelmtAgVSkhEqsuqG5cV7AOaECaTaTt0MgkzE6GErt34K25cKOLWL3Dn3zhps9DWAwOHc+69c+8JEkalsu1vY2l5ZXVtvbRR3tza3tk19/bbMk4FJi0cs1h0AyQJo5y0FFWMdBNBUBQw0glGN7nfeSBC0pjfq3FCvAgNOO1TjJSWfPPIjZAaYsSyq0k18Z2aZVm1xOc1l+khITqFvlmxLXsKuEicglRAgaZvfrlhjNOIcIUZkrLn2InyMiQUxYxMym4qSYLwCA1IT1OOIiK9bHrKBJ5oJYT9WOjHFZyqvzsyFEk5jgJdmS8u571c/M/rpap/6WWUJ6kiHM8+6qcMqhjmucCQCoIVG2uCsKB6V4iHSCCsdHplHYIzf/IiaZ9ZTt2q351XGtdFHCVwCI5BFTjgAjTALWiCFsDgETyDV/BmPBkvxrvxMStdMoqeA/AHxucPj22Y6A==</latexit>

A(p1, ..., pn,�)
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  Diversion: complexity of QFT observables

➡ Assign complexity to observables of a QFT
Example:  Amplitude                                                                   

<latexit sha1_base64="FcHx/PH5ME8CMxFeYfX7g8Gsv+k=">AAACCnicbVDLSsNAFJ34rPUVdelmtAgVSkhEqsuqG5cV7AOaECaTaTt0MgkzE6GErt34K25cKOLWL3Dn3zhps9DWAwOHc+69c+8JEkalsu1vY2l5ZXVtvbRR3tza3tk19/bbMk4FJi0cs1h0AyQJo5y0FFWMdBNBUBQw0glGN7nfeSBC0pjfq3FCvAgNOO1TjJSWfPPIjZAaYsSyq0k18Z2aZVm1xOc1l+khITqFvlmxLXsKuEicglRAgaZvfrlhjNOIcIUZkrLn2InyMiQUxYxMym4qSYLwCA1IT1OOIiK9bHrKBJ5oJYT9WOjHFZyqvzsyFEk5jgJdmS8u571c/M/rpap/6WWUJ6kiHM8+6qcMqhjmucCQCoIVG2uCsKB6V4iHSCCsdHplHYIzf/IiaZ9ZTt2q351XGtdFHCVwCI5BFTjgAjTALWiCFsDgETyDV/BmPBkvxrvxMStdMoqeA/AHxucPj22Y6A==</latexit>

A(p1, ..., pn,�)
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many potential applications of tame geometry (control singular behavior,  
  asymptotics, algebraic relations, etc.)



  Diversion: complexity of QFT observables

➡ Assign complexity to observables of a QFT
Example:  Amplitude                                                                   

<latexit sha1_base64="FcHx/PH5ME8CMxFeYfX7g8Gsv+k=">AAACCnicbVDLSsNAFJ34rPUVdelmtAgVSkhEqsuqG5cV7AOaECaTaTt0MgkzE6GErt34K25cKOLWL3Dn3zhps9DWAwOHc+69c+8JEkalsu1vY2l5ZXVtvbRR3tza3tk19/bbMk4FJi0cs1h0AyQJo5y0FFWMdBNBUBQw0glGN7nfeSBC0pjfq3FCvAgNOO1TjJSWfPPIjZAaYsSyq0k18Z2aZVm1xOc1l+khITqFvlmxLXsKuEicglRAgaZvfrlhjNOIcIUZkrLn2InyMiQUxYxMym4qSYLwCA1IT1OOIiK9bHrKBJ5oJYT9WOjHFZyqvzsyFEk5jgJdmS8u571c/M/rpap/6WWUJ6kiHM8+6qcMqhjmucCQCoIVG2uCsKB6V4iHSCCsdHplHYIzf/IiaZ9ZTt2q351XGtdFHCVwCI5BFTjgAjTALWiCFsDgETyDV/BmPBkvxrvxMStdMoqeA/AHxucPj22Y6A==</latexit>

A(p1, ..., pn,�)

➡ Perturbative QFT:  showed that in QFT with finitely many particles and   
                                  interactions all finite-loop amplitudes are tame functions  
                                  of masses, external momenta, coupling constants                    

[Douglas,TG,Schlechter ’22]

‣ Study their complexity and how it sees algebraic relations, symmetries 
[TG,Hoefnagels ‘24] [Britto,TG,Hoefnagels] in preparation 

➡ Works for tree-level cosmological correlators which are Pfaffian functions
[TG,Hoefnagels,van Vliet ’24] using [Arkani-Hamed,Baumann,Hillman,Joyce,Lee,Pimentel ’23]

10/20

many potential applications of tame geometry (control singular behavior,  
  asymptotics, algebraic relations, etc.)



Complexity in the  
String Landscape

- Two finiteness results -



  String compactifications 

➡ Consider String Theory, M-theory, or F-theory on compact manifold   
<latexit sha1_base64="IOcLFxjZL6ZVWTkXt3d8hJa2RtY=">AAACE3icdZDLSsNAFIYn9VbrLerSzWARRKQkRWK7K7pxWcFeJA1lMp20QycXZiZCCXkHN76KGxeKuHXjzrdxkjagogcGfv7vnJkzvxsxKqRhfGqlpeWV1bXyemVjc2t7R9/d64ow5ph0cMhC3neRIIwGpCOpZKQfcYJ8l5GeO73MeO+OcEHD4EbOIuL4aBxQj2IklTXUT5JBfonNx66TGDVDlWWdZsJsGKYSzWajXm+mt+lQrxYcFhwWHJo5MowqWFR7qH8MRiGOfRJIzJAQtmlE0kkQlxQzklYGsSARwlM0JraSAfKJcJJ8nRQeKWcEvZCrE0iYu98nEuQLMfNd1ekjORG/WWb+xexYeg0noUEUSxLg+UNezKAMYRYQHFFOsGQzJRDmVO0K8QRxhKWKsaJCKH4K/xfdes20atb1WbV1sYijDA7AITgGJjgHLXAF2qADMLgHj+AZvGgP2pP2qr3NW0vaYmYf/Cjt/QvZ3Jpd</latexit>

Y

→ effective four-dimensional theory  
<latexit sha1_base64="+b1zlCV2KXJ7w14rMAviCbrydzA="></latexit>

S(4) =

Z
d4x

p
G
⇣
R�Kkl(�)(@�

k)(@�l)� V (�)
⌘
+ . . .
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→ effective four-dimensional theory  
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S(4) =

Z
d4x

p
G
⇣
R�Kkl(�)(@�

k)(@�l)� V (�)
⌘
+ . . .

➡ Complexity point-of-view:
<latexit sha1_base64="Rvna1pMd+W5lMXJEjBIgNrhMZho="></latexit>

Kkl(�) = Pkl(�, f1, ..., fr)
<latexit sha1_base64="A+mV2u/09cIfMBKxt/cwoHZMVB4="></latexit>

V (�) = P (�, f1, ..., fr)
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  String compactifications 

➡ Consider String Theory, M-theory, or F-theory on compact manifold   
<latexit sha1_base64="IOcLFxjZL6ZVWTkXt3d8hJa2RtY=">AAACE3icdZDLSsNAFIYn9VbrLerSzWARRKQkRWK7K7pxWcFeJA1lMp20QycXZiZCCXkHN76KGxeKuHXjzrdxkjagogcGfv7vnJkzvxsxKqRhfGqlpeWV1bXyemVjc2t7R9/d64ow5ph0cMhC3neRIIwGpCOpZKQfcYJ8l5GeO73MeO+OcEHD4EbOIuL4aBxQj2IklTXUT5JBfonNx66TGDVDlWWdZsJsGKYSzWajXm+mt+lQrxYcFhwWHJo5MowqWFR7qH8MRiGOfRJIzJAQtmlE0kkQlxQzklYGsSARwlM0JraSAfKJcJJ8nRQeKWcEvZCrE0iYu98nEuQLMfNd1ekjORG/WWb+xexYeg0noUEUSxLg+UNezKAMYRYQHFFOsGQzJRDmVO0K8QRxhKWKsaJCKH4K/xfdes20atb1WbV1sYijDA7AITgGJjgHLXAF2qADMLgHj+AZvGgP2pP2qr3NW0vaYmYf/Cjt/QvZ3Jpd</latexit>

Y

→ effective four-dimensional theory  
<latexit sha1_base64="+b1zlCV2KXJ7w14rMAviCbrydzA="></latexit>

S(4) =

Z
d4x

p
G
⇣
R�Kkl(�)(@�

k)(@�l)� V (�)
⌘
+ . . .

➡ Complexity point-of-view:
<latexit sha1_base64="Rvna1pMd+W5lMXJEjBIgNrhMZho="></latexit>

Kkl(�) = Pkl(�, f1, ..., fr)
<latexit sha1_base64="A+mV2u/09cIfMBKxt/cwoHZMVB4="></latexit>

V (�) = P (�, f1, ..., fr)

➡ Concretely:  Flux compactifications of Type IIB and F-theory
reviews [Graña][Douglas,Kachru][Denef][McAllister,Quevedo]
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  F-theory flux scalar potentials

➡ F-theory on compact Calabi-Yau fourfold       with flux  
<latexit sha1_base64="IOcLFxjZL6ZVWTkXt3d8hJa2RtY=">AAACE3icdZDLSsNAFIYn9VbrLerSzWARRKQkRWK7K7pxWcFeJA1lMp20QycXZiZCCXkHN76KGxeKuHXjzrdxkjagogcGfv7vnJkzvxsxKqRhfGqlpeWV1bXyemVjc2t7R9/d64ow5ph0cMhC3neRIIwGpCOpZKQfcYJ8l5GeO73MeO+OcEHD4EbOIuL4aBxQj2IklTXUT5JBfonNx66TGDVDlWWdZsJsGKYSzWajXm+mt+lQrxYcFhwWHJo5MowqWFR7qH8MRiGOfRJIzJAQtmlE0kkQlxQzklYGsSARwlM0JraSAfKJcJJ8nRQeKWcEvZCrE0iYu98nEuQLMfNd1ekjORG/WWb+xexYeg0noUEUSxLg+UNezKAMYRYQHFFOsGQzJRDmVO0K8QRxhKWKsaJCKH4K/xfdes20atb1WbV1sYijDA7AITgGJjgHLXAF2qADMLgHj+AZvGgP2pP2qr3NW0vaYmYf/Cjt/QvZ3Jpd</latexit>

Y
<latexit sha1_base64="0HSIsQXp6kYYFJGJcsBArv42Jzg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DHvQY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mnGCfkQHkoecUWOlh9tepVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0L8petVy9r5Rq11kceTiBUzgHDy6hBndQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwByRmNfQ==</latexit>

G4

complex structure deformations of        are fields         (focus on this sector)
<latexit sha1_base64="IOcLFxjZL6ZVWTkXt3d8hJa2RtY=">AAACE3icdZDLSsNAFIYn9VbrLerSzWARRKQkRWK7K7pxWcFeJA1lMp20QycXZiZCCXkHN76KGxeKuHXjzrdxkjagogcGfv7vnJkzvxsxKqRhfGqlpeWV1bXyemVjc2t7R9/d64ow5ph0cMhC3neRIIwGpCOpZKQfcYJ8l5GeO73MeO+OcEHD4EbOIuL4aBxQj2IklTXUT5JBfonNx66TGDVDlWWdZsJsGKYSzWajXm+mt+lQrxYcFhwWHJo5MowqWFR7qH8MRiGOfRJIzJAQtmlE0kkQlxQzklYGsSARwlM0JraSAfKJcJJ8nRQeKWcEvZCrE0iYu98nEuQLMfNd1ekjORG/WWb+xexYeg0noUEUSxLg+UNezKAMYRYQHFFOsGQzJRDmVO0K8QRxhKWKsaJCKH4K/xfdes20atb1WbV1sYijDA7AITgGJjgHLXAF2qADMLgHj+AZvGgP2pP2qr3NW0vaYmYf/Cjt/QvZ3Jpd</latexit>

Y
<latexit sha1_base64="5/icq1yUpTanLMPjiNXUw+i5f50=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV2R6DHoxWME84BkDbOT2WTMPJaZWSEs+QcvHhTx6v9482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1upn7riWrDlLy344SGAg8kixnB1knNbjJkD6NeqexX/BnQMglyUoYc9V7pq9tXJBVUWsKxMZ3AT2yYYW0Z4XRS7KaGJpiM8IB2HJVYUBNms2sn6NQpfRQr7UpaNFN/T2RYGDMWkesU2A7NojcV//M6qY2vwozJJLVUkvmiOOXIKjR9HfWZpsTysSOYaOZuRWSINSbWBVR0IQSLLy+T5nklqFaqdxfl2nUeRwGO4QTOIIBLqMEt1KEBBB7hGV7hzVPei/fufcxbV7x85gj+wPv8AZU7jyc=</latexit>

�k
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  F-theory flux scalar potentials

➡ F-theory on compact Calabi-Yau fourfold       with flux  
<latexit sha1_base64="IOcLFxjZL6ZVWTkXt3d8hJa2RtY=">AAACE3icdZDLSsNAFIYn9VbrLerSzWARRKQkRWK7K7pxWcFeJA1lMp20QycXZiZCCXkHN76KGxeKuHXjzrdxkjagogcGfv7vnJkzvxsxKqRhfGqlpeWV1bXyemVjc2t7R9/d64ow5ph0cMhC3neRIIwGpCOpZKQfcYJ8l5GeO73MeO+OcEHD4EbOIuL4aBxQj2IklTXUT5JBfonNx66TGDVDlWWdZsJsGKYSzWajXm+mt+lQrxYcFhwWHJo5MowqWFR7qH8MRiGOfRJIzJAQtmlE0kkQlxQzklYGsSARwlM0JraSAfKJcJJ8nRQeKWcEvZCrE0iYu98nEuQLMfNd1ekjORG/WWb+xexYeg0noUEUSxLg+UNezKAMYRYQHFFOsGQzJRDmVO0K8QRxhKWKsaJCKH4K/xfdes20atb1WbV1sYijDA7AITgGJjgHLXAF2qADMLgHj+AZvGgP2pP2qr3NW0vaYmYf/Cjt/QvZ3Jpd</latexit>

Y
<latexit sha1_base64="0HSIsQXp6kYYFJGJcsBArv42Jzg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DHvQY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mnGCfkQHkoecUWOlh9tepVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0L8petVy9r5Rq11kceTiBUzgHDy6hBndQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwByRmNfQ==</latexit>

G4

complex structure deformations of        are fields         (focus on this sector)
<latexit sha1_base64="IOcLFxjZL6ZVWTkXt3d8hJa2RtY=">AAACE3icdZDLSsNAFIYn9VbrLerSzWARRKQkRWK7K7pxWcFeJA1lMp20QycXZiZCCXkHN76KGxeKuHXjzrdxkjagogcGfv7vnJkzvxsxKqRhfGqlpeWV1bXyemVjc2t7R9/d64ow5ph0cMhC3neRIIwGpCOpZKQfcYJ8l5GeO73MeO+OcEHD4EbOIuL4aBxQj2IklTXUT5JBfonNx66TGDVDlWWdZsJsGKYSzWajXm+mt+lQrxYcFhwWHJo5MowqWFR7qH8MRiGOfRJIzJAQtmlE0kkQlxQzklYGsSARwlM0JraSAfKJcJJ8nRQeKWcEvZCrE0iYu98nEuQLMfNd1ekjORG/WWb+xexYeg0noUEUSxLg+UNezKAMYRYQHFFOsGQzJRDmVO0K8QRxhKWKsaJCKH4K/xfdes20atb1WbV1sYijDA7AITgGJjgHLXAF2qADMLgHj+AZvGgP2pP2qr3NW0vaYmYf/Cjt/QvZ3Jpd</latexit>

Y
<latexit sha1_base64="5/icq1yUpTanLMPjiNXUw+i5f50=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV2R6DHoxWME84BkDbOT2WTMPJaZWSEs+QcvHhTx6v9482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1upn7riWrDlLy344SGAg8kixnB1knNbjJkD6NeqexX/BnQMglyUoYc9V7pq9tXJBVUWsKxMZ3AT2yYYW0Z4XRS7KaGJpiM8IB2HJVYUBNms2sn6NQpfRQr7UpaNFN/T2RYGDMWkesU2A7NojcV//M6qY2vwozJJLVUkvmiOOXIKjR9HfWZpsTysSOYaOZuRWSINSbWBVR0IQSLLy+T5nklqFaqdxfl2nUeRwGO4QTOIIBLqMEt1KEBBB7hGV7hzVPei/fufcxbV7x85gj+wPv8AZU7jyc=</latexit>

�k

metric:
<latexit sha1_base64="k68mAW+33pVR1bURVjgXrvYzIjM="></latexit>

Kkl̄(�) = �@�k@�̄l log⇧i⌃
ij⇧̄j

from flux superpotential [Gukov,Vafa, 
  Witten]

 potential:
<latexit sha1_base64="w4tkJnorMfpoE4nhUmoNbrT9++M=">AAACGXicbVDLSsNAFJ34rPUVdekmWIQKJUxKW10W3bisYB+QhDKZTtqhkwczE6GE/IYbf8WNC0Vc6sq/cdJmoa0Hhjmcc++dO8eLGRUSwm9tbX1jc2u7tFPe3ds/ONSPjnsiSjgmXRyxiA88JAijIelKKhkZxJygwGOk701vcr//QLigUXgvZzFxAzQOqU8xkkoa6jB15kNsPvbcFJpNqFCvQTO/G81aoTSzXtWJJ/QiG+qVhQmhsUqsglRAgc5Q/3RGEU4CEkrMkBC2BWPppohLihnJyk4iSIzwFI2JrWiIAiLcdL5UZpwrZWT4EVcnlMZc/d2RokCIWeCpygDJiVj2cvE/z06kf+WmNIwTSUK8eMhPmCEjI4/JGFFOsGQzRRDmVO1q4AniCEsVZlmFYC1/eZX06qbVMlt3jUr7uoijBE7BGagCC1yCNrgFHdAFGDyCZ/AK3rQn7UV71z4WpWta0XMC/kD7+gFeb5wk</latexit>

V (�)
<latexit sha1_base64="PUH88gHIb1vruo5dq07ic7EEpaM="></latexit>

W = ni⌃
ij⇧j
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  F-theory flux scalar potentials

➡ F-theory on compact Calabi-Yau fourfold       with flux  
<latexit sha1_base64="IOcLFxjZL6ZVWTkXt3d8hJa2RtY=">AAACE3icdZDLSsNAFIYn9VbrLerSzWARRKQkRWK7K7pxWcFeJA1lMp20QycXZiZCCXkHN76KGxeKuHXjzrdxkjagogcGfv7vnJkzvxsxKqRhfGqlpeWV1bXyemVjc2t7R9/d64ow5ph0cMhC3neRIIwGpCOpZKQfcYJ8l5GeO73MeO+OcEHD4EbOIuL4aBxQj2IklTXUT5JBfonNx66TGDVDlWWdZsJsGKYSzWajXm+mt+lQrxYcFhwWHJo5MowqWFR7qH8MRiGOfRJIzJAQtmlE0kkQlxQzklYGsSARwlM0JraSAfKJcJJ8nRQeKWcEvZCrE0iYu98nEuQLMfNd1ekjORG/WWb+xexYeg0noUEUSxLg+UNezKAMYRYQHFFOsGQzJRDmVO0K8QRxhKWKsaJCKH4K/xfdes20atb1WbV1sYijDA7AITgGJjgHLXAF2qADMLgHj+AZvGgP2pP2qr3NW0vaYmYf/Cjt/QvZ3Jpd</latexit>

Y
<latexit sha1_base64="0HSIsQXp6kYYFJGJcsBArv42Jzg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DHvQY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mnGCfkQHkoecUWOlh9tepVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0L8petVy9r5Rq11kceTiBUzgHDy6hBndQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwByRmNfQ==</latexit>

G4

complex structure deformations of        are fields         (focus on this sector)
<latexit sha1_base64="IOcLFxjZL6ZVWTkXt3d8hJa2RtY=">AAACE3icdZDLSsNAFIYn9VbrLerSzWARRKQkRWK7K7pxWcFeJA1lMp20QycXZiZCCXkHN76KGxeKuHXjzrdxkjagogcGfv7vnJkzvxsxKqRhfGqlpeWV1bXyemVjc2t7R9/d64ow5ph0cMhC3neRIIwGpCOpZKQfcYJ8l5GeO73MeO+OcEHD4EbOIuL4aBxQj2IklTXUT5JBfonNx66TGDVDlWWdZsJsGKYSzWajXm+mt+lQrxYcFhwWHJo5MowqWFR7qH8MRiGOfRJIzJAQtmlE0kkQlxQzklYGsSARwlM0JraSAfKJcJJ8nRQeKWcEvZCrE0iYu98nEuQLMfNd1ekjORG/WWb+xexYeg0noUEUSxLg+UNezKAMYRYQHFFOsGQzJRDmVO0K8QRxhKWKsaJCKH4K/xfdes20atb1WbV1sYijDA7AITgGJjgHLXAF2qADMLgHj+AZvGgP2pP2qr3NW0vaYmYf/Cjt/QvZ3Jpd</latexit>

Y
<latexit sha1_base64="5/icq1yUpTanLMPjiNXUw+i5f50=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV2R6DHoxWME84BkDbOT2WTMPJaZWSEs+QcvHhTx6v9482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1upn7riWrDlLy344SGAg8kixnB1knNbjJkD6NeqexX/BnQMglyUoYc9V7pq9tXJBVUWsKxMZ3AT2yYYW0Z4XRS7KaGJpiM8IB2HJVYUBNms2sn6NQpfRQr7UpaNFN/T2RYGDMWkesU2A7NojcV//M6qY2vwozJJLVUkvmiOOXIKjR9HfWZpsTysSOYaOZuRWSINSbWBVR0IQSLLy+T5nklqFaqdxfl2nUeRwGO4QTOIIBLqMEt1KEBBB7hGV7hzVPei/fufcxbV7x85gj+wPv8AZU7jyc=</latexit>

�k

metric:
<latexit sha1_base64="k68mAW+33pVR1bURVjgXrvYzIjM="></latexit>

Kkl̄(�) = �@�k@�̄l log⇧i⌃
ij⇧̄j

from flux superpotential [Gukov,Vafa, 
  Witten]

 potential:
<latexit sha1_base64="w4tkJnorMfpoE4nhUmoNbrT9++M=">AAACGXicbVDLSsNAFJ34rPUVdekmWIQKJUxKW10W3bisYB+QhDKZTtqhkwczE6GE/IYbf8WNC0Vc6sq/cdJmoa0Hhjmcc++dO8eLGRUSwm9tbX1jc2u7tFPe3ds/ONSPjnsiSjgmXRyxiA88JAijIelKKhkZxJygwGOk701vcr//QLigUXgvZzFxAzQOqU8xkkoa6jB15kNsPvbcFJpNqFCvQTO/G81aoTSzXtWJJ/QiG+qVhQmhsUqsglRAgc5Q/3RGEU4CEkrMkBC2BWPppohLihnJyk4iSIzwFI2JrWiIAiLcdL5UZpwrZWT4EVcnlMZc/d2RokCIWeCpygDJiVj2cvE/z06kf+WmNIwTSUK8eMhPmCEjI4/JGFFOsGQzRRDmVO1q4AniCEsVZlmFYC1/eZX06qbVMlt3jUr7uoijBE7BGagCC1yCNrgFHdAFGDyCZ/AK3rQn7UV71z4WpWta0XMC/kD7+gFeb5wk</latexit>

V (�)
<latexit sha1_base64="PUH88gHIb1vruo5dq07ic7EEpaM="></latexit>

W = ni⌃
ij⇧j

periods of  
(4,0) form 

<latexit sha1_base64="64Cxb6Ljm9KUweFnSWpy+wG1tEU="></latexit>

⇧i(�) =

Z

Ci

⌦ functions       obtained from  
periods and their derivatives

<latexit sha1_base64="u5M1CNyuvJ+/CCVNZn6zxjN1mOc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh7Av+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBIto3R</latexit>

fi
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  F-theory flux scalar potentials

➡ F-theory on compact Calabi-Yau fourfold       with flux  
<latexit sha1_base64="IOcLFxjZL6ZVWTkXt3d8hJa2RtY=">AAACE3icdZDLSsNAFIYn9VbrLerSzWARRKQkRWK7K7pxWcFeJA1lMp20QycXZiZCCXkHN76KGxeKuHXjzrdxkjagogcGfv7vnJkzvxsxKqRhfGqlpeWV1bXyemVjc2t7R9/d64ow5ph0cMhC3neRIIwGpCOpZKQfcYJ8l5GeO73MeO+OcEHD4EbOIuL4aBxQj2IklTXUT5JBfonNx66TGDVDlWWdZsJsGKYSzWajXm+mt+lQrxYcFhwWHJo5MowqWFR7qH8MRiGOfRJIzJAQtmlE0kkQlxQzklYGsSARwlM0JraSAfKJcJJ8nRQeKWcEvZCrE0iYu98nEuQLMfNd1ekjORG/WWb+xexYeg0noUEUSxLg+UNezKAMYRYQHFFOsGQzJRDmVO0K8QRxhKWKsaJCKH4K/xfdes20atb1WbV1sYijDA7AITgGJjgHLXAF2qADMLgHj+AZvGgP2pP2qr3NW0vaYmYf/Cjt/QvZ3Jpd</latexit>

Y
<latexit sha1_base64="0HSIsQXp6kYYFJGJcsBArv42Jzg=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexKiB6DHvQY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YRK81g+mnGCfkQHkoecUWOlh9tepVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjlT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0L8petVy9r5Rq11kceTiBUzgHDy6hBndQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwByRmNfQ==</latexit>

G4

complex structure deformations of        are fields         (focus on this sector)
<latexit sha1_base64="IOcLFxjZL6ZVWTkXt3d8hJa2RtY=">AAACE3icdZDLSsNAFIYn9VbrLerSzWARRKQkRWK7K7pxWcFeJA1lMp20QycXZiZCCXkHN76KGxeKuHXjzrdxkjagogcGfv7vnJkzvxsxKqRhfGqlpeWV1bXyemVjc2t7R9/d64ow5ph0cMhC3neRIIwGpCOpZKQfcYJ8l5GeO73MeO+OcEHD4EbOIuL4aBxQj2IklTXUT5JBfonNx66TGDVDlWWdZsJsGKYSzWajXm+mt+lQrxYcFhwWHJo5MowqWFR7qH8MRiGOfRJIzJAQtmlE0kkQlxQzklYGsSARwlM0JraSAfKJcJJ8nRQeKWcEvZCrE0iYu98nEuQLMfNd1ekjORG/WWb+xexYeg0noUEUSxLg+UNezKAMYRYQHFFOsGQzJRDmVO0K8QRxhKWKsaJCKH4K/xfdes20atb1WbV1sYijDA7AITgGJjgHLXAF2qADMLgHj+AZvGgP2pP2qr3NW0vaYmYf/Cjt/QvZ3Jpd</latexit>

Y
<latexit sha1_base64="5/icq1yUpTanLMPjiNXUw+i5f50=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV2R6DHoxWME84BkDbOT2WTMPJaZWSEs+QcvHhTx6v9482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1upn7riWrDlLy344SGAg8kixnB1knNbjJkD6NeqexX/BnQMglyUoYc9V7pq9tXJBVUWsKxMZ3AT2yYYW0Z4XRS7KaGJpiM8IB2HJVYUBNms2sn6NQpfRQr7UpaNFN/T2RYGDMWkesU2A7NojcV//M6qY2vwozJJLVUkvmiOOXIKjR9HfWZpsTysSOYaOZuRWSINSbWBVR0IQSLLy+T5nklqFaqdxfl2nUeRwGO4QTOIIBLqMEt1KEBBB7hGV7hzVPei/fufcxbV7x85gj+wPv8AZU7jyc=</latexit>

�k

metric:
<latexit sha1_base64="k68mAW+33pVR1bURVjgXrvYzIjM="></latexit>

Kkl̄(�) = �@�k@�̄l log⇧i⌃
ij⇧̄j

from flux superpotential [Gukov,Vafa, 
  Witten]

 potential:
<latexit sha1_base64="w4tkJnorMfpoE4nhUmoNbrT9++M=">AAACGXicbVDLSsNAFJ34rPUVdekmWIQKJUxKW10W3bisYB+QhDKZTtqhkwczE6GE/IYbf8WNC0Vc6sq/cdJmoa0Hhjmcc++dO8eLGRUSwm9tbX1jc2u7tFPe3ds/ONSPjnsiSjgmXRyxiA88JAijIelKKhkZxJygwGOk701vcr//QLigUXgvZzFxAzQOqU8xkkoa6jB15kNsPvbcFJpNqFCvQTO/G81aoTSzXtWJJ/QiG+qVhQmhsUqsglRAgc5Q/3RGEU4CEkrMkBC2BWPppohLihnJyk4iSIzwFI2JrWiIAiLcdL5UZpwrZWT4EVcnlMZc/d2RokCIWeCpygDJiVj2cvE/z06kf+WmNIwTSUK8eMhPmCEjI4/JGFFOsGQzRRDmVO1q4AniCEsVZlmFYC1/eZX06qbVMlt3jUr7uoijBE7BGagCC1yCNrgFHdAFGDyCZ/AK3rQn7UV71z4WpWta0XMC/kD7+gFeb5wk</latexit>

V (�)
<latexit sha1_base64="PUH88gHIb1vruo5dq07ic7EEpaM="></latexit>

W = ni⌃
ij⇧j

periods of  
(4,0) form 

<latexit sha1_base64="64Cxb6Ljm9KUweFnSWpy+wG1tEU="></latexit>

⇧i(�) =

Z

Ci

⌦ functions       obtained from  
periods and their derivatives

<latexit sha1_base64="u5M1CNyuvJ+/CCVNZn6zxjN1mOc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh7Av+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBIto3R</latexit>

fi

flux vector integers   
<latexit sha1_base64="e+AHuT3ers1w1mH2kyuAML31J8E=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiRSqhuh2IUuK9gHtDFMppN26GQSZiZCDcVfceNCEbf+hzv/xuljoa0HLhzOuZd77wkSzpR2nG9raXlldW09t5Hf3Nre2bX39hsqTiWhdRLzWLYCrChngtY105y2EklxFHDaDAbVsd98oFKxWNzpYUK9CPcECxnB2ki+fSh8hi5RhwntZ9V7NkLXfsm3C07RmQAtEndGCjBDzbe/Ot2YpBEVmnCsVNt1Eu1lWGpGOB3lO6miCSYD3KNtQwWOqPKyyfUjdGKULgpjaUpoNFF/T2Q4UmoYBaYzwrqv5r2x+J/XTnV44WVMJKmmgkwXhSlHOkbjKFCXSUo0HxqCiWTmVkT6WGKiTWB5E4I7//IiaZwV3XKxfFsqVK5mceTgCI7hFFw4hwrcQA3qQOARnuEV3qwn68V6tz6mrUvWbOYA/sD6/AHWGJQz</latexit>

ni =

Z

Ci

G4
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  Finiteness in the landscape - Result 1
➡ Finiteness conjectures imply for      (fixed topology):  

finite solutions to                        satisfying tadpole condition                   
(counting connected components = flat directions)

<latexit sha1_base64="CF3SOUAKrXtRFiPiBNYh8Jffrv4=">AAAB9HicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVC9CUQ8eK9gPaNeSTbNtaDa7JtlCWfo7vHhQxKs/xpv/xrTdg7Y+GHi8N8PMPD8WXBvH+Ua5ldW19Y38ZmFre2d3r7h/0NBRoiir00hEquUTzQSXrG64EawVK0ZCX7CmP7yZ+s0RU5pH8sGMY+aFpC95wCkxVvJuu2knHvDH4aR55XSLJafszICXiZuREmSodYtfnV5Ek5BJQwXRuu06sfFSogyngk0KnUSzmNAh6bO2pZKETHvp7OgJPrFKDweRsiUNnqm/J1ISaj0OfdsZEjPQi95U/M9rJya49FIu48QwSeeLgkRgE+FpArjHFaNGjC0hVHF7K6YDogg1NqeCDcFdfHmZNM7KbqVcuT8vVa+zOPJwBMdwCi5cQBXuoAZ1oPAEz/AKb2iEXtA7+pi35lA2cwh/gD5/AEg7kcw=</latexit>

D�kW = 0

<latexit sha1_base64="IOcLFxjZL6ZVWTkXt3d8hJa2RtY=">AAACE3icdZDLSsNAFIYn9VbrLerSzWARRKQkRWK7K7pxWcFeJA1lMp20QycXZiZCCXkHN76KGxeKuHXjzrdxkjagogcGfv7vnJkzvxsxKqRhfGqlpeWV1bXyemVjc2t7R9/d64ow5ph0cMhC3neRIIwGpCOpZKQfcYJ8l5GeO73MeO+OcEHD4EbOIuL4aBxQj2IklTXUT5JBfonNx66TGDVDlWWdZsJsGKYSzWajXm+mt+lQrxYcFhwWHJo5MowqWFR7qH8MRiGOfRJIzJAQtmlE0kkQlxQzklYGsSARwlM0JraSAfKJcJJ8nRQeKWcEvZCrE0iYu98nEuQLMfNd1ekjORG/WWb+xexYeg0noUEUSxLg+UNezKAMYRYQHFFOsGQzJRDmVO0K8QRxhKWKsaJCKH4K/xfdes20atb1WbV1sYijDA7AITgGJjgHLXAF2qADMLgHj+AZvGgP2pP2qr3NW0vaYmYf/Cjt/QvZ3Jpd</latexit>

Y

13/20

<latexit sha1_base64="twfYLG3CSvY8waByZcRTh9Yocno=">AAACBXicbZC7SgNBFIZn4y3G26qlFoNBsAq7EqKNELTQMoK5SHZZZicnyZDZ2WVmVgkhjY2vYmOhiK3vYOfbONmk0OgPAx//OYcz5w8TzpR2nC8rt7C4tLySXy2srW9sbtnbOw0Vp5JCncY8lq2QKOBMQF0zzaGVSCBRyKEZDi4m9eYdSMVicaOHCfgR6QnWZZRoYwX2vseEDm7xZVDG3j10epDhGfaA88AuOiUnE/4L7gyKaKZaYH96nZimEQhNOVGq7TqJ9kdEakY5jAteqiAhdEB60DYoSATKH2VXjPGhcTq4G0vzhMaZ+3NiRCKlhlFoOiOi+2q+NjH/q7VT3T31R0wkqQZBp4u6Kcc6xpNIcIdJoJoPDRAqmfkrpn0iCdUmuIIJwZ0/+S80jktupVS5Lher57M48mgPHaAj5KITVEVXqIbqiKIH9IRe0Kv1aD1bb9b7tDVnzWZ20S9ZH9+e15a/</latexit>Z

Y
G4 ^G4 = `



  Finiteness in the landscape - Result 1

➡ Translates into a precise mathematical statement:
<latexit sha1_base64="DdUvJwiJ3hAxn0L6D1xs+br/0WI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5iHJEmZne5Mhs7PLzKwQQj7BiwdFvPpF3vwbJ8keNFrQUFR1090VpIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZIphg2WiES1A6pRcIkNw43AdqqQxoHAVjC8nvqtR1SaJ/LejFL0Y9qXPOKMGivdPfTCXrniVt0ZyF/i5aQCOeq98mc3TFgWozRMUK07npsaf0yV4UzgpNTNNKaUDWkfO5ZKGqP2x7NTJ+TIKiGJEmVLGjJTf06Maaz1KA5sZ0zNQC96U/E/r5OZ6NIfc5lmBiWbL4oyQUxCpn+TkCtkRowsoUxxeythA6ooMzadkg3BW3z5L2meVL3z6tntaaV2lcdRhAM4hGPw4AJqcAN1aACDPjzBC7w6wnl23pz3eWvByWf24Recj28tAo2+</latexit>

Ydcomplex d-dim. manifold       : integral class 
<latexit sha1_base64="kGXWewZ0wD6ttVmsbTAEWdBMg28=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDEQ9gVXxch6CEeI5gHJEuYncwmQ2Zml5lZISz5BS8eFPHqD3nzb5xN9qCJBQ1FVTfdXUHMmTau++0sLa+srq0XNoqbW9s7u6W9/aaOEkVog0Q8Uu0Aa8qZpA3DDKftWFEsAk5bwegu81tPVGkWyUczjqkv8ECykBFsMum0dlPrlcpuxZ0CLRIvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOit1E0xiTER7QjqUSC6r9dHrrBB1bpY/CSNmSBk3V3xMpFlqPRWA7BTZDPe9l4n9eJzHhtZ8yGSeGSjJbFCYcmQhlj6M+U5QYPrYEE8XsrYgMscLE2HiKNgRv/uVF0jyreJeVi4fzcvU2j6MAh3AEJ+DBFVThHurQAAJDeIZXeHOE8+K8Ox+z1iUnnzmAP3A+fwAXBo2h</latexit>

⇤G = G →  finitely many connected solutions when  
      changing complex structure and integral class?

<latexit sha1_base64="Te9cIGCNF8nwIyqcpg965GPZRBk=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClIS8bUsurDLCvahTSyTybQdOpmEmYlQQnHjr7hxoYhbv8Kdf+OkzUJbD1w4nHMv997jRYxKZVnfRm5ufmFxKb9cWFldW98wN7caMowFJnUcslC0PCQJo5zUFVWMtCJBUOAx0vQGl6nffCBC0pDfqGFE3AD1OO1SjJSWOubOFXQoh9V7v3Tb8Q+dAKm+5yV3o4OOWbTK1hhwltgZKYIMtY755fghjgPCFWZIyrZtRcpNkFAUMzIqOLEkEcID1CNtTTkKiHST8QsjuK8VH3ZDoYsrOFZ/TyQokHIYeLozPVFOe6n4n9eOVffcTSiPYkU4nizqxgyqEKZ5QJ8KghUbaoKwoPpWiPtIIKx0agUdgj398ixpHJXt0/LJ9XGxcpHFkQe7YA+UgA3OQAVUQQ3UAQaP4Bm8gjfjyXgx3o2PSWvOyGa2wR8Ynz9bxJYo</latexit>

G 2 H
d(Yd,Z)

and
<latexit sha1_base64="nfV9VJzXHUSZqPyQwWMAwFW+kl0=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFcCElEaluhKKLuqxgL9CEMpmetEMnkzAzEUopuPFV3LhQxK0v4c63cdpmoa0/DHz85xzOnD9IOFPacb6t3NLyyupafr2wsbm1vWPv7jVUnEoKdRrzWLYCooAzAXXNNIdWIoFEAYdmMLiZ1JsPIBWLxb0eJuBHpCdYyCjRxurYBx4noscBV09x1ZMzvsIecN6xi07JmQovgptBEWWqdewvrxvTNAKhKSdKtV0n0f6ISM0oh3HBSxUkhA5ID9oGBYlA+aPpDWN8bJwuDmNpntB46v6eGJFIqWEUmM6I6L6ar03M/2rtVIeX/oiJJNUg6GxRmHKsYzwJBHeZBKr50AChkpm/YtonklBtYiuYENz5kxehcVZyy6Xy3Xmxcp3FkUeH6AidIBddoAq6RTVURxQ9omf0it6sJ+vFerc+Zq05K5vZR39kff4A6XqWbg==</latexit>

hG,Gi = `

➡ Finiteness conjectures imply for      (fixed topology):  
finite solutions to                        satisfying tadpole condition                   
(counting connected components = flat directions)

<latexit sha1_base64="CF3SOUAKrXtRFiPiBNYh8Jffrv4=">AAAB9HicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVC9CUQ8eK9gPaNeSTbNtaDa7JtlCWfo7vHhQxKs/xpv/xrTdg7Y+GHi8N8PMPD8WXBvH+Ua5ldW19Y38ZmFre2d3r7h/0NBRoiir00hEquUTzQSXrG64EawVK0ZCX7CmP7yZ+s0RU5pH8sGMY+aFpC95wCkxVvJuu2knHvDH4aR55XSLJafszICXiZuREmSodYtfnV5Ek5BJQwXRuu06sfFSogyngk0KnUSzmNAh6bO2pZKETHvp7OgJPrFKDweRsiUNnqm/J1ISaj0OfdsZEjPQi95U/M9rJya49FIu48QwSeeLgkRgE+FpArjHFaNGjC0hVHF7K6YDogg1NqeCDcFdfHmZNM7KbqVcuT8vVa+zOPJwBMdwCi5cQBXuoAZ1oPAEz/AKb2iEXtA7+pi35lA2cwh/gD5/AEg7kcw=</latexit>

D�kW = 0

<latexit sha1_base64="IOcLFxjZL6ZVWTkXt3d8hJa2RtY=">AAACE3icdZDLSsNAFIYn9VbrLerSzWARRKQkRWK7K7pxWcFeJA1lMp20QycXZiZCCXkHN76KGxeKuHXjzrdxkjagogcGfv7vnJkzvxsxKqRhfGqlpeWV1bXyemVjc2t7R9/d64ow5ph0cMhC3neRIIwGpCOpZKQfcYJ8l5GeO73MeO+OcEHD4EbOIuL4aBxQj2IklTXUT5JBfonNx66TGDVDlWWdZsJsGKYSzWajXm+mt+lQrxYcFhwWHJo5MowqWFR7qH8MRiGOfRJIzJAQtmlE0kkQlxQzklYGsSARwlM0JraSAfKJcJJ8nRQeKWcEvZCrE0iYu98nEuQLMfNd1ekjORG/WWb+xexYeg0noUEUSxLg+UNezKAMYRYQHFFOsGQzJRDmVO0K8QRxhKWKsaJCKH4K/xfdes20atb1WbV1sYijDA7AITgGJjgHLXAF2qADMLgHj+AZvGgP2pP2qr3NW0vaYmYf/Cjt/QvZ3Jpd</latexit>

Y
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<latexit sha1_base64="twfYLG3CSvY8waByZcRTh9Yocno=">AAACBXicbZC7SgNBFIZn4y3G26qlFoNBsAq7EqKNELTQMoK5SHZZZicnyZDZ2WVmVgkhjY2vYmOhiK3vYOfbONmk0OgPAx//OYcz5w8TzpR2nC8rt7C4tLySXy2srW9sbtnbOw0Vp5JCncY8lq2QKOBMQF0zzaGVSCBRyKEZDi4m9eYdSMVicaOHCfgR6QnWZZRoYwX2vseEDm7xZVDG3j10epDhGfaA88AuOiUnE/4L7gyKaKZaYH96nZimEQhNOVGq7TqJ9kdEakY5jAteqiAhdEB60DYoSATKH2VXjPGhcTq4G0vzhMaZ+3NiRCKlhlFoOiOi+2q+NjH/q7VT3T31R0wkqQZBp4u6Kcc6xpNIcIdJoJoPDRAqmfkrpn0iCdUmuIIJwZ0/+S80jktupVS5Lher57M48mgPHaAj5KITVEVXqIbqiKIH9IRe0Kv1aD1bb9b7tDVnzWZ20S9ZH9+e15a/</latexit>Z

Y
G4 ^G4 = `



  Finiteness in the landscape - Result 1

➡ Translates into a precise mathematical statement:
<latexit sha1_base64="DdUvJwiJ3hAxn0L6D1xs+br/0WI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5iHJEmZne5Mhs7PLzKwQQj7BiwdFvPpF3vwbJ8keNFrQUFR1090VpIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZIphg2WiES1A6pRcIkNw43AdqqQxoHAVjC8nvqtR1SaJ/LejFL0Y9qXPOKMGivdPfTCXrniVt0ZyF/i5aQCOeq98mc3TFgWozRMUK07npsaf0yV4UzgpNTNNKaUDWkfO5ZKGqP2x7NTJ+TIKiGJEmVLGjJTf06Maaz1KA5sZ0zNQC96U/E/r5OZ6NIfc5lmBiWbL4oyQUxCpn+TkCtkRowsoUxxeythA6ooMzadkg3BW3z5L2meVL3z6tntaaV2lcdRhAM4hGPw4AJqcAN1aACDPjzBC7w6wnl23pz3eWvByWf24Recj28tAo2+</latexit>

Ydcomplex d-dim. manifold       : integral class 
<latexit sha1_base64="kGXWewZ0wD6ttVmsbTAEWdBMg28=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDEQ9gVXxch6CEeI5gHJEuYncwmQ2Zml5lZISz5BS8eFPHqD3nzb5xN9qCJBQ1FVTfdXUHMmTau++0sLa+srq0XNoqbW9s7u6W9/aaOEkVog0Q8Uu0Aa8qZpA3DDKftWFEsAk5bwegu81tPVGkWyUczjqkv8ECykBFsMum0dlPrlcpuxZ0CLRIvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOit1E0xiTER7QjqUSC6r9dHrrBB1bpY/CSNmSBk3V3xMpFlqPRWA7BTZDPe9l4n9eJzHhtZ8yGSeGSjJbFCYcmQhlj6M+U5QYPrYEE8XsrYgMscLE2HiKNgRv/uVF0jyreJeVi4fzcvU2j6MAh3AEJ+DBFVThHurQAAJDeIZXeHOE8+K8Ox+z1iUnnzmAP3A+fwAXBo2h</latexit>

⇤G = G →  finitely many connected solutions when  
      changing complex structure and integral class?

<latexit sha1_base64="Te9cIGCNF8nwIyqcpg965GPZRBk=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClIS8bUsurDLCvahTSyTybQdOpmEmYlQQnHjr7hxoYhbv8Kdf+OkzUJbD1w4nHMv997jRYxKZVnfRm5ufmFxKb9cWFldW98wN7caMowFJnUcslC0PCQJo5zUFVWMtCJBUOAx0vQGl6nffCBC0pDfqGFE3AD1OO1SjJSWOubOFXQoh9V7v3Tb8Q+dAKm+5yV3o4OOWbTK1hhwltgZKYIMtY755fghjgPCFWZIyrZtRcpNkFAUMzIqOLEkEcID1CNtTTkKiHST8QsjuK8VH3ZDoYsrOFZ/TyQokHIYeLozPVFOe6n4n9eOVffcTSiPYkU4nizqxgyqEKZ5QJ8KghUbaoKwoPpWiPtIIKx0agUdgj398ixpHJXt0/LJ9XGxcpHFkQe7YA+UgA3OQAVUQQ3UAQaP4Bm8gjfjyXgx3o2PSWvOyGa2wR8Ynz9bxJYo</latexit>

G 2 H
d(Yd,Z)

and
<latexit sha1_base64="nfV9VJzXHUSZqPyQwWMAwFW+kl0=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFcCElEaluhKKLuqxgL9CEMpmetEMnkzAzEUopuPFV3LhQxK0v4c63cdpmoa0/DHz85xzOnD9IOFPacb6t3NLyyupafr2wsbm1vWPv7jVUnEoKdRrzWLYCooAzAXXNNIdWIoFEAYdmMLiZ1JsPIBWLxb0eJuBHpCdYyCjRxurYBx4noscBV09x1ZMzvsIecN6xi07JmQovgptBEWWqdewvrxvTNAKhKSdKtV0n0f6ISM0oh3HBSxUkhA5ID9oGBYlA+aPpDWN8bJwuDmNpntB46v6eGJFIqWEUmM6I6L6ar03M/2rtVIeX/oiJJNUg6GxRmHKsYzwJBHeZBKr50AChkpm/YtonklBtYiuYENz5kxehcVZyy6Xy3Xmxcp3FkUeH6AidIBddoAq6RTVURxQ9omf0it6sJ+vFerc+Zq05K5vZR39kff4A6XqWbg==</latexit>
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finite solutions to                        satisfying tadpole condition                   
(counting connected components = flat directions)
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  Finiteness in the landscape - Result 1

Proved finiteness [Bakker,TG,Schnell,Tsimerman ’21]: use tameness of periods  
[Bakker,Klingler,Tsimerman ‘18] and properties of symmetry groups of flux lattice
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Y

13/20

<latexit sha1_base64="twfYLG3CSvY8waByZcRTh9Yocno=">AAACBXicbZC7SgNBFIZn4y3G26qlFoNBsAq7EqKNELTQMoK5SHZZZicnyZDZ2WVmVgkhjY2vYmOhiK3vYOfbONmk0OgPAx//OYcz5w8TzpR2nC8rt7C4tLySXy2srW9sbtnbOw0Vp5JCncY8lq2QKOBMQF0zzaGVSCBRyKEZDi4m9eYdSMVicaOHCfgR6QnWZZRoYwX2vseEDm7xZVDG3j10epDhGfaA88AuOiUnE/4L7gyKaKZaYH96nZimEQhNOVGq7TqJ9kdEakY5jAteqiAhdEB60DYoSATKH2VXjPGhcTq4G0vzhMaZ+3NiRCKlhlFoOiOi+2q+NjH/q7VT3T31R0wkqQZBp4u6Kcc6xpNIcIdJoJoPDRAqmfkrpn0iCdUmuIIJwZ0/+S80jktupVS5Lher57M48mgPHaAj5KITVEVXqIbqiKIH9IRe0Kv1aD1bb9b7tDVnzWZ20S9ZH9+e15a/</latexit>Z

Y
G4 ^G4 = `

→  Flux vacuum landscape is tame set !   (for     of fixed top.)
<latexit sha1_base64="v6xj/JJiL0Awf0au9+omAX/20SE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALrPjOg=</latexit>

Y



  Finiteness in the landscape - Result 1

➡ How many are there?     

13/20

➡ Translates into a precise mathematical statement:
<latexit sha1_base64="DdUvJwiJ3hAxn0L6D1xs+br/0WI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5iHJEmZne5Mhs7PLzKwQQj7BiwdFvPpF3vwbJ8keNFrQUFR1090VpIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZIphg2WiES1A6pRcIkNw43AdqqQxoHAVjC8nvqtR1SaJ/LejFL0Y9qXPOKMGivdPfTCXrniVt0ZyF/i5aQCOeq98mc3TFgWozRMUK07npsaf0yV4UzgpNTNNKaUDWkfO5ZKGqP2x7NTJ+TIKiGJEmVLGjJTf06Maaz1KA5sZ0zNQC96U/E/r5OZ6NIfc5lmBiWbL4oyQUxCpn+TkCtkRowsoUxxeythA6ooMzadkg3BW3z5L2meVL3z6tntaaV2lcdRhAM4hGPw4AJqcAN1aACDPjzBC7w6wnl23pz3eWvByWf24Recj28tAo2+</latexit>

Ydcomplex d-dim. manifold       : integral class 
<latexit sha1_base64="kGXWewZ0wD6ttVmsbTAEWdBMg28=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDEQ9gVXxch6CEeI5gHJEuYncwmQ2Zml5lZISz5BS8eFPHqD3nzb5xN9qCJBQ1FVTfdXUHMmTau++0sLa+srq0XNoqbW9s7u6W9/aaOEkVog0Q8Uu0Aa8qZpA3DDKftWFEsAk5bwegu81tPVGkWyUczjqkv8ECykBFsMum0dlPrlcpuxZ0CLRIvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOit1E0xiTER7QjqUSC6r9dHrrBB1bpY/CSNmSBk3V3xMpFlqPRWA7BTZDPe9l4n9eJzHhtZ8yGSeGSjJbFCYcmQhlj6M+U5QYPrYEE8XsrYgMscLE2HiKNgRv/uVF0jyreJeVi4fzcvU2j6MAh3AEJ+DBFVThHurQAAJDeIZXeHOE8+K8Ox+z1iUnnzmAP3A+fwAXBo2h</latexit>

⇤G = G →  finitely many connected solutions when  
      changing complex structure and integral class?

<latexit sha1_base64="Te9cIGCNF8nwIyqcpg965GPZRBk=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClIS8bUsurDLCvahTSyTybQdOpmEmYlQQnHjr7hxoYhbv8Kdf+OkzUJbD1w4nHMv997jRYxKZVnfRm5ufmFxKb9cWFldW98wN7caMowFJnUcslC0PCQJo5zUFVWMtCJBUOAx0vQGl6nffCBC0pDfqGFE3AD1OO1SjJSWOubOFXQoh9V7v3Tb8Q+dAKm+5yV3o4OOWbTK1hhwltgZKYIMtY755fghjgPCFWZIyrZtRcpNkFAUMzIqOLEkEcID1CNtTTkKiHST8QsjuK8VH3ZDoYsrOFZ/TyQokHIYeLozPVFOe6n4n9eOVffcTSiPYkU4nizqxgyqEKZ5QJ8KghUbaoKwoPpWiPtIIKx0agUdgj398ixpHJXt0/LJ9XGxcpHFkQe7YA+UgA3OQAVUQQ3UAQaP4Bm8gjfjyXgx3o2PSWvOyGa2wR8Ynz9bxJYo</latexit>

G 2 H
d(Yd,Z)

and
<latexit sha1_base64="nfV9VJzXHUSZqPyQwWMAwFW+kl0=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFcCElEaluhKKLuqxgL9CEMpmetEMnkzAzEUopuPFV3LhQxK0v4c63cdpmoa0/DHz85xzOnD9IOFPacb6t3NLyyupafr2wsbm1vWPv7jVUnEoKdRrzWLYCooAzAXXNNIdWIoFEAYdmMLiZ1JsPIBWLxb0eJuBHpCdYyCjRxurYBx4noscBV09x1ZMzvsIecN6xi07JmQovgptBEWWqdewvrxvTNAKhKSdKtV0n0f6ISM0oh3HBSxUkhA5ID9oGBYlA+aPpDWN8bJwuDmNpntB46v6eGJFIqWEUmM6I6L6ar03M/2rtVIeX/oiJJNUg6GxRmHKsYzwJBHeZBKr50AChkpm/YtonklBtYiuYENz5kxehcVZyy6Xy3Xmxcp3FkUeH6AidIBddoAq6RTVURxQ9omf0it6sJ+vFerc+Zq05K5vZR39kff4A6XqWbg==</latexit>

hG,Gi = `

➡ Finiteness conjectures imply for      (fixed topology):  
finite solutions to                        satisfying tadpole condition                   
(counting connected components = flat directions)

<latexit sha1_base64="CF3SOUAKrXtRFiPiBNYh8Jffrv4=">AAAB9HicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVC9CUQ8eK9gPaNeSTbNtaDa7JtlCWfo7vHhQxKs/xpv/xrTdg7Y+GHi8N8PMPD8WXBvH+Ua5ldW19Y38ZmFre2d3r7h/0NBRoiir00hEquUTzQSXrG64EawVK0ZCX7CmP7yZ+s0RU5pH8sGMY+aFpC95wCkxVvJuu2knHvDH4aR55XSLJafszICXiZuREmSodYtfnV5Ek5BJQwXRuu06sfFSogyngk0KnUSzmNAh6bO2pZKETHvp7OgJPrFKDweRsiUNnqm/J1ISaj0OfdsZEjPQi95U/M9rJya49FIu48QwSeeLgkRgE+FpArjHFaNGjC0hVHF7K6YDogg1NqeCDcFdfHmZNM7KbqVcuT8vVa+zOPJwBMdwCi5cQBXuoAZ1oPAEz/AKb2iEXtA7+pi35lA2cwh/gD5/AEg7kcw=</latexit>

D�kW = 0

<latexit sha1_base64="IOcLFxjZL6ZVWTkXt3d8hJa2RtY=">AAACE3icdZDLSsNAFIYn9VbrLerSzWARRKQkRWK7K7pxWcFeJA1lMp20QycXZiZCCXkHN76KGxeKuHXjzrdxkjagogcGfv7vnJkzvxsxKqRhfGqlpeWV1bXyemVjc2t7R9/d64ow5ph0cMhC3neRIIwGpCOpZKQfcYJ8l5GeO73MeO+OcEHD4EbOIuL4aBxQj2IklTXUT5JBfonNx66TGDVDlWWdZsJsGKYSzWajXm+mt+lQrxYcFhwWHJo5MowqWFR7qH8MRiGOfRJIzJAQtmlE0kkQlxQzklYGsSARwlM0JraSAfKJcJJ8nRQeKWcEvZCrE0iYu98nEuQLMfNd1ekjORG/WWb+xexYeg0noUEUSxLg+UNezKAMYRYQHFFOsGQzJRDmVO0K8QRxhKWKsaJCKH4K/xfdes20atb1WbV1sYijDA7AITgGJjgHLXAF2qADMLgHj+AZvGgP2pP2qr3NW0vaYmYf/Cjt/QvZ3Jpd</latexit>

Y <latexit sha1_base64="twfYLG3CSvY8waByZcRTh9Yocno=">AAACBXicbZC7SgNBFIZn4y3G26qlFoNBsAq7EqKNELTQMoK5SHZZZicnyZDZ2WVmVgkhjY2vYmOhiK3vYOfbONmk0OgPAx//OYcz5w8TzpR2nC8rt7C4tLySXy2srW9sbtnbOw0Vp5JCncY8lq2QKOBMQF0zzaGVSCBRyKEZDi4m9eYdSMVicaOHCfgR6QnWZZRoYwX2vseEDm7xZVDG3j10epDhGfaA88AuOiUnE/4L7gyKaKZaYH96nZimEQhNOVGq7TqJ9kdEakY5jAteqiAhdEB60DYoSATKH2VXjPGhcTq4G0vzhMaZ+3NiRCKlhlFoOiOi+2q+NjH/q7VT3T31R0wkqQZBp4u6Kcc6xpNIcIdJoJoPDRAqmfkrpn0iCdUmuIIJwZ0/+S80jktupVS5Lher57M48mgPHaAj5KITVEVXqIbqiKIH9IRe0Kv1aD1bb9b7tDVnzWZ20S9ZH9+e15a/</latexit>Z

Y
G4 ^G4 = `
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➡ How many are there?     →   still open (use complexity of periods                        ) [Binyamini ’24]
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➡ Translates into a precise mathematical statement:
<latexit sha1_base64="DdUvJwiJ3hAxn0L6D1xs+br/0WI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5iHJEmZne5Mhs7PLzKwQQj7BiwdFvPpF3vwbJ8keNFrQUFR1090VpIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZIphg2WiES1A6pRcIkNw43AdqqQxoHAVjC8nvqtR1SaJ/LejFL0Y9qXPOKMGivdPfTCXrniVt0ZyF/i5aQCOeq98mc3TFgWozRMUK07npsaf0yV4UzgpNTNNKaUDWkfO5ZKGqP2x7NTJ+TIKiGJEmVLGjJTf06Maaz1KA5sZ0zNQC96U/E/r5OZ6NIfc5lmBiWbL4oyQUxCpn+TkCtkRowsoUxxeythA6ooMzadkg3BW3z5L2meVL3z6tntaaV2lcdRhAM4hGPw4AJqcAN1aACDPjzBC7w6wnl23pz3eWvByWf24Recj28tAo2+</latexit>

Ydcomplex d-dim. manifold       : integral class 
<latexit sha1_base64="kGXWewZ0wD6ttVmsbTAEWdBMg28=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDEQ9gVXxch6CEeI5gHJEuYncwmQ2Zml5lZISz5BS8eFPHqD3nzb5xN9qCJBQ1FVTfdXUHMmTau++0sLa+srq0XNoqbW9s7u6W9/aaOEkVog0Q8Uu0Aa8qZpA3DDKftWFEsAk5bwegu81tPVGkWyUczjqkv8ECykBFsMum0dlPrlcpuxZ0CLRIvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOit1E0xiTER7QjqUSC6r9dHrrBB1bpY/CSNmSBk3V3xMpFlqPRWA7BTZDPe9l4n9eJzHhtZ8yGSeGSjJbFCYcmQhlj6M+U5QYPrYEE8XsrYgMscLE2HiKNgRv/uVF0jyreJeVi4fzcvU2j6MAh3AEJ+DBFVThHurQAAJDeIZXeHOE8+K8Ox+z1iUnnzmAP3A+fwAXBo2h</latexit>

⇤G = G →  finitely many connected solutions when  
      changing complex structure and integral class?

<latexit sha1_base64="Te9cIGCNF8nwIyqcpg965GPZRBk=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClIS8bUsurDLCvahTSyTybQdOpmEmYlQQnHjr7hxoYhbv8Kdf+OkzUJbD1w4nHMv997jRYxKZVnfRm5ufmFxKb9cWFldW98wN7caMowFJnUcslC0PCQJo5zUFVWMtCJBUOAx0vQGl6nffCBC0pDfqGFE3AD1OO1SjJSWOubOFXQoh9V7v3Tb8Q+dAKm+5yV3o4OOWbTK1hhwltgZKYIMtY755fghjgPCFWZIyrZtRcpNkFAUMzIqOLEkEcID1CNtTTkKiHST8QsjuK8VH3ZDoYsrOFZ/TyQokHIYeLozPVFOe6n4n9eOVffcTSiPYkU4nizqxgyqEKZ5QJ8KghUbaoKwoPpWiPtIIKx0agUdgj398ixpHJXt0/LJ9XGxcpHFkQe7YA+UgA3OQAVUQQ3UAQaP4Bm8gjfjyXgx3o2PSWvOyGa2wR8Ynz9bxJYo</latexit>

G 2 H
d(Yd,Z)

and
<latexit sha1_base64="nfV9VJzXHUSZqPyQwWMAwFW+kl0=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFcCElEaluhKKLuqxgL9CEMpmetEMnkzAzEUopuPFV3LhQxK0v4c63cdpmoa0/DHz85xzOnD9IOFPacb6t3NLyyupafr2wsbm1vWPv7jVUnEoKdRrzWLYCooAzAXXNNIdWIoFEAYdmMLiZ1JsPIBWLxb0eJuBHpCdYyCjRxurYBx4noscBV09x1ZMzvsIecN6xi07JmQovgptBEWWqdewvrxvTNAKhKSdKtV0n0f6ISM0oh3HBSxUkhA5ID9oGBYlA+aPpDWN8bJwuDmNpntB46v6eGJFIqWEUmM6I6L6ar03M/2rtVIeX/oiJJNUg6GxRmHKsYzwJBHeZBKr50AChkpm/YtonklBtYiuYENz5kxehcVZyy6Xy3Xmxcp3FkUeH6AidIBddoAq6RTVURxQ9omf0it6sJ+vFerc+Zq05K5vZR39kff4A6XqWbg==</latexit>

hG,Gi = `

➡ Finiteness conjectures imply for      (fixed topology):  
finite solutions to                        satisfying tadpole condition                   
(counting connected components = flat directions)

<latexit sha1_base64="CF3SOUAKrXtRFiPiBNYh8Jffrv4=">AAAB9HicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVC9CUQ8eK9gPaNeSTbNtaDa7JtlCWfo7vHhQxKs/xpv/xrTdg7Y+GHi8N8PMPD8WXBvH+Ua5ldW19Y38ZmFre2d3r7h/0NBRoiir00hEquUTzQSXrG64EawVK0ZCX7CmP7yZ+s0RU5pH8sGMY+aFpC95wCkxVvJuu2knHvDH4aR55XSLJafszICXiZuREmSodYtfnV5Ek5BJQwXRuu06sfFSogyngk0KnUSzmNAh6bO2pZKETHvp7OgJPrFKDweRsiUNnqm/J1ISaj0OfdsZEjPQi95U/M9rJya49FIu48QwSeeLgkRgE+FpArjHFaNGjC0hVHF7K6YDogg1NqeCDcFdfHmZNM7KbqVcuT8vVa+zOPJwBMdwCi5cQBXuoAZ1oPAEz/AKb2iEXtA7+pi35lA2cwh/gD5/AEg7kcw=</latexit>

D�kW = 0

<latexit sha1_base64="IOcLFxjZL6ZVWTkXt3d8hJa2RtY=">AAACE3icdZDLSsNAFIYn9VbrLerSzWARRKQkRWK7K7pxWcFeJA1lMp20QycXZiZCCXkHN76KGxeKuHXjzrdxkjagogcGfv7vnJkzvxsxKqRhfGqlpeWV1bXyemVjc2t7R9/d64ow5ph0cMhC3neRIIwGpCOpZKQfcYJ8l5GeO73MeO+OcEHD4EbOIuL4aBxQj2IklTXUT5JBfonNx66TGDVDlWWdZsJsGKYSzWajXm+mt+lQrxYcFhwWHJo5MowqWFR7qH8MRiGOfRJIzJAQtmlE0kkQlxQzklYGsSARwlM0JraSAfKJcJJ8nRQeKWcEvZCrE0iYu98nEuQLMfNd1ekjORG/WWb+xexYeg0noUEUSxLg+UNezKAMYRYQHFFOsGQzJRDmVO0K8QRxhKWKsaJCKH4K/xfdes20atb1WbV1sYijDA7AITgGJjgHLXAF2qADMLgHj+AZvGgP2pP2qr3NW0vaYmYf/Cjt/QvZ3Jpd</latexit>

Y <latexit sha1_base64="twfYLG3CSvY8waByZcRTh9Yocno=">AAACBXicbZC7SgNBFIZn4y3G26qlFoNBsAq7EqKNELTQMoK5SHZZZicnyZDZ2WVmVgkhjY2vYmOhiK3vYOfbONmk0OgPAx//OYcz5w8TzpR2nC8rt7C4tLySXy2srW9sbtnbOw0Vp5JCncY8lq2QKOBMQF0zzaGVSCBRyKEZDi4m9eYdSMVicaOHCfgR6QnWZZRoYwX2vseEDm7xZVDG3j10epDhGfaA88AuOiUnE/4L7gyKaKZaYH96nZimEQhNOVGq7TqJ9kdEakY5jAteqiAhdEB60DYoSATKH2VXjPGhcTq4G0vzhMaZ+3NiRCKlhlFoOiOi+2q+NjH/q7VT3T31R0wkqQZBp4u6Kcc6xpNIcIdJoJoPDRAqmfkrpn0iCdUmuIIJwZ0/+S80jktupVS5Lher57M48mgPHaAj5KITVEVXqIbqiKIH9IRe0Kv1aD1bb9b7tDVnzWZ20S9ZH9+e15a/</latexit>Z

Y
G4 ^G4 = `
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10 500
rough estimate from flux density  [Ashok,Douglas ’03] [Denef,Douglas ’04]

➡ Translates into a precise mathematical statement:
<latexit sha1_base64="DdUvJwiJ3hAxn0L6D1xs+br/0WI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5iHJEmZne5Mhs7PLzKwQQj7BiwdFvPpF3vwbJ8keNFrQUFR1090VpIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZIphg2WiES1A6pRcIkNw43AdqqQxoHAVjC8nvqtR1SaJ/LejFL0Y9qXPOKMGivdPfTCXrniVt0ZyF/i5aQCOeq98mc3TFgWozRMUK07npsaf0yV4UzgpNTNNKaUDWkfO5ZKGqP2x7NTJ+TIKiGJEmVLGjJTf06Maaz1KA5sZ0zNQC96U/E/r5OZ6NIfc5lmBiWbL4oyQUxCpn+TkCtkRowsoUxxeythA6ooMzadkg3BW3z5L2meVL3z6tntaaV2lcdRhAM4hGPw4AJqcAN1aACDPjzBC7w6wnl23pz3eWvByWf24Recj28tAo2+</latexit>

Ydcomplex d-dim. manifold       : integral class 
<latexit sha1_base64="kGXWewZ0wD6ttVmsbTAEWdBMg28=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDEQ9gVXxch6CEeI5gHJEuYncwmQ2Zml5lZISz5BS8eFPHqD3nzb5xN9qCJBQ1FVTfdXUHMmTau++0sLa+srq0XNoqbW9s7u6W9/aaOEkVog0Q8Uu0Aa8qZpA3DDKftWFEsAk5bwegu81tPVGkWyUczjqkv8ECykBFsMum0dlPrlcpuxZ0CLRIvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOit1E0xiTER7QjqUSC6r9dHrrBB1bpY/CSNmSBk3V3xMpFlqPRWA7BTZDPe9l4n9eJzHhtZ8yGSeGSjJbFCYcmQhlj6M+U5QYPrYEE8XsrYgMscLE2HiKNgRv/uVF0jyreJeVi4fzcvU2j6MAh3AEJ+DBFVThHurQAAJDeIZXeHOE8+K8Ox+z1iUnnzmAP3A+fwAXBo2h</latexit>

⇤G = G →  finitely many connected solutions when  
      changing complex structure and integral class?

<latexit sha1_base64="Te9cIGCNF8nwIyqcpg965GPZRBk=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClIS8bUsurDLCvahTSyTybQdOpmEmYlQQnHjr7hxoYhbv8Kdf+OkzUJbD1w4nHMv997jRYxKZVnfRm5ufmFxKb9cWFldW98wN7caMowFJnUcslC0PCQJo5zUFVWMtCJBUOAx0vQGl6nffCBC0pDfqGFE3AD1OO1SjJSWOubOFXQoh9V7v3Tb8Q+dAKm+5yV3o4OOWbTK1hhwltgZKYIMtY755fghjgPCFWZIyrZtRcpNkFAUMzIqOLEkEcID1CNtTTkKiHST8QsjuK8VH3ZDoYsrOFZ/TyQokHIYeLozPVFOe6n4n9eOVffcTSiPYkU4nizqxgyqEKZ5QJ8KghUbaoKwoPpWiPtIIKx0agUdgj398ixpHJXt0/LJ9XGxcpHFkQe7YA+UgA3OQAVUQQ3UAQaP4Bm8gjfjyXgx3o2PSWvOyGa2wR8Ynz9bxJYo</latexit>

G 2 H
d(Yd,Z)

and
<latexit sha1_base64="nfV9VJzXHUSZqPyQwWMAwFW+kl0=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFcCElEaluhKKLuqxgL9CEMpmetEMnkzAzEUopuPFV3LhQxK0v4c63cdpmoa0/DHz85xzOnD9IOFPacb6t3NLyyupafr2wsbm1vWPv7jVUnEoKdRrzWLYCooAzAXXNNIdWIoFEAYdmMLiZ1JsPIBWLxb0eJuBHpCdYyCjRxurYBx4noscBV09x1ZMzvsIecN6xi07JmQovgptBEWWqdewvrxvTNAKhKSdKtV0n0f6ISM0oh3HBSxUkhA5ID9oGBYlA+aPpDWN8bJwuDmNpntB46v6eGJFIqWEUmM6I6L6ar03M/2rtVIeX/oiJJNUg6GxRmHKsYzwJBHeZBKr50AChkpm/YtonklBtYiuYENz5kxehcVZyy6Xy3Xmxcp3FkUeH6AidIBddoAq6RTVURxQ9omf0it6sJ+vFerc+Zq05K5vZR39kff4A6XqWbg==</latexit>

hG,Gi = `

➡ Finiteness conjectures imply for      (fixed topology):  
finite solutions to                        satisfying tadpole condition                   
(counting connected components = flat directions)

<latexit sha1_base64="CF3SOUAKrXtRFiPiBNYh8Jffrv4=">AAAB9HicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVC9CUQ8eK9gPaNeSTbNtaDa7JtlCWfo7vHhQxKs/xpv/xrTdg7Y+GHi8N8PMPD8WXBvH+Ua5ldW19Y38ZmFre2d3r7h/0NBRoiir00hEquUTzQSXrG64EawVK0ZCX7CmP7yZ+s0RU5pH8sGMY+aFpC95wCkxVvJuu2knHvDH4aR55XSLJafszICXiZuREmSodYtfnV5Ek5BJQwXRuu06sfFSogyngk0KnUSzmNAh6bO2pZKETHvp7OgJPrFKDweRsiUNnqm/J1ISaj0OfdsZEjPQi95U/M9rJya49FIu48QwSeeLgkRgE+FpArjHFaNGjC0hVHF7K6YDogg1NqeCDcFdfHmZNM7KbqVcuT8vVa+zOPJwBMdwCi5cQBXuoAZ1oPAEz/AKb2iEXtA7+pi35lA2cwh/gD5/AEg7kcw=</latexit>

D�kW = 0

<latexit sha1_base64="IOcLFxjZL6ZVWTkXt3d8hJa2RtY=">AAACE3icdZDLSsNAFIYn9VbrLerSzWARRKQkRWK7K7pxWcFeJA1lMp20QycXZiZCCXkHN76KGxeKuHXjzrdxkjagogcGfv7vnJkzvxsxKqRhfGqlpeWV1bXyemVjc2t7R9/d64ow5ph0cMhC3neRIIwGpCOpZKQfcYJ8l5GeO73MeO+OcEHD4EbOIuL4aBxQj2IklTXUT5JBfonNx66TGDVDlWWdZsJsGKYSzWajXm+mt+lQrxYcFhwWHJo5MowqWFR7qH8MRiGOfRJIzJAQtmlE0kkQlxQzklYGsSARwlM0JraSAfKJcJJ8nRQeKWcEvZCrE0iYu98nEuQLMfNd1ekjORG/WWb+xexYeg0noUEUSxLg+UNezKAMYRYQHFFOsGQzJRDmVO0K8QRxhKWKsaJCKH4K/xfdes20atb1WbV1sYijDA7AITgGJjgHLXAF2qADMLgHj+AZvGgP2pP2qr3NW0vaYmYf/Cjt/QvZ3Jpd</latexit>

Y <latexit sha1_base64="twfYLG3CSvY8waByZcRTh9Yocno=">AAACBXicbZC7SgNBFIZn4y3G26qlFoNBsAq7EqKNELTQMoK5SHZZZicnyZDZ2WVmVgkhjY2vYmOhiK3vYOfbONmk0OgPAx//OYcz5w8TzpR2nC8rt7C4tLySXy2srW9sbtnbOw0Vp5JCncY8lq2QKOBMQF0zzaGVSCBRyKEZDi4m9eYdSMVicaOHCfgR6QnWZZRoYwX2vseEDm7xZVDG3j10epDhGfaA88AuOiUnE/4L7gyKaKZaYH96nZimEQhNOVGq7TqJ9kdEakY5jAteqiAhdEB60DYoSATKH2VXjPGhcTq4G0vzhMaZ+3NiRCKlhlFoOiOi+2q+NjH/q7VT3T31R0wkqQZBp4u6Kcc6xpNIcIdJoJoPDRAqmfkrpn0iCdUmuIIJwZ0/+S80jktupVS5Lher57M48mgPHaAj5KITVEVXqIbqiKIH9IRe0Kv1aD1bb9b7tDVnzWZ20S9ZH9+e15a/</latexit>Z

Y
G4 ^G4 = `



  Finiteness in the landscape - Result 1

➡ How many are there?     →   still open (use complexity of periods                        ) [Binyamini ’24]

Conjecture complexity from flux density:
<latexit sha1_base64="MsnYY0XQdBNyv1gr+AcQaIKZ5p0="></latexit>

D = poly(`) F = O(h3,1(Y )) [TG,Monnee ’23]
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10 500
rough estimate from flux density  [Ashok,Douglas ’03] [Denef,Douglas ’04]

➡ Translates into a precise mathematical statement:
<latexit sha1_base64="DdUvJwiJ3hAxn0L6D1xs+br/0WI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5iHJEmZne5Mhs7PLzKwQQj7BiwdFvPpF3vwbJ8keNFrQUFR1090VpIJr47pfTmFpeWV1rbhe2tjc2t4p7+41dZIphg2WiES1A6pRcIkNw43AdqqQxoHAVjC8nvqtR1SaJ/LejFL0Y9qXPOKMGivdPfTCXrniVt0ZyF/i5aQCOeq98mc3TFgWozRMUK07npsaf0yV4UzgpNTNNKaUDWkfO5ZKGqP2x7NTJ+TIKiGJEmVLGjJTf06Maaz1KA5sZ0zNQC96U/E/r5OZ6NIfc5lmBiWbL4oyQUxCpn+TkCtkRowsoUxxeythA6ooMzadkg3BW3z5L2meVL3z6tntaaV2lcdRhAM4hGPw4AJqcAN1aACDPjzBC7w6wnl23pz3eWvByWf24Recj28tAo2+</latexit>

Ydcomplex d-dim. manifold       : integral class 
<latexit sha1_base64="kGXWewZ0wD6ttVmsbTAEWdBMg28=">AAAB63icbVDLSgNBEOz1GeMr6tHLYBDEQ9gVXxch6CEeI5gHJEuYncwmQ2Zml5lZISz5BS8eFPHqD3nzb5xN9qCJBQ1FVTfdXUHMmTau++0sLa+srq0XNoqbW9s7u6W9/aaOEkVog0Q8Uu0Aa8qZpA3DDKftWFEsAk5bwegu81tPVGkWyUczjqkv8ECykBFsMum0dlPrlcpuxZ0CLRIvJ2XIUe+Vvrr9iCSCSkM41rrjubHxU6wMI5xOit1E0xiTER7QjqUSC6r9dHrrBB1bpY/CSNmSBk3V3xMpFlqPRWA7BTZDPe9l4n9eJzHhtZ8yGSeGSjJbFCYcmQhlj6M+U5QYPrYEE8XsrYgMscLE2HiKNgRv/uVF0jyreJeVi4fzcvU2j6MAh3AEJ+DBFVThHurQAAJDeIZXeHOE8+K8Ox+z1iUnnzmAP3A+fwAXBo2h</latexit>

⇤G = G →  finitely many connected solutions when  
      changing complex structure and integral class?

<latexit sha1_base64="Te9cIGCNF8nwIyqcpg965GPZRBk=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClIS8bUsurDLCvahTSyTybQdOpmEmYlQQnHjr7hxoYhbv8Kdf+OkzUJbD1w4nHMv997jRYxKZVnfRm5ufmFxKb9cWFldW98wN7caMowFJnUcslC0PCQJo5zUFVWMtCJBUOAx0vQGl6nffCBC0pDfqGFE3AD1OO1SjJSWOubOFXQoh9V7v3Tb8Q+dAKm+5yV3o4OOWbTK1hhwltgZKYIMtY755fghjgPCFWZIyrZtRcpNkFAUMzIqOLEkEcID1CNtTTkKiHST8QsjuK8VH3ZDoYsrOFZ/TyQokHIYeLozPVFOe6n4n9eOVffcTSiPYkU4nizqxgyqEKZ5QJ8KghUbaoKwoPpWiPtIIKx0agUdgj398ixpHJXt0/LJ9XGxcpHFkQe7YA+UgA3OQAVUQQ3UAQaP4Bm8gjfjyXgx3o2PSWvOyGa2wR8Ynz9bxJYo</latexit>

G 2 H
d(Yd,Z)

and
<latexit sha1_base64="nfV9VJzXHUSZqPyQwWMAwFW+kl0=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFcCElEaluhKKLuqxgL9CEMpmetEMnkzAzEUopuPFV3LhQxK0v4c63cdpmoa0/DHz85xzOnD9IOFPacb6t3NLyyupafr2wsbm1vWPv7jVUnEoKdRrzWLYCooAzAXXNNIdWIoFEAYdmMLiZ1JsPIBWLxb0eJuBHpCdYyCjRxurYBx4noscBV09x1ZMzvsIecN6xi07JmQovgptBEWWqdewvrxvTNAKhKSdKtV0n0f6ISM0oh3HBSxUkhA5ID9oGBYlA+aPpDWN8bJwuDmNpntB46v6eGJFIqWEUmM6I6L6ar03M/2rtVIeX/oiJJNUg6GxRmHKsYzwJBHeZBKr50AChkpm/YtonklBtYiuYENz5kxehcVZyy6Xy3Xmxcp3FkUeH6AidIBddoAq6RTVURxQ9omf0it6sJ+vFerc+Zq05K5vZR39kff4A6XqWbg==</latexit>

hG,Gi = `

➡ Finiteness conjectures imply for      (fixed topology):  
finite solutions to                        satisfying tadpole condition                   
(counting connected components = flat directions)

<latexit sha1_base64="CF3SOUAKrXtRFiPiBNYh8Jffrv4=">AAAB9HicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVC9CUQ8eK9gPaNeSTbNtaDa7JtlCWfo7vHhQxKs/xpv/xrTdg7Y+GHi8N8PMPD8WXBvH+Ua5ldW19Y38ZmFre2d3r7h/0NBRoiir00hEquUTzQSXrG64EawVK0ZCX7CmP7yZ+s0RU5pH8sGMY+aFpC95wCkxVvJuu2knHvDH4aR55XSLJafszICXiZuREmSodYtfnV5Ek5BJQwXRuu06sfFSogyngk0KnUSzmNAh6bO2pZKETHvp7OgJPrFKDweRsiUNnqm/J1ISaj0OfdsZEjPQi95U/M9rJya49FIu48QwSeeLgkRgE+FpArjHFaNGjC0hVHF7K6YDogg1NqeCDcFdfHmZNM7KbqVcuT8vVa+zOPJwBMdwCi5cQBXuoAZ1oPAEz/AKb2iEXtA7+pi35lA2cwh/gD5/AEg7kcw=</latexit>

D�kW = 0

<latexit sha1_base64="IOcLFxjZL6ZVWTkXt3d8hJa2RtY=">AAACE3icdZDLSsNAFIYn9VbrLerSzWARRKQkRWK7K7pxWcFeJA1lMp20QycXZiZCCXkHN76KGxeKuHXjzrdxkjagogcGfv7vnJkzvxsxKqRhfGqlpeWV1bXyemVjc2t7R9/d64ow5ph0cMhC3neRIIwGpCOpZKQfcYJ8l5GeO73MeO+OcEHD4EbOIuL4aBxQj2IklTXUT5JBfonNx66TGDVDlWWdZsJsGKYSzWajXm+mt+lQrxYcFhwWHJo5MowqWFR7qH8MRiGOfRJIzJAQtmlE0kkQlxQzklYGsSARwlM0JraSAfKJcJJ8nRQeKWcEvZCrE0iYu98nEuQLMfNd1ekjORG/WWb+xexYeg0noUEUSxLg+UNezKAMYRYQHFFOsGQzJRDmVO0K8QRxhKWKsaJCKH4K/xfdes20atb1WbV1sYijDA7AITgGJjgHLXAF2qADMLgHj+AZvGgP2pP2qr3NW0vaYmYf/Cjt/QvZ3Jpd</latexit>

Y <latexit sha1_base64="twfYLG3CSvY8waByZcRTh9Yocno=">AAACBXicbZC7SgNBFIZn4y3G26qlFoNBsAq7EqKNELTQMoK5SHZZZicnyZDZ2WVmVgkhjY2vYmOhiK3vYOfbONmk0OgPAx//OYcz5w8TzpR2nC8rt7C4tLySXy2srW9sbtnbOw0Vp5JCncY8lq2QKOBMQF0zzaGVSCBRyKEZDi4m9eYdSMVicaOHCfgR6QnWZZRoYwX2vseEDm7xZVDG3j10epDhGfaA88AuOiUnE/4L7gyKaKZaYH96nZimEQhNOVGq7TqJ9kdEakY5jAteqiAhdEB60DYoSATKH2VXjPGhcTq4G0vzhMaZ+3NiRCKlhlFoOiOi+2q+NjH/q7VT3T31R0wkqQZBp4u6Kcc6xpNIcIdJoJoPDRAqmfkrpn0iCdUmuIIJwZ0/+S80jktupVS5Lher57M48mgPHaAj5KITVEVXqIbqiKIH9IRe0Kv1aD1bb9b7tDVnzWZ20S9ZH9+e15a/</latexit>Z

Y
G4 ^G4 = `



  Finiteness in the landscape - Result 2
➡ Recent tameness results in math → structure of W=0  flux landscape 

solving                         and additionally                :
<latexit sha1_base64="+ZYntwssOwJK+aeen+sLxv2/EmI=">AAAB+nicdVDLSgMxFM3UV62vVpdugkVwNSR9jG6Eoi5cVrAPaMchk6ZtaOZBklHK2E9x40IRt36JO//G9CGo6IELh3Pu5d57/FhwpRH6sDJLyyura9n13Mbm1vZOvrDbVFEiKWvQSESy7RPFBA9ZQ3MtWDuWjAS+YC1/dD71W7dMKh6F13ocMzcgg5D3OSXaSF6+cOGl3XjIb0YT2IKnEEEvX0Q2rmKEyhDZJVypONiQMq5Wyg7ENpqhCBaoe/n3bi+iScBCTQVRqoNRrN2USM2pYJNcN1EsJnREBqxjaEgCptx0dvoEHhqlB/uRNBVqOFO/T6QkUGoc+KYzIHqofntT8S+vk+j+iZvyME40C+l8UT8RUEdwmgPsccmoFmNDCJXc3ArpkEhCtUkrZ0L4+hT+T5olGzu2c1Up1s4WcWTBPjgARwCDY1ADl6AOGoCCO/AAnsCzdW89Wi/W67w1Yy1m9sAPWG+fcWCS1w==</latexit>

D�kW = 0
<latexit sha1_base64="l3IG73Dyp1hGgqAieMmqVxT6GRQ=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GpJ2OroRim5cVrQPaIeSSdM2NJMZkoxQhn6CGxeKuPWL3Pk3pg9BRQ9cOJxzL/feEyaCa4PQh5NbWV1b38hvFra2d3b3ivsHTR2nirIGjUWs2iHRTHDJGoYbwdqJYiQKBWuF46uZ37pnSvNY3plJwoKIDCUfcEqMlW5bF6hXLCEXVzFCFYjcMvY8H1tSwVWv4kPsojlKYIl6r/je7cc0jZg0VBCtOxglJsiIMpwKNi10U80SQsdkyDqWShIxHWTzU6fwxCp9OIiVLWngXP0+kZFI60kU2s6ImJH+7c3Ev7xOagbnQcZlkhom6WLRIBXQxHD2N+xzxagRE0sIVdzeCumIKEKNTadgQ/j6FP5PmmUX+65/45Vql8s48uAIHINTgMEZqIFrUAcNQMEQPIAn8OwI59F5cV4XrTlnOXMIfsB5+wTvpI2Z</latexit>

W = 0
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  Finiteness in the landscape - Result 2
➡ Recent tameness results in math → structure of W=0  flux landscape 

solving                         and additionally                :
<latexit sha1_base64="+ZYntwssOwJK+aeen+sLxv2/EmI=">AAAB+nicdVDLSgMxFM3UV62vVpdugkVwNSR9jG6Eoi5cVrAPaMchk6ZtaOZBklHK2E9x40IRt36JO//G9CGo6IELh3Pu5d57/FhwpRH6sDJLyyura9n13Mbm1vZOvrDbVFEiKWvQSESy7RPFBA9ZQ3MtWDuWjAS+YC1/dD71W7dMKh6F13ocMzcgg5D3OSXaSF6+cOGl3XjIb0YT2IKnEEEvX0Q2rmKEyhDZJVypONiQMq5Wyg7ENpqhCBaoe/n3bi+iScBCTQVRqoNRrN2USM2pYJNcN1EsJnREBqxjaEgCptx0dvoEHhqlB/uRNBVqOFO/T6QkUGoc+KYzIHqofntT8S+vk+j+iZvyME40C+l8UT8RUEdwmgPsccmoFmNDCJXc3ArpkEhCtUkrZ0L4+hT+T5olGzu2c1Up1s4WcWTBPjgARwCDY1ADl6AOGoCCO/AAnsCzdW89Wi/W67w1Yy1m9sAPWG+fcWCS1w==</latexit>

D�kW = 0
<latexit sha1_base64="l3IG73Dyp1hGgqAieMmqVxT6GRQ=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GpJ2OroRim5cVrQPaIeSSdM2NJMZkoxQhn6CGxeKuPWL3Pk3pg9BRQ9cOJxzL/feEyaCa4PQh5NbWV1b38hvFra2d3b3ivsHTR2nirIGjUWs2iHRTHDJGoYbwdqJYiQKBWuF46uZ37pnSvNY3plJwoKIDCUfcEqMlW5bF6hXLCEXVzFCFYjcMvY8H1tSwVWv4kPsojlKYIl6r/je7cc0jZg0VBCtOxglJsiIMpwKNi10U80SQsdkyDqWShIxHWTzU6fwxCp9OIiVLWngXP0+kZFI60kU2s6ImJH+7c3Ev7xOagbnQcZlkhom6WLRIBXQxHD2N+xzxagRE0sIVdzeCumIKEKNTadgQ/j6FP5PmmUX+65/45Vql8s48uAIHINTgMEZqIFrUAcNQMEQPIAn8OwI59F5cV4XrTlnOXMIfsB5+wTvpI2Z</latexit>

W = 0
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<latexit sha1_base64="ocQlQ2jIG2/ZgRY2GmdkmHooPy4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBah9VASkepFKHrxWMHaQhvCZrtpl242YXdTKKH/xIsHRbz6T7z5b9y2OWjrg4HHezPMzAsSzpR2nG+rsLa+sblV3C7t7O7tH9iHR08qTiWhLRLzWHYCrChngrY005x2EklxFHDaDkZ3M789plKxWDzqSUK9CA8ECxnB2ki+bbcrvWTI/POKqFbRDXJ8u+zUnDnQKnFzUoYcTd/+6vVjkkZUaMKxUl3XSbSXYakZ4XRa6qWKJpiM8IB2DRU4osrL5pdP0ZlR+iiMpSmh0Vz9PZHhSKlJFJjOCOuhWvZm4n9eN9XhtZcxkaSaCrJYFKYc6RjNYkB9JinRfGIIJpKZWxEZYomJNmGVTAju8sur5Omi5tZr9YfLcuM2j6MIJ3AKFXDhChpwD01oAYExPMMrvFmZ9WK9Wx+L1oKVzxzDH1ifP2LhkZA=</latexit>

W (�⇤(n)) = 0 →  solve complicated equation over integers
 transcendental - “non-polynomial”



  Finiteness in the landscape - Result 2
➡ Recent tameness results in math → structure of W=0  flux landscape 

➡ W=0 vacua have been studied in the past in Type IIB orientifolds
[DeWolfe,Giryavets,Kachru,Taylor ‘04] [DeWolfe ‘05] [Palti ’07]

[Candelas, de la Ossa, Kuusela, McGovern ’23]

[S.Lüst,Wiesner ’22]
 [Becker etal.’22] [Kachru, Nally, Yang ’20] [Bönisch,Elmi,Kashani-Poor, Klemm ’22]

solving                         and additionally                :
<latexit sha1_base64="+ZYntwssOwJK+aeen+sLxv2/EmI=">AAAB+nicdVDLSgMxFM3UV62vVpdugkVwNSR9jG6Eoi5cVrAPaMchk6ZtaOZBklHK2E9x40IRt36JO//G9CGo6IELh3Pu5d57/FhwpRH6sDJLyyura9n13Mbm1vZOvrDbVFEiKWvQSESy7RPFBA9ZQ3MtWDuWjAS+YC1/dD71W7dMKh6F13ocMzcgg5D3OSXaSF6+cOGl3XjIb0YT2IKnEEEvX0Q2rmKEyhDZJVypONiQMq5Wyg7ENpqhCBaoe/n3bi+iScBCTQVRqoNRrN2USM2pYJNcN1EsJnREBqxjaEgCptx0dvoEHhqlB/uRNBVqOFO/T6QkUGoc+KYzIHqofntT8S+vk+j+iZvyME40C+l8UT8RUEdwmgPsccmoFmNDCJXc3ArpkEhCtUkrZ0L4+hT+T5olGzu2c1Up1s4WcWTBPjgARwCDY1ADl6AOGoCCO/AAnsCzdW89Wi/W67w1Yy1m9sAPWG+fcWCS1w==</latexit>

D�kW = 0
<latexit sha1_base64="l3IG73Dyp1hGgqAieMmqVxT6GRQ=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GpJ2OroRim5cVrQPaIeSSdM2NJMZkoxQhn6CGxeKuPWL3Pk3pg9BRQ9cOJxzL/feEyaCa4PQh5NbWV1b38hvFra2d3b3ivsHTR2nirIGjUWs2iHRTHDJGoYbwdqJYiQKBWuF46uZ37pnSvNY3plJwoKIDCUfcEqMlW5bF6hXLCEXVzFCFYjcMvY8H1tSwVWv4kPsojlKYIl6r/je7cc0jZg0VBCtOxglJsiIMpwKNi10U80SQsdkyDqWShIxHWTzU6fwxCp9OIiVLWngXP0+kZFI60kU2s6ImJH+7c3Ev7xOagbnQcZlkhom6WLRIBXQxHD2N+xzxagRE0sIVdzeCumIKEKNTadgQ/j6FP5PmmUX+65/45Vql8s48uAIHINTgMEZqIFrUAcNQMEQPIAn8OwI59F5cV4XrTlnOXMIfsB5+wTvpI2Z</latexit>

W = 0
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<latexit sha1_base64="ocQlQ2jIG2/ZgRY2GmdkmHooPy4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBah9VASkepFKHrxWMHaQhvCZrtpl242YXdTKKH/xIsHRbz6T7z5b9y2OWjrg4HHezPMzAsSzpR2nG+rsLa+sblV3C7t7O7tH9iHR08qTiWhLRLzWHYCrChngrY005x2EklxFHDaDkZ3M789plKxWDzqSUK9CA8ECxnB2ki+bbcrvWTI/POKqFbRDXJ8u+zUnDnQKnFzUoYcTd/+6vVjkkZUaMKxUl3XSbSXYakZ4XRa6qWKJpiM8IB2DRU4osrL5pdP0ZlR+iiMpSmh0Vz9PZHhSKlJFJjOCOuhWvZm4n9eN9XhtZcxkaSaCrJYFKYc6RjNYkB9JinRfGIIJpKZWxEZYomJNmGVTAju8sur5Omi5tZr9YfLcuM2j6MIJ3AKFXDhChpwD01oAYExPMMrvFmZ9WK9Wx+L1oKVzxzDH1ifP2LhkZA=</latexit>

W (�⇤(n)) = 0 →  solve complicated equation over integers
 transcendental - “non-polynomial”



  Finiteness in the landscape - Result 2
➡ Recent tameness results in math → structure of W=0  flux landscape 

➡ W=0 vacua have been studied in the past in Type IIB orientifolds
[DeWolfe,Giryavets,Kachru,Taylor ‘04] [DeWolfe ‘05] [Palti ’07]

[Candelas, de la Ossa, Kuusela, McGovern ’23]

[S.Lüst,Wiesner ’22]
 [Becker etal.’22] [Kachru, Nally, Yang ’20] [Bönisch,Elmi,Kashani-Poor, Klemm ’22]

solving                         and additionally                :
<latexit sha1_base64="+ZYntwssOwJK+aeen+sLxv2/EmI=">AAAB+nicdVDLSgMxFM3UV62vVpdugkVwNSR9jG6Eoi5cVrAPaMchk6ZtaOZBklHK2E9x40IRt36JO//G9CGo6IELh3Pu5d57/FhwpRH6sDJLyyura9n13Mbm1vZOvrDbVFEiKWvQSESy7RPFBA9ZQ3MtWDuWjAS+YC1/dD71W7dMKh6F13ocMzcgg5D3OSXaSF6+cOGl3XjIb0YT2IKnEEEvX0Q2rmKEyhDZJVypONiQMq5Wyg7ENpqhCBaoe/n3bi+iScBCTQVRqoNRrN2USM2pYJNcN1EsJnREBqxjaEgCptx0dvoEHhqlB/uRNBVqOFO/T6QkUGoc+KYzIHqofntT8S+vk+j+iZvyME40C+l8UT8RUEdwmgPsccmoFmNDCJXc3ArpkEhCtUkrZ0L4+hT+T5olGzu2c1Up1s4WcWTBPjgARwCDY1ADl6AOGoCCO/AAnsCzdW89Wi/W67w1Yy1m9sAPWG+fcWCS1w==</latexit>

D�kW = 0
<latexit sha1_base64="l3IG73Dyp1hGgqAieMmqVxT6GRQ=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GpJ2OroRim5cVrQPaIeSSdM2NJMZkoxQhn6CGxeKuPWL3Pk3pg9BRQ9cOJxzL/feEyaCa4PQh5NbWV1b38hvFra2d3b3ivsHTR2nirIGjUWs2iHRTHDJGoYbwdqJYiQKBWuF46uZ37pnSvNY3plJwoKIDCUfcEqMlW5bF6hXLCEXVzFCFYjcMvY8H1tSwVWv4kPsojlKYIl6r/je7cc0jZg0VBCtOxglJsiIMpwKNi10U80SQsdkyDqWShIxHWTzU6fwxCp9OIiVLWngXP0+kZFI60kU2s6ImJH+7c3Ev7xOagbnQcZlkhom6WLRIBXQxHD2N+xzxagRE0sIVdzeCumIKEKNTadgQ/j6FP5PmmUX+65/45Vql8s48uAIHINTgMEZqIFrUAcNQMEQPIAn8OwI59F5cV4XrTlnOXMIfsB5+wTvpI2Z</latexit>

W = 0

➡ have essentially complete picture for flux vacua on Calabi-Yau fourfolds
[TG,van de Heisteeg ’24]“Arithmetic structure behind W=0 flux vacua”
using [Baldi,Klingler,Ullmo ‘21]

14/20

<latexit sha1_base64="ocQlQ2jIG2/ZgRY2GmdkmHooPy4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBah9VASkepFKHrxWMHaQhvCZrtpl242YXdTKKH/xIsHRbz6T7z5b9y2OWjrg4HHezPMzAsSzpR2nG+rsLa+sblV3C7t7O7tH9iHR08qTiWhLRLzWHYCrChngrY005x2EklxFHDaDkZ3M789plKxWDzqSUK9CA8ECxnB2ki+bbcrvWTI/POKqFbRDXJ8u+zUnDnQKnFzUoYcTd/+6vVjkkZUaMKxUl3XSbSXYakZ4XRa6qWKJpiM8IB2DRU4osrL5pdP0ZlR+iiMpSmh0Vz9PZHhSKlJFJjOCOuhWvZm4n9eN9XhtZcxkaSaCrJYFKYc6RjNYkB9JinRfGIIJpKZWxEZYomJNmGVTAju8sur5Omi5tZr9YfLcuM2j6MIJ3AKFXDhChpwD01oAYExPMMrvFmZ9WK9Wx+L1oKVzxzDH1ifP2LhkZA=</latexit>

W (�⇤(n)) = 0 →  solve complicated equation over integers
 transcendental - “non-polynomial”



  Finiteness in the landscape - Result 2

➡ Finitely many solutions even without tadpole bound? 

14/20

➡ Recent tameness results in math → structure of W=0  flux landscape 

solving                         and additionally                :
<latexit sha1_base64="+ZYntwssOwJK+aeen+sLxv2/EmI=">AAAB+nicdVDLSgMxFM3UV62vVpdugkVwNSR9jG6Eoi5cVrAPaMchk6ZtaOZBklHK2E9x40IRt36JO//G9CGo6IELh3Pu5d57/FhwpRH6sDJLyyura9n13Mbm1vZOvrDbVFEiKWvQSESy7RPFBA9ZQ3MtWDuWjAS+YC1/dD71W7dMKh6F13ocMzcgg5D3OSXaSF6+cOGl3XjIb0YT2IKnEEEvX0Q2rmKEyhDZJVypONiQMq5Wyg7ENpqhCBaoe/n3bi+iScBCTQVRqoNRrN2USM2pYJNcN1EsJnREBqxjaEgCptx0dvoEHhqlB/uRNBVqOFO/T6QkUGoc+KYzIHqofntT8S+vk+j+iZvyME40C+l8UT8RUEdwmgPsccmoFmNDCJXc3ArpkEhCtUkrZ0L4+hT+T5olGzu2c1Up1s4WcWTBPjgARwCDY1ADl6AOGoCCO/AAnsCzdW89Wi/W67w1Yy1m9sAPWG+fcWCS1w==</latexit>

D�kW = 0
<latexit sha1_base64="l3IG73Dyp1hGgqAieMmqVxT6GRQ=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GpJ2OroRim5cVrQPaIeSSdM2NJMZkoxQhn6CGxeKuPWL3Pk3pg9BRQ9cOJxzL/feEyaCa4PQh5NbWV1b38hvFra2d3b3ivsHTR2nirIGjUWs2iHRTHDJGoYbwdqJYiQKBWuF46uZ37pnSvNY3plJwoKIDCUfcEqMlW5bF6hXLCEXVzFCFYjcMvY8H1tSwVWv4kPsojlKYIl6r/je7cc0jZg0VBCtOxglJsiIMpwKNi10U80SQsdkyDqWShIxHWTzU6fwxCp9OIiVLWngXP0+kZFI60kU2s6ImJH+7c3Ev7xOagbnQcZlkhom6WLRIBXQxHD2N+xzxagRE0sIVdzeCumIKEKNTadgQ/j6FP5PmmUX+65/45Vql8s48uAIHINTgMEZqIFrUAcNQMEQPIAn8OwI59F5cV4XrTlnOXMIfsB5+wTvpI2Z</latexit>

W = 0
<latexit sha1_base64="ocQlQ2jIG2/ZgRY2GmdkmHooPy4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBah9VASkepFKHrxWMHaQhvCZrtpl242YXdTKKH/xIsHRbz6T7z5b9y2OWjrg4HHezPMzAsSzpR2nG+rsLa+sblV3C7t7O7tH9iHR08qTiWhLRLzWHYCrChngrY005x2EklxFHDaDkZ3M789plKxWDzqSUK9CA8ECxnB2ki+bbcrvWTI/POKqFbRDXJ8u+zUnDnQKnFzUoYcTd/+6vVjkkZUaMKxUl3XSbSXYakZ4XRa6qWKJpiM8IB2DRU4osrL5pdP0ZlR+iiMpSmh0Vz9PZHhSKlJFJjOCOuhWvZm4n9eN9XhtZcxkaSaCrJYFKYc6RjNYkB9JinRfGIIJpKZWxEZYomJNmGVTAju8sur5Omi5tZr9YfLcuM2j6MIJ3AKFXDhChpwD01oAYExPMMrvFmZ9WK9Wx+L1oKVzxzDH1ifP2LhkZA=</latexit>

W (�⇤(n)) = 0 →  solve complicated equation over integers
 transcendental - “non-polynomial”



  Finiteness in the landscape - Result 2

➡ Finitely many solutions even without tadpole bound? 
‣ not unreasonable - similar conjectures

[Gukov,Vafa ’02] number of 2d rational CFTs with Calabi-Yau    -fold  
target is finite for  
number of rank-2 black hole attractors are finite[Candelas etal ‘19]

<latexit sha1_base64="SKwh2cuBIP8ssPw3e5L50C35Y0k=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyqRI9BLx4jmAckS5id7U2GzD4yMyuEJT/hxYMiXv0db/6Nk2QPmljQUFR1093lJYIrbdvfVmFtfWNzq7hd2tnd2z8oHx61VJxKhk0Wi1h2PKpQ8AibmmuBnUQiDT2BbW90N/PbTygVj6NHPUnQDekg4gFnVBup4/cGOCaXpF+u2FV7DrJKnJxUIEejX/7q+TFLQ4w0E1SprmMn2s2o1JwJnJZ6qcKEshEdYNfQiIao3Gx+75ScGcUnQSxNRZrM1d8TGQ2VmoSe6QypHqplbyb+53VTHdy4GY+SVGPEFouCVBAdk9nzxOcSmRYTQyiT3NxK2JBKyrSJqGRCcJZfXiWti6pTq9Yerir12zyOIpzAKZyDA9dQh3toQBMYCHiGV3izxtaL9W59LFoLVj5zDH9gff4A8o6PRQ==</latexit>

d � 3

<latexit sha1_base64="cyaOPY3/3bH7xJoN+XmfkY9IGwM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvNpF272YTdjVBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpIJr47rfztr6xubWdmGnuLu3f3BYOjpu6SRTDJssEYnqBFSj4BKbhhuBnVQhjQOB7WB0N/PbT6g0T+SDGafox3QgecQZNVZqhP1S2a24c5BV4uWkDDnq/dJXL0xYFqM0TFCtu56bGn9CleFM4LTYyzSmlI3oALuWShqj9ifzQ6fk3CohiRJlSxoyV39PTGis9TgObGdMzVAvezPxP6+bmejGn3CZZgYlWyyKMkFMQmZfk5ArZEaMLaFMcXsrYUOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDy3uM8w==</latexit>

d
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➡ Recent tameness results in math → structure of W=0  flux landscape 

solving                         and additionally                :
<latexit sha1_base64="+ZYntwssOwJK+aeen+sLxv2/EmI=">AAAB+nicdVDLSgMxFM3UV62vVpdugkVwNSR9jG6Eoi5cVrAPaMchk6ZtaOZBklHK2E9x40IRt36JO//G9CGo6IELh3Pu5d57/FhwpRH6sDJLyyura9n13Mbm1vZOvrDbVFEiKWvQSESy7RPFBA9ZQ3MtWDuWjAS+YC1/dD71W7dMKh6F13ocMzcgg5D3OSXaSF6+cOGl3XjIb0YT2IKnEEEvX0Q2rmKEyhDZJVypONiQMq5Wyg7ENpqhCBaoe/n3bi+iScBCTQVRqoNRrN2USM2pYJNcN1EsJnREBqxjaEgCptx0dvoEHhqlB/uRNBVqOFO/T6QkUGoc+KYzIHqofntT8S+vk+j+iZvyME40C+l8UT8RUEdwmgPsccmoFmNDCJXc3ArpkEhCtUkrZ0L4+hT+T5olGzu2c1Up1s4WcWTBPjgARwCDY1ADl6AOGoCCO/AAnsCzdW89Wi/W67w1Yy1m9sAPWG+fcWCS1w==</latexit>

D�kW = 0
<latexit sha1_base64="l3IG73Dyp1hGgqAieMmqVxT6GRQ=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GpJ2OroRim5cVrQPaIeSSdM2NJMZkoxQhn6CGxeKuPWL3Pk3pg9BRQ9cOJxzL/feEyaCa4PQh5NbWV1b38hvFra2d3b3ivsHTR2nirIGjUWs2iHRTHDJGoYbwdqJYiQKBWuF46uZ37pnSvNY3plJwoKIDCUfcEqMlW5bF6hXLCEXVzFCFYjcMvY8H1tSwVWv4kPsojlKYIl6r/je7cc0jZg0VBCtOxglJsiIMpwKNi10U80SQsdkyDqWShIxHWTzU6fwxCp9OIiVLWngXP0+kZFI60kU2s6ImJH+7c3Ev7xOagbnQcZlkhom6WLRIBXQxHD2N+xzxagRE0sIVdzeCumIKEKNTadgQ/j6FP5PmmUX+65/45Vql8s48uAIHINTgMEZqIFrUAcNQMEQPIAn8OwI59F5cV4XrTlnOXMIfsB5+wTvpI2Z</latexit>

W = 0
<latexit sha1_base64="ocQlQ2jIG2/ZgRY2GmdkmHooPy4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBah9VASkepFKHrxWMHaQhvCZrtpl242YXdTKKH/xIsHRbz6T7z5b9y2OWjrg4HHezPMzAsSzpR2nG+rsLa+sblV3C7t7O7tH9iHR08qTiWhLRLzWHYCrChngrY005x2EklxFHDaDkZ3M789plKxWDzqSUK9CA8ECxnB2ki+bbcrvWTI/POKqFbRDXJ8u+zUnDnQKnFzUoYcTd/+6vVjkkZUaMKxUl3XSbSXYakZ4XRa6qWKJpiM8IB2DRU4osrL5pdP0ZlR+iiMpSmh0Vz9PZHhSKlJFJjOCOuhWvZm4n9eN9XhtZcxkaSaCrJYFKYc6RjNYkB9JinRfGIIJpKZWxEZYomJNmGVTAju8sur5Omi5tZr9YfLcuM2j6MIJ3AKFXDhChpwD01oAYExPMMrvFmZ9WK9Wx+L1oKVzxzDH1ifP2LhkZA=</latexit>

W (�⇤(n)) = 0 →  solve complicated equation over integers
 transcendental - “non-polynomial”



  Finiteness in the landscape - Result 2

➡ Finitely many solutions even without tadpole bound? 

‣ however, it turns out that there is a more exciting structure

‣ not unreasonable - similar conjectures
[Gukov,Vafa ’02] number of 2d rational CFTs with Calabi-Yau    -fold  

target is finite for  
number of rank-2 black hole attractors are finite[Candelas etal ‘19]

<latexit sha1_base64="SKwh2cuBIP8ssPw3e5L50C35Y0k=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyqRI9BLx4jmAckS5id7U2GzD4yMyuEJT/hxYMiXv0db/6Nk2QPmljQUFR1093lJYIrbdvfVmFtfWNzq7hd2tnd2z8oHx61VJxKhk0Wi1h2PKpQ8AibmmuBnUQiDT2BbW90N/PbTygVj6NHPUnQDekg4gFnVBup4/cGOCaXpF+u2FV7DrJKnJxUIEejX/7q+TFLQ4w0E1SprmMn2s2o1JwJnJZ6qcKEshEdYNfQiIao3Gx+75ScGcUnQSxNRZrM1d8TGQ2VmoSe6QypHqplbyb+53VTHdy4GY+SVGPEFouCVBAdk9nzxOcSmRYTQyiT3NxK2JBKyrSJqGRCcJZfXiWti6pTq9Yerir12zyOIpzAKZyDA9dQh3toQBMYCHiGV3izxtaL9W59LFoLVj5zDH9gff4A8o6PRQ==</latexit>

d � 3

<latexit sha1_base64="cyaOPY3/3bH7xJoN+XmfkY9IGwM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvNpF272YTdjVBKf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXpIJr47rfztr6xubWdmGnuLu3f3BYOjpu6SRTDJssEYnqBFSj4BKbhhuBnVQhjQOB7WB0N/PbT6g0T+SDGafox3QgecQZNVZqhP1S2a24c5BV4uWkDDnq/dJXL0xYFqM0TFCtu56bGn9CleFM4LTYyzSmlI3oALuWShqj9ifzQ6fk3CohiRJlSxoyV39PTGis9TgObGdMzVAvezPxP6+bmejGn3CZZgYlWyyKMkFMQmZfk5ArZEaMLaFMcXsrYUOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDy3uM8w==</latexit>

d
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➡ Recent tameness results in math → structure of W=0  flux landscape 

solving                         and additionally                :
<latexit sha1_base64="+ZYntwssOwJK+aeen+sLxv2/EmI=">AAAB+nicdVDLSgMxFM3UV62vVpdugkVwNSR9jG6Eoi5cVrAPaMchk6ZtaOZBklHK2E9x40IRt36JO//G9CGo6IELh3Pu5d57/FhwpRH6sDJLyyura9n13Mbm1vZOvrDbVFEiKWvQSESy7RPFBA9ZQ3MtWDuWjAS+YC1/dD71W7dMKh6F13ocMzcgg5D3OSXaSF6+cOGl3XjIb0YT2IKnEEEvX0Q2rmKEyhDZJVypONiQMq5Wyg7ENpqhCBaoe/n3bi+iScBCTQVRqoNRrN2USM2pYJNcN1EsJnREBqxjaEgCptx0dvoEHhqlB/uRNBVqOFO/T6QkUGoc+KYzIHqofntT8S+vk+j+iZvyME40C+l8UT8RUEdwmgPsccmoFmNDCJXc3ArpkEhCtUkrZ0L4+hT+T5olGzu2c1Up1s4WcWTBPjgARwCDY1ADl6AOGoCCO/AAnsCzdW89Wi/W67w1Yy1m9sAPWG+fcWCS1w==</latexit>

D�kW = 0
<latexit sha1_base64="l3IG73Dyp1hGgqAieMmqVxT6GRQ=">AAAB6nicdVDLSgMxFM3UV62vqks3wSK4GpJ2OroRim5cVrQPaIeSSdM2NJMZkoxQhn6CGxeKuPWL3Pk3pg9BRQ9cOJxzL/feEyaCa4PQh5NbWV1b38hvFra2d3b3ivsHTR2nirIGjUWs2iHRTHDJGoYbwdqJYiQKBWuF46uZ37pnSvNY3plJwoKIDCUfcEqMlW5bF6hXLCEXVzFCFYjcMvY8H1tSwVWv4kPsojlKYIl6r/je7cc0jZg0VBCtOxglJsiIMpwKNi10U80SQsdkyDqWShIxHWTzU6fwxCp9OIiVLWngXP0+kZFI60kU2s6ImJH+7c3Ev7xOagbnQcZlkhom6WLRIBXQxHD2N+xzxagRE0sIVdzeCumIKEKNTadgQ/j6FP5PmmUX+65/45Vql8s48uAIHINTgMEZqIFrUAcNQMEQPIAn8OwI59F5cV4XrTlnOXMIfsB5+wTvpI2Z</latexit>

W = 0
<latexit sha1_base64="ocQlQ2jIG2/ZgRY2GmdkmHooPy4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBah9VASkepFKHrxWMHaQhvCZrtpl242YXdTKKH/xIsHRbz6T7z5b9y2OWjrg4HHezPMzAsSzpR2nG+rsLa+sblV3C7t7O7tH9iHR08qTiWhLRLzWHYCrChngrY005x2EklxFHDaDkZ3M789plKxWDzqSUK9CA8ECxnB2ki+bbcrvWTI/POKqFbRDXJ8u+zUnDnQKnFzUoYcTd/+6vVjkkZUaMKxUl3XSbSXYakZ4XRa6qWKJpiM8IB2DRU4osrL5pdP0ZlR+iiMpSmh0Vz9PZHhSKlJFJjOCOuhWvZm4n9eN9XhtZcxkaSaCrJYFKYc6RjNYkB9JinRfGIIJpKZWxEZYomJNmGVTAju8sur5Omi5tZr9YfLcuM2j6MIJ3AKFXDhChpwD01oAYExPMMrvFmZ9WK9Wx+L1oKVzxzDH1ifP2LhkZA=</latexit>

W (�⇤(n)) = 0 →  solve complicated equation over integers
 transcendental - “non-polynomial”



  Finiteness in the landscape - Result 2
➡ General pattern in complex structure moduli space of Calabi-Yau fourfolds           

<latexit sha1_base64="Q6XaziKelLWqV3wp9E02j7LMcRw=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WXRjRuhgn3AdCiZNNOGZpIhuSOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPBDbjut1NaW9/Y3CpvV3Z29/YPqodHHaNSTVmbKqF0LySGCS5ZGzgI1ks0I3EoWDec3OZ+94lpw5V8hGnCgpiMJI84JWAlvx8TGFMisvvZoFpz6+4ceJV4BamhAq1B9as/VDSNmQQqiDG+5yYQZEQDp4LNKv3UsITQCRkx31JJYmaCbB55hs+sMsSR0vZJwHP190ZGYmOmcWgn84hm2cvF/zw/heg6yLhMUmCSLj6KUoFB4fx+POSaURBTSwjV3GbFdEw0oWBbqtgSvOWTV0nnou416o2Hy1rzpqijjE7QKTpHHrpCTXSHWqiNKFLoGb2iNwecF+fd+ViMlpxi5xj9gfP5A4YckW4=</latexit>

M

[Baldi,Klingler,Ullmo ’21] 
  [TG,van de Heisteeg ‘24]
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  Finiteness in the landscape - Result 2
➡ General pattern in complex structure moduli space of Calabi-Yau fourfolds           

<latexit sha1_base64="Q6XaziKelLWqV3wp9E02j7LMcRw=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WXRjRuhgn3AdCiZNNOGZpIhuSOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPBDbjut1NaW9/Y3CpvV3Z29/YPqodHHaNSTVmbKqF0LySGCS5ZGzgI1ks0I3EoWDec3OZ+94lpw5V8hGnCgpiMJI84JWAlvx8TGFMisvvZoFpz6+4ceJV4BamhAq1B9as/VDSNmQQqiDG+5yYQZEQDp4LNKv3UsITQCRkx31JJYmaCbB55hs+sMsSR0vZJwHP190ZGYmOmcWgn84hm2cvF/zw/heg6yLhMUmCSLj6KUoFB4fx+POSaURBTSwjV3GbFdEw0oWBbqtgSvOWTV0nnou416o2Hy1rzpqijjE7QKTpHHrpCTXSHWqiNKFLoGb2iNwecF+fd+ViMlpxi5xj9gfP5A4YckW4=</latexit>

M

[Baldi,Klingler,Ullmo ’21] 
  [TG,van de Heisteeg ‘24]

15/20

(1)     periods are generically transcendental:  high complexity 
         (full holonomy, not                                  )
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  Exact F-theory flux vacua

➡ example: Hulek-Verrill fourfold
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Its mirror is given by the complete intersection Calabi–Yau fourfold with configuration matrix
0

BBBBBB@

P
1 1 1

P
1 1 1

P
1 1 1

P
1 1 1

P
1 1 1

P
1 1 1

1

CCCCCCA
. (6.8)

The Hulek–Verrill fourfold itself is defined as the locus in the projective five-torus (X1, . . . , X6) 2
T
5 = P

5
\{X1 · · ·X6 = 0} described by

(X1 +X2 +X3 +X4 +X5 +X6)

✓
�1

X1
+

�2

X2
+

�3

X3
+

�4

X4
+

�5

X5
+

�6

X6

◆
= 1 , (6.9)

where �1, . . . ,�6 denote its six complex structure moduli. We refer to [32] for a careful study
of this manifold using toric geometry methods. Note that it has an S6 symmetry under sim-
ultaneous permutations of these moduli and the coordinates X1, . . . , X6. We will use the Z2

exchange symmetry between �1 and �2 in our discussion below.

Periods. Let us next set up the periods for the fundamental four-form of the Hulek–Verrill
fourfold. Many of these expressions parallel those of the Hulek–Verrill threefold discussed in
section 5.2. For instance, from the CICY expression (5.17) for the fundamental period we find
that
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1X
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✓
(n1 + . . .+ n6)!

n1! · · ·n6!

◆2

(�1)n1 · · · (�6)n6 , (6.10)

as follows by using the configuration matrix (6.8) for the mirror fourfold. By the same meth-
odology we find the periods linear in the logarithms log � to be given by

⇧I = ⇧0 log �
I

2⇡i
+ 2

X

n1,...,n6

(Hn1+...+n6 �HnI )(�
1)n1 · · · (�6)n6 , (6.11)

where Hx denote harmonic numbers. We refer to appendix C.4 for the series expansions of
the quadratic, cubic and quartic periods, as their form is not particularly illuminating for the
discussion here. We will, however, write down their leading form in the large complex structure
regime |�1

|, . . . , |�6
| < 1. Using the methods developed in [14, 35–40], in [32] the integral basis

for these periods was determined to be

⇧ =

0

BBBB@

⇧0

⇧I

⇧IJ

⇧I

⇧0

1

CCCCA
=

0

BBBBB@

1
tI

2s2(t
cIJ) + 1
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2s4(t) + s2(t)� s1(t) +
3
8

1

CCCCCA
+O(e2⇡it) , (6.12)

where we defined the covering coordinates tI = log �I/2⇡i. For the quadratic periods the basis
runs over 1  I < J  6, resulting in 15 of these.18 The sn stand for the elementary symmetric

18From a geometrical perspective this means that we take the mirror four-cycles to be spanned by intersections
DI \DJ of divisors DI . From the configuration matrix (6.8) it follows that DI \DI = 0, and hence we only
consider pairs with I < J .
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  Exact F-theory flux vacua

➡ example: Hulek-Verrill fourfold
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where �1, . . . ,�6 denote its six complex structure moduli. We refer to [32] for a careful study
of this manifold using toric geometry methods. Note that it has an S6 symmetry under sim-
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where we defined the covering coordinates tI = log �I/2⇡i. For the quadratic periods the basis
runs over 1  I < J  6, resulting in 15 of these.18 The sn stand for the elementary symmetric

18From a geometrical perspective this means that we take the mirror four-cycles to be spanned by intersections
DI \DJ of divisors DI . From the configuration matrix (6.8) it follows that DI \DI = 0, and hence we only
consider pairs with I < J .
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where we defined the covering coordinates tI = log �I/2⇡i. For the quadratic periods the basis
runs over 1  I < J  6, resulting in 15 of these.18 The sn stand for the elementary symmetric

18From a geometrical perspective this means that we take the mirror four-cycles to be spanned by intersections
DI \DJ of divisors DI . From the configuration matrix (6.8) it follows that DI \DI = 0, and hence we only
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of this manifold using toric geometry methods. Note that it has an S6 symmetry under sim-
ultaneous permutations of these moduli and the coordinates X1, . . . , X6. We will use the Z2

exchange symmetry between �1 and �2 in our discussion below.

Periods. Let us next set up the periods for the fundamental four-form of the Hulek–Verrill
fourfold. Many of these expressions parallel those of the Hulek–Verrill threefold discussed in
section 5.2. For instance, from the CICY expression (5.17) for the fundamental period we find
that
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where Hx denote harmonic numbers. We refer to appendix C.4 for the series expansions of
the quadratic, cubic and quartic periods, as their form is not particularly illuminating for the
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where we defined the covering coordinates tI = log �I/2⇡i. For the quadratic periods the basis
runs over 1  I < J  6, resulting in 15 of these.18 The sn stand for the elementary symmetric

18From a geometrical perspective this means that we take the mirror four-cycles to be spanned by intersections
DI \DJ of divisors DI . From the configuration matrix (6.8) it follows that DI \DI = 0, and hence we only
consider pairs with I < J .
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of this manifold using toric geometry methods. Note that it has an S6 symmetry under sim-
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exchange symmetry between �1 and �2 in our discussion below.
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where Hx denote harmonic numbers. We refer to appendix C.4 for the series expansions of
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80⇣(3)
(2⇡i)3

2s4(t) + s2(t)� s1(t) +
3
8

1

CCCCCA
+O(e2⇡it) , (6.12)

where we defined the covering coordinates tI = log �I/2⇡i. For the quadratic periods the basis
runs over 1  I < J  6, resulting in 15 of these.18 The sn stand for the elementary symmetric
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  Exact F-theory flux vacua

➡ Reduction to symmetry locus            → one remaining modulus
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Figure 2: Plot of W = 0 vacua (5.71) within the fundamental domain (5.61). The blue dots
represent vacua up to tadpole L̂  300. The red dots indicate the 10 distinct vacua satisfying
the tadpole bound L̂  5.

Vacua below tadpole bound. Let us begin with the flux vacua that obey the tadpole
bound, which is set by L̂vac

 5 since � = 720 for the Hulek–Verrill fourfold [9]. We find
that there are only ten distinct vacua20 by imposing this tadpole bound and restricting to the
fundamental domain (5.61). Their positions in the coordinates t and � have been listed in
table 5.1, together with the values of the flux quanta (a, b, c) and the tadpole L̂vac. In figure
2 these vacua are plotted as red dots on the fundamental domain. We find that two of these
ten vacua are located at conifold points of the K3 surface and Calabi-Yau fourfold — � = 1/16
and � = 1/4 — while the other eight are at regular points in the interior of the moduli space.
The remaining conifold point � = 1/36 of the Calabi–Yau fourfold does not host a vacuum.

Landscape of vacua above tadpole bound. In figure 2 we have plotted all vacua up to
tadpole L̂vac

 300 as blue dots. While vacua with L̂vac > 5 are not of physical relevance,
it is still instructive to study the patterns arising in this landscape. Some of these patterns
are reminiscent of those observed in [44] for flux vacua of rigid Calabi–Yau threefolds. Namely,
similar to [44], we see that certain vacua are concentrated at a particular point, while this point
is surrounded by a void of no vacua at all. But we also encounter new features in figure 2, such
as half-circles centered on the real line

(x� x0)
2 + y2 = R2 (5.81)

20Here we count vacua only by their position in moduli space, and disregard di↵erent flux configurations
leading to the same vevs for the moduli. For instance, (a, b, c) = (2, 0, 2) also leads to a vacuum at t = i/2

p
3,

with tadpole L̂
vac = 4 instead of L̂vac = 1. On top of that, there are also di↵erent choices of nI as well as flux

quanta of Gglobal
4 (discussed below (3.23)) to be considered. We leave the precise counting of the number of flux

configurations to future work.
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Figure 2: Plot of W = 0 vacua (5.71) within the fundamental domain (5.61). The blue dots
represent vacua up to tadpole L̂  300. The red dots indicate the 10 distinct vacua satisfying
the tadpole bound L̂  5.

Vacua below tadpole bound. Let us begin with the flux vacua that obey the tadpole
bound, which is set by L̂vac

 5 since � = 720 for the Hulek–Verrill fourfold [9]. We find
that there are only ten distinct vacua20 by imposing this tadpole bound and restricting to the
fundamental domain (5.61). Their positions in the coordinates t and � have been listed in
table 5.1, together with the values of the flux quanta (a, b, c) and the tadpole L̂vac. In figure
2 these vacua are plotted as red dots on the fundamental domain. We find that two of these
ten vacua are located at conifold points of the K3 surface and Calabi-Yau fourfold — � = 1/16
and � = 1/4 — while the other eight are at regular points in the interior of the moduli space.
The remaining conifold point � = 1/36 of the Calabi–Yau fourfold does not host a vacuum.

Landscape of vacua above tadpole bound. In figure 2 we have plotted all vacua up to
tadpole L̂vac

 300 as blue dots. While vacua with L̂vac > 5 are not of physical relevance,
it is still instructive to study the patterns arising in this landscape. Some of these patterns
are reminiscent of those observed in [44] for flux vacua of rigid Calabi–Yau threefolds. Namely,
similar to [44], we see that certain vacua are concentrated at a particular point, while this point
is surrounded by a void of no vacua at all. But we also encounter new features in figure 2, such
as half-circles centered on the real line

(x� x0)
2 + y2 = R2 (5.81)

20Here we count vacua only by their position in moduli space, and disregard di↵erent flux configurations
leading to the same vevs for the moduli. For instance, (a, b, c) = (2, 0, 2) also leads to a vacuum at t = i/2

p
3,

with tadpole L̂
vac = 4 instead of L̂vac = 1. On top of that, there are also di↵erent choices of nI as well as flux

quanta of Gglobal
4 (discussed below (3.23)) to be considered. We leave the precise counting of the number of flux

configurations to future work.
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→ one remaining modulus
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Calabi-Yau fourfolds containing 
‘attractive K3 surfaces’ 

where in the last step we again used the mirror map (5.38) to cancel the infinite series in �i.
Putting this K3 superpotential and Kähler potential together we find as scalar potential along
the symmetric locus
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where we recall that the base volume V appears as one of the factors in eK . The minimum of
the scalar potential is given by the locus where the K3 superpotential vanishes
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This extremization condition is manifestly an algebraic condition in the coordinates ti, even
though before applying the mirror map (5.38) we had in infinite series of terms in �i. From the
perspective of the K3 surface this locus is where the fluxes we turn on are of Hodge type (1, 1).

K3 submanifold. Let us finally describe how we may identify the K3 surface as a submanifold
of the Calabi–Yau fourfold. This argument parallels the Hulek–Verrill threefold discussed in
section 4.2. We again start from the defining equation of the fourfold at the symmetric locus
�1 = �2 = � given by

(X1 +X2 +X3 +X4 +X5 +X6)
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inside the projective five-torus (X1, . . . , X6) 2 T
5. We then pick a submanifold by setting

X1 = 1 and X2 = �1, which is described by the equation

(X3 +X4 +X5 +X6)
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inside (X3, . . . , X6) 2 T
3. This is precisely the K3 surface of Hulek and Verrill, whose periods

we encountered along the symmetric locus.

5.3 Stabilizing all complex structure moduli for the HV fourfold

In this section we study the stabilization of all complex structure moduli for the Hulek–Verrill
fourfold by using the full S6 permutation group rather than a Z2 subgroup. Let us briefly
summarize the setup and results. We turn on fluxes that break this S6 symmetry completely,
fixing us to the diagonal locus �1 = . . . = �6. Along this S6 orbifold locus we find a non-trivial
polynomial scalar potential specified by the periods of the Hulek–Verrill K3 surface. This scalar
potential is a rational function in the diagonal mirror coordinate t, and it is minimized at a
complex multiplication points of the K3 surface t 2 Q(i

p
D) with D > 0 determined by the

fluxes; see also figure 2 for an illustration.
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→ vacua at number-theoretic values
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  Exact F-theory flux vacua

➡ Reduction to symmetry locus            
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Figure 2: Plot of W = 0 vacua (5.71) within the fundamental domain (5.61). The blue dots
represent vacua up to tadpole L̂  300. The red dots indicate the 10 distinct vacua satisfying
the tadpole bound L̂  5.

Vacua below tadpole bound. Let us begin with the flux vacua that obey the tadpole
bound, which is set by L̂vac

 5 since � = 720 for the Hulek–Verrill fourfold [9]. We find
that there are only ten distinct vacua20 by imposing this tadpole bound and restricting to the
fundamental domain (5.61). Their positions in the coordinates t and � have been listed in
table 5.1, together with the values of the flux quanta (a, b, c) and the tadpole L̂vac. In figure
2 these vacua are plotted as red dots on the fundamental domain. We find that two of these
ten vacua are located at conifold points of the K3 surface and Calabi-Yau fourfold — � = 1/16
and � = 1/4 — while the other eight are at regular points in the interior of the moduli space.
The remaining conifold point � = 1/36 of the Calabi–Yau fourfold does not host a vacuum.

Landscape of vacua above tadpole bound. In figure 2 we have plotted all vacua up to
tadpole L̂vac

 300 as blue dots. While vacua with L̂vac > 5 are not of physical relevance,
it is still instructive to study the patterns arising in this landscape. Some of these patterns
are reminiscent of those observed in [44] for flux vacua of rigid Calabi–Yau threefolds. Namely,
similar to [44], we see that certain vacua are concentrated at a particular point, while this point
is surrounded by a void of no vacua at all. But we also encounter new features in figure 2, such
as half-circles centered on the real line

(x� x0)
2 + y2 = R2 (5.81)

20Here we count vacua only by their position in moduli space, and disregard di↵erent flux configurations
leading to the same vevs for the moduli. For instance, (a, b, c) = (2, 0, 2) also leads to a vacuum at t = i/2

p
3,

with tadpole L̂
vac = 4 instead of L̂vac = 1. On top of that, there are also di↵erent choices of nI as well as flux

quanta of Gglobal
4 (discussed below (3.23)) to be considered. We leave the precise counting of the number of flux

configurations to future work.
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First time:  Exact flux vacua in Calabi-Yau fourfold 
                    (all complex structure moduli stabilized in tadpole bound)  

[TG,van de Heisteeg ’24]

→ one remaining modulus
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where in the last step we again used the mirror map (5.38) to cancel the infinite series in �i.
Putting this K3 superpotential and Kähler potential together we find as scalar potential along
the symmetric locus
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where we recall that the base volume V appears as one of the factors in eK . The minimum of
the scalar potential is given by the locus where the K3 superpotential vanishes
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This extremization condition is manifestly an algebraic condition in the coordinates ti, even
though before applying the mirror map (5.38) we had in infinite series of terms in �i. From the
perspective of the K3 surface this locus is where the fluxes we turn on are of Hodge type (1, 1).

K3 submanifold. Let us finally describe how we may identify the K3 surface as a submanifold
of the Calabi–Yau fourfold. This argument parallels the Hulek–Verrill threefold discussed in
section 4.2. We again start from the defining equation of the fourfold at the symmetric locus
�1 = �2 = � given by

(X1 +X2 +X3 +X4 +X5 +X6)
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inside the projective five-torus (X1, . . . , X6) 2 T
5. We then pick a submanifold by setting

X1 = 1 and X2 = �1, which is described by the equation
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inside (X3, . . . , X6) 2 T
3. This is precisely the K3 surface of Hulek and Verrill, whose periods

we encountered along the symmetric locus.

5.3 Stabilizing all complex structure moduli for the HV fourfold

In this section we study the stabilization of all complex structure moduli for the Hulek–Verrill
fourfold by using the full S6 permutation group rather than a Z2 subgroup. Let us briefly
summarize the setup and results. We turn on fluxes that break this S6 symmetry completely,
fixing us to the diagonal locus �1 = . . . = �6. Along this S6 orbifold locus we find a non-trivial
polynomial scalar potential specified by the periods of the Hulek–Verrill K3 surface. This scalar
potential is a rational function in the diagonal mirror coordinate t, and it is minimized at a
complex multiplication points of the K3 surface t 2 Q(i

p
D) with D > 0 determined by the

fluxes; see also figure 2 for an illustration.
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➡ For example, study potential:      
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➡ Increasing complexity increases number of vacua:     
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F � 1
<latexit sha1_base64="cqCv+P0VMqBL1pVci+WWYA9HYZ0=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIsgLsqMSHVZdOPCRQX7kHYomUymDU0yQ5IRytCvcONCEbd+jjv/xrSdhbYeCBzOOZfce4KEM21c99sprKyurW8UN0tb2zu7e+X9g5aOU0Vok8Q8Vp0Aa8qZpE3DDKedRFEsAk7bwehm6refqNIslg9mnFBf4IFkESPYWOmxd2ejIe6f9csVt+rOgJaJl5MK5Gj0y1+9MCapoNIQjrXuem5i/Awrwwink1Iv1TTBZIQHtGupxIJqP5stPEEnVglRFCv7pEEz9fdEhoXWYxHYpMBmqBe9qfif101NdOVnTCapoZLMP4pSjkyMptejkClKDB9bgolidldEhlhhYmxHJVuCt3jyMmmdV71atXZ/Ualf53UU4QiO4RQ8uIQ63EIDmkBAwDO8wpujnBfn3fmYRwtOPnMIf+B8/gAuZZAF</latexit>

⇤⇤

→ “one of them has small       “
<latexit sha1_base64="cqCv+P0VMqBL1pVci+WWYA9HYZ0=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIsgLsqMSHVZdOPCRQX7kHYomUymDU0yQ5IRytCvcONCEbd+jjv/xrSdhbYeCBzOOZfce4KEM21c99sprKyurW8UN0tb2zu7e+X9g5aOU0Vok8Q8Vp0Aa8qZpE3DDKedRFEsAk7bwehm6refqNIslg9mnFBf4IFkESPYWOmxd2ejIe6f9csVt+rOgJaJl5MK5Gj0y1+9MCapoNIQjrXuem5i/Awrwwink1Iv1TTBZIQHtGupxIJqP5stPEEnVglRFCv7pEEz9fdEhoXWYxHYpMBmqBe9qfif101NdOVnTCapoZLMP4pSjkyMptejkClKDB9bgolidldEhlhhYmxHJVuCt3jyMmmdV71atXZ/Ualf53UU4QiO4RQ8uIQ63EIDmkBAwDO8wpujnBfn3fmYRwtOPnMIf+B8/gAuZZAF</latexit>

⇤⇤

➡ Increasing complexity increases number of vacua:     
(Pfaffian)

<latexit sha1_base64="68ZfKMlt3Fgbo9VeoOCz/djVEYs=">AAACBHicbVDLSsNAFJ3UV62vqMtuBoPgqiRFqsuiElxWsA9okjKZTtuhk0mYmQgldOHGX3HjQhG3foQ7/8Zpm4W2HrhwOOde7r0nTBiVyra/jcLa+sbmVnG7tLO7t39gHh61ZJwKTJo4ZrHohEgSRjlpKqoY6SSCoChkpB2Or2d++4EISWN+ryYJ8SM05HRAMVJa6pllz4IeI1JKGsFqkLlBdQrdwIU3gdszLbtizwFXiZMTC+Ro9Mwvrx/jNCJcYYak7Dp2ovwMCUUxI9OSl0qSIDxGQ9LVlKOISD+bPzGFp1rpw0EsdHEF5+rviQxFUk6iUHdGSI3ksjcT//O6qRpc+hnlSaoIx4tFg5RBFcNZIrBPBcGKTTRBWFB9K8QjJBBWOreSDsFZfnmVtKoVp1ap3Z1b9as8jiIogxNwBhxwAergFjRAE2DwCJ7BK3gznowX4934WLQWjHzmGPyB8fkD1aOWTw==</latexit>

# . 2F
2

FFDFpotentials with high (F,D):   many vacua

➡ Our universe within String Theory: 
→ pick integer data such that couplings match observations 
     (after moduli stabilization) 
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➡ For example, study potential:      
<latexit sha1_base64="CpLYLyiyEHzW9lUXU8wG4WTP2Tc=">AAAB+3icbVDLSgMxFL1TX7W+xrp0EyxC66LMiFQ3QtGNywp2WmjLkEkzbWgmMyQZsQz9FTcuFHHrj7jzb0wfC209cOHknHvJvSdIOFPacb6t3Nr6xuZWfruws7u3f2AfFj0Vp5LQJol5LNsBVpQzQZuaaU7biaQ4CjhtBaPbqd96pFKxWDzocUJ7ER4IFjKCtZF8u+iVReUaeeVuMmT+mXlUfLvkVJ0Z0CpxF6QECzR8+6vbj0kaUaEJx0p1XCfRvQxLzQink0I3VTTBZIQHtGOowBFVvWy2+wSdGqWPwliaEhrN1N8TGY6UGkeB6YywHqplbyr+53VSHV71MiaSVFNB5h+FKUc6RtMgUJ9JSjQfG4KJZGZXRIZYYqJNXAUTgrt88irxzqturVq7vyjVbxZx5OEYTqAMLlxCHe6gAU0g8ATP8Apv1sR6sd6tj3lrzlrMHMEfWJ8/3IqSaA==</latexit>

V (n) = V (�⇤(n))
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<latexit sha1_base64="2M1q2VUF+39zZ22pv5yK19IblRI=">AAAB6HicdVBNSwMxEJ31s9avqkcvwSJ4Ktkia3srCuKxBfsB7VKyadrGZrNLkhXK0l/gxYMiXv1J3vw3ZtsKKvpg4PHeDDPzglhwbTD+cFZW19Y3NnNb+e2d3b39wsFhS0eJoqxJIxGpTkA0E1yypuFGsE6sGAkDwdrB5Crz2/dMaR7JWzONmR+SkeRDTomxUuO6XyjiErbwPJQRt4JdS6rVSrlcRe7cwrgIS9T7hffeIKJJyKShgmjddXFs/JQow6lgs3wv0SwmdEJGrGupJCHTfjo/dIZOrTJAw0jZkgbN1e8TKQm1noaB7QyJGevfXib+5XUTM6z4KZdxYpiki0XDRCAToexrNOCKUSOmlhCquL0V0TFRhBqbTd6G8PUp+p+0yiXXK3mN82LtchlHDo7hBM7AhQuowQ3UoQkUGDzAEzw7d86j8+K8LlpXnOXMEfyA8/YJ9UiNEg==</latexit>

F
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                     and even                      might have very few or no solutions  
due to transcendental nature of the problem

<latexit sha1_base64="zGlP42nlYBH8so2xfrFcB84eNoY=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyapl6f/w4kERr/4Xb/4b03YP2vpg4PHeDDPzAsmZNq777eRWVtfWN/Kbha3tnd294v5BU8eJIrRBYh6rdoA15UzQhmGG07ZUFEcBp61gdD31Ww9UaRaLOzOW1I/wQLCQEWysdN8si1PUxVKq+Am5vWLJrbgzoGXiZaQEGeq94le3H5MkosIQjrXueK40foqVYYTTSaGbaCoxGeEB7VgqcES1n86unqATq/RRGCtbwqCZ+nsixZHW4yiwnRE2Q73oTcX/vE5iwks/ZUImhgoyXxQmHJkYTSNAfaYoMXxsCSaK2VsRGWKFibFBFWwI3uLLy6R5VvGqlerteal2lcWRhyM4hjJ4cAE1uIE6NICAgmd4hTfn0Xlx3p2PeWvOyWYO4Q+czx/7LZGM</latexit>

V (n) ⇡ 0
<latexit sha1_base64="kWf9hgKuB0P3sRsCC4UBLpi9bXM=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBDiJeyKRC9C0IvHCOYByRJmJ5NkyOzsOtMrhCU/4cWDIl79HW/+jZNkD5pY0FBUddPdFcRSGHTdb2dldW19YzO3ld/e2d3bLxwcNkyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go9up33zi2ohIPeA45n5IB0r0BaNopVajpM7INXG7haJbdmcgy8TLSBEy1LqFr04vYknIFTJJjWl7box+SjUKJvkk30kMjykb0QFvW6poyI2fzu6dkFOr9Eg/0rYUkpn6eyKloTHjMLCdIcWhWfSm4n9eO8H+lZ8KFSfIFZsv6ieSYESmz5Oe0JyhHFtCmRb2VsKGVFOGNqK8DcFbfHmZNM7LXqVcub8oVm+yOHJwDCdQAg8uoQp3UIM6MJDwDK/w5jw6L8678zFvXXGymSP4A+fzB+eUjpc=</latexit>

V (n) = 0

<latexit sha1_base64="2M1q2VUF+39zZ22pv5yK19IblRI=">AAAB6HicdVBNSwMxEJ31s9avqkcvwSJ4Ktkia3srCuKxBfsB7VKyadrGZrNLkhXK0l/gxYMiXv1J3vw3ZtsKKvpg4PHeDDPzglhwbTD+cFZW19Y3NnNb+e2d3b39wsFhS0eJoqxJIxGpTkA0E1yypuFGsE6sGAkDwdrB5Crz2/dMaR7JWzONmR+SkeRDTomxUuO6XyjiErbwPJQRt4JdS6rVSrlcRe7cwrgIS9T7hffeIKJJyKShgmjddXFs/JQow6lgs3wv0SwmdEJGrGupJCHTfjo/dIZOrTJAw0jZkgbN1e8TKQm1noaB7QyJGevfXib+5XUTM6z4KZdxYpiki0XDRCAToexrNOCKUSOmlhCquL0V0TFRhBqbTd6G8PUp+p+0yiXXK3mN82LtchlHDo7hBM7AhQuowQ3UoQkUGDzAEzw7d86j8+K8LlpXnOXMEfyA8/YJ9UiNEg==</latexit>

F
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(recall:                        solutions only abundant on symmetry locus → polynomial W)   
<latexit sha1_base64="zOxkVNXbxw9jXED2xvGn/IKsCtM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOpFKHrxWMF+QLuUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeUHMmTau++3k1tY3Nrfy24Wd3b39g+LhUUvLRBHaJJJL1QmwppwJ2jTMcNqJFcVRwGk7GN/O/PYTVZpJ8WAmMfUjPBQsZAQbK7XaZXF+7faLJbfizoFWiZeREmRo9ItfvYEkSUSFIRxr3fXc2PgpVoYRTqeFXqJpjMkYD2nXUoEjqv10fu0UnVllgEKpbAmD5urviRRHWk+iwHZG2Iz0sjcT//O6iQmv/JSJODFUkMWiMOHISDR7HQ2YosTwiSWYKGZvRWSEFSbGBlSwIXjLL6+S1kXFq1Vq99VS/SaLIw8ncApl8OAS6nAHDWgCgUd4hld4c6Tz4rw7H4vWnJPNHMMfOJ8/O1iORA==</latexit>

W (n) = 0

                     and even                      might have very few or no solutions  
due to transcendental nature of the problem

<latexit sha1_base64="zGlP42nlYBH8so2xfrFcB84eNoY=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyapl6f/w4kERr/4Xb/4b03YP2vpg4PHeDDPzAsmZNq777eRWVtfWN/Kbha3tnd294v5BU8eJIrRBYh6rdoA15UzQhmGG07ZUFEcBp61gdD31Ww9UaRaLOzOW1I/wQLCQEWysdN8si1PUxVKq+Am5vWLJrbgzoGXiZaQEGeq94le3H5MkosIQjrXueK40foqVYYTTSaGbaCoxGeEB7VgqcES1n86unqATq/RRGCtbwqCZ+nsixZHW4yiwnRE2Q73oTcX/vE5iwks/ZUImhgoyXxQmHJkYTSNAfaYoMXxsCSaK2VsRGWKFibFBFWwI3uLLy6R5VvGqlerteal2lcWRhyM4hjJ4cAE1uIE6NICAgmd4hTfn0Xlx3p2PeWvOyWYO4Q+czx/7LZGM</latexit>

V (n) ⇡ 0
<latexit sha1_base64="kWf9hgKuB0P3sRsCC4UBLpi9bXM=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBDiJeyKRC9C0IvHCOYByRJmJ5NkyOzsOtMrhCU/4cWDIl79HW/+jZNkD5pY0FBUddPdFcRSGHTdb2dldW19YzO3ld/e2d3bLxwcNkyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go9up33zi2ohIPeA45n5IB0r0BaNopVajpM7INXG7haJbdmcgy8TLSBEy1LqFr04vYknIFTJJjWl7box+SjUKJvkk30kMjykb0QFvW6poyI2fzu6dkFOr9Eg/0rYUkpn6eyKloTHjMLCdIcWhWfSm4n9eO8H+lZ8KFSfIFZsv6ieSYESmz5Oe0JyhHFtCmRb2VsKGVFOGNqK8DcFbfHmZNM7LXqVcub8oVm+yOHJwDCdQAg8uoQp3UIM6MJDwDK/w5jw6L8678zFvXXGymSP4A+fzB+eUjpc=</latexit>

V (n) = 0

<latexit sha1_base64="2M1q2VUF+39zZ22pv5yK19IblRI=">AAAB6HicdVBNSwMxEJ31s9avqkcvwSJ4Ktkia3srCuKxBfsB7VKyadrGZrNLkhXK0l/gxYMiXv1J3vw3ZtsKKvpg4PHeDDPzglhwbTD+cFZW19Y3NnNb+e2d3b39wsFhS0eJoqxJIxGpTkA0E1yypuFGsE6sGAkDwdrB5Crz2/dMaR7JWzONmR+SkeRDTomxUuO6XyjiErbwPJQRt4JdS6rVSrlcRe7cwrgIS9T7hffeIKJJyKShgmjddXFs/JQow6lgs3wv0SwmdEJGrGupJCHTfjo/dIZOrTJAw0jZkgbN1e8TKQm1noaB7QyJGevfXib+5XUTM6z4KZdxYpiki0XDRCAToexrNOCKUSOmlhCquL0V0TFRhBqbTd6G8PUp+p+0yiXXK3mN82LtchlHDo7hBM7AhQuowQ3UoQkUGDzAEzw7d86j8+K8LlpXnOXMEfyA8/YJ9UiNEg==</latexit>

F
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(recall:                        solutions only abundant on symmetry locus → polynomial W)   
<latexit sha1_base64="zOxkVNXbxw9jXED2xvGn/IKsCtM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOpFKHrxWMF+QLuUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeUHMmTau++3k1tY3Nrfy24Wd3b39g+LhUUvLRBHaJJJL1QmwppwJ2jTMcNqJFcVRwGk7GN/O/PYTVZpJ8WAmMfUjPBQsZAQbK7XaZXF+7faLJbfizoFWiZeREmRo9ItfvYEkSUSFIRxr3fXc2PgpVoYRTqeFXqJpjMkYD2nXUoEjqv10fu0UnVllgEKpbAmD5urviRRHWk+iwHZG2Iz0sjcT//O6iQmv/JSJODFUkMWiMOHISDR7HQ2YosTwiSWYKGZvRWSEFSbGBlSwIXjLL6+S1kXFq1Vq99VS/SaLIw8ncApl8OAS6nAHDWgCgUd4hld4c6Tz4rw7H4vWnJPNHMMfOJ8/O1iORA==</latexit>

W (n) = 0

                     and even                      might have very few or no solutions  
due to transcendental nature of the problem

<latexit sha1_base64="zGlP42nlYBH8so2xfrFcB84eNoY=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyapl6f/w4kERr/4Xb/4b03YP2vpg4PHeDDPzAsmZNq777eRWVtfWN/Kbha3tnd294v5BU8eJIrRBYh6rdoA15UzQhmGG07ZUFEcBp61gdD31Ww9UaRaLOzOW1I/wQLCQEWysdN8si1PUxVKq+Am5vWLJrbgzoGXiZaQEGeq94le3H5MkosIQjrXueK40foqVYYTTSaGbaCoxGeEB7VgqcES1n86unqATq/RRGCtbwqCZ+nsixZHW4yiwnRE2Q73oTcX/vE5iwks/ZUImhgoyXxQmHJkYTSNAfaYoMXxsCSaK2VsRGWKFibFBFWwI3uLLy6R5VvGqlerteal2lcWRhyM4hjJ4cAE1uIE6NICAgmd4hTfn0Xlx3p2PeWvOyWYO4Q+czx/7LZGM</latexit>

V (n) ⇡ 0
<latexit sha1_base64="kWf9hgKuB0P3sRsCC4UBLpi9bXM=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBDiJeyKRC9C0IvHCOYByRJmJ5NkyOzsOtMrhCU/4cWDIl79HW/+jZNkD5pY0FBUddPdFcRSGHTdb2dldW19YzO3ld/e2d3bLxwcNkyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go9up33zi2ohIPeA45n5IB0r0BaNopVajpM7INXG7haJbdmcgy8TLSBEy1LqFr04vYknIFTJJjWl7box+SjUKJvkk30kMjykb0QFvW6poyI2fzu6dkFOr9Eg/0rYUkpn6eyKloTHjMLCdIcWhWfSm4n9eO8H+lZ8KFSfIFZsv6ieSYESmz5Oe0JyhHFtCmRb2VsKGVFOGNqK8DcFbfHmZNM7LXqVcub8oVm+yOHJwDCdQAg8uoQp3UIM6MJDwDK/w5jw6L8678zFvXXGymSP4A+fzB+eUjpc=</latexit>

V (n) = 0

→ more emphasis on number-theoretic aspects in studying landscape  

<latexit sha1_base64="2M1q2VUF+39zZ22pv5yK19IblRI=">AAAB6HicdVBNSwMxEJ31s9avqkcvwSJ4Ktkia3srCuKxBfsB7VKyadrGZrNLkhXK0l/gxYMiXv1J3vw3ZtsKKvpg4PHeDDPzglhwbTD+cFZW19Y3NnNb+e2d3b39wsFhS0eJoqxJIxGpTkA0E1yypuFGsE6sGAkDwdrB5Crz2/dMaR7JWzONmR+SkeRDTomxUuO6XyjiErbwPJQRt4JdS6rVSrlcRe7cwrgIS9T7hffeIKJJyKShgmjddXFs/JQow6lgs3wv0SwmdEJGrGupJCHTfjo/dIZOrTJAw0jZkgbN1e8TKQm1noaB7QyJGevfXib+5XUTM6z4KZdxYpiki0XDRCAToexrNOCKUSOmlhCquL0V0TFRhBqbTd6G8PUp+p+0yiXXK3mN82LtchlHDo7hBM7AhQuowQ3UoQkUGDzAEzw7d86j8+K8LlpXnOXMEfyA8/YJ9UiNEg==</latexit>

F
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(recall:                        solutions only abundant on symmetry locus → polynomial W)   
<latexit sha1_base64="zOxkVNXbxw9jXED2xvGn/IKsCtM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOpFKHrxWMF+QLuUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeUHMmTau++3k1tY3Nrfy24Wd3b39g+LhUUvLRBHaJJJL1QmwppwJ2jTMcNqJFcVRwGk7GN/O/PYTVZpJ8WAmMfUjPBQsZAQbK7XaZXF+7faLJbfizoFWiZeREmRo9ItfvYEkSUSFIRxr3fXc2PgpVoYRTqeFXqJpjMkYD2nXUoEjqv10fu0UnVllgEKpbAmD5urviRRHWk+iwHZG2Iz0sjcT//O6iQmv/JSJODFUkMWiMOHISDR7HQ2YosTwiSWYKGZvRWSEFSbGBlSwIXjLL6+S1kXFq1Vq99VS/SaLIw8ncApl8OAS6nAHDWgCgUd4hld4c6Tz4rw7H4vWnJPNHMMfOJ8/O1iORA==</latexit>

W (n) = 0

                     and even                      might have very few or no solutions  
due to transcendental nature of the problem

<latexit sha1_base64="zGlP42nlYBH8so2xfrFcB84eNoY=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyapl6f/w4kERr/4Xb/4b03YP2vpg4PHeDDPzAsmZNq777eRWVtfWN/Kbha3tnd294v5BU8eJIrRBYh6rdoA15UzQhmGG07ZUFEcBp61gdD31Ww9UaRaLOzOW1I/wQLCQEWysdN8si1PUxVKq+Am5vWLJrbgzoGXiZaQEGeq94le3H5MkosIQjrXueK40foqVYYTTSaGbaCoxGeEB7VgqcES1n86unqATq/RRGCtbwqCZ+nsixZHW4yiwnRE2Q73oTcX/vE5iwks/ZUImhgoyXxQmHJkYTSNAfaYoMXxsCSaK2VsRGWKFibFBFWwI3uLLy6R5VvGqlerteal2lcWRhyM4hjJ4cAE1uIE6NICAgmd4hTfn0Xlx3p2PeWvOyWYO4Q+czx/7LZGM</latexit>

V (n) ⇡ 0
<latexit sha1_base64="kWf9hgKuB0P3sRsCC4UBLpi9bXM=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBDiJeyKRC9C0IvHCOYByRJmJ5NkyOzsOtMrhCU/4cWDIl79HW/+jZNkD5pY0FBUddPdFcRSGHTdb2dldW19YzO3ld/e2d3bLxwcNkyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go9up33zi2ohIPeA45n5IB0r0BaNopVajpM7INXG7haJbdmcgy8TLSBEy1LqFr04vYknIFTJJjWl7box+SjUKJvkk30kMjykb0QFvW6poyI2fzu6dkFOr9Eg/0rYUkpn6eyKloTHjMLCdIcWhWfSm4n9eO8H+lZ8KFSfIFZsv6ieSYESmz5Oe0JyhHFtCmRb2VsKGVFOGNqK8DcFbfHmZNM7LXqVcub8oVm+yOHJwDCdQAg8uoQp3UIM6MJDwDK/w5jw6L8678zFvXXGymSP4A+fzB+eUjpc=</latexit>

V (n) = 0

→ more emphasis on number-theoretic aspects in studying landscape  

<latexit sha1_base64="2M1q2VUF+39zZ22pv5yK19IblRI=">AAAB6HicdVBNSwMxEJ31s9avqkcvwSJ4Ktkia3srCuKxBfsB7VKyadrGZrNLkhXK0l/gxYMiXv1J3vw3ZtsKKvpg4PHeDDPzglhwbTD+cFZW19Y3NnNb+e2d3b39wsFhS0eJoqxJIxGpTkA0E1yypuFGsE6sGAkDwdrB5Crz2/dMaR7JWzONmR+SkeRDTomxUuO6XyjiErbwPJQRt4JdS6rVSrlcRe7cwrgIS9T7hffeIKJJyKShgmjddXFs/JQow6lgs3wv0SwmdEJGrGupJCHTfjo/dIZOrTJAw0jZkgbN1e8TKQm1noaB7QyJGevfXib+5XUTM6z4KZdxYpiki0XDRCAToexrNOCKUSOmlhCquL0V0TFRhBqbTd6G8PUp+p+0yiXXK3mN82LtchlHDo7hBM7AhQuowQ3UoQkUGDzAEzw7d86j8+K8LlpXnOXMEfyA8/YJ9UiNEg==</latexit>

F

➡ Impact on cut-off scale

species-scale:
<latexit sha1_base64="z2oedyZNed5QrwaW8hS6FnFdFE0="></latexit>

⇤QG ⇠ ⇤sp =
Mplp
N

[Dvali ’07][Dvali,Lüst ’09]… 
[van de Heisteeg,Vafa,Wiesner,Wu ’22-’23]…



 Competing effect when increasing complexity
➡ in String Theory complexity       increases because of non-trivial functions
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(recall:                        solutions only abundant on symmetry locus → polynomial W)   
<latexit sha1_base64="zOxkVNXbxw9jXED2xvGn/IKsCtM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOpFKHrxWMF+QLuUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeUHMmTau++3k1tY3Nrfy24Wd3b39g+LhUUvLRBHaJJJL1QmwppwJ2jTMcNqJFcVRwGk7GN/O/PYTVZpJ8WAmMfUjPBQsZAQbK7XaZXF+7faLJbfizoFWiZeREmRo9ItfvYEkSUSFIRxr3fXc2PgpVoYRTqeFXqJpjMkYD2nXUoEjqv10fu0UnVllgEKpbAmD5urviRRHWk+iwHZG2Iz0sjcT//O6iQmv/JSJODFUkMWiMOHISDR7HQ2YosTwiSWYKGZvRWSEFSbGBlSwIXjLL6+S1kXFq1Vq99VS/SaLIw8ncApl8OAS6nAHDWgCgUd4hld4c6Tz4rw7H4vWnJPNHMMfOJ8/O1iORA==</latexit>

W (n) = 0

                     and even                      might have very few or no solutions  
due to transcendental nature of the problem

<latexit sha1_base64="zGlP42nlYBH8so2xfrFcB84eNoY=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyapl6f/w4kERr/4Xb/4b03YP2vpg4PHeDDPzAsmZNq777eRWVtfWN/Kbha3tnd294v5BU8eJIrRBYh6rdoA15UzQhmGG07ZUFEcBp61gdD31Ww9UaRaLOzOW1I/wQLCQEWysdN8si1PUxVKq+Am5vWLJrbgzoGXiZaQEGeq94le3H5MkosIQjrXueK40foqVYYTTSaGbaCoxGeEB7VgqcES1n86unqATq/RRGCtbwqCZ+nsixZHW4yiwnRE2Q73oTcX/vE5iwks/ZUImhgoyXxQmHJkYTSNAfaYoMXxsCSaK2VsRGWKFibFBFWwI3uLLy6R5VvGqlerteal2lcWRhyM4hjJ4cAE1uIE6NICAgmd4hTfn0Xlx3p2PeWvOyWYO4Q+czx/7LZGM</latexit>

V (n) ⇡ 0
<latexit sha1_base64="kWf9hgKuB0P3sRsCC4UBLpi9bXM=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBDiJeyKRC9C0IvHCOYByRJmJ5NkyOzsOtMrhCU/4cWDIl79HW/+jZNkD5pY0FBUddPdFcRSGHTdb2dldW19YzO3ld/e2d3bLxwcNkyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go9up33zi2ohIPeA45n5IB0r0BaNopVajpM7INXG7haJbdmcgy8TLSBEy1LqFr04vYknIFTJJjWl7box+SjUKJvkk30kMjykb0QFvW6poyI2fzu6dkFOr9Eg/0rYUkpn6eyKloTHjMLCdIcWhWfSm4n9eO8H+lZ8KFSfIFZsv6ieSYESmz5Oe0JyhHFtCmRb2VsKGVFOGNqK8DcFbfHmZNM7LXqVcub8oVm+yOHJwDCdQAg8uoQp3UIM6MJDwDK/w5jw6L8678zFvXXGymSP4A+fzB+eUjpc=</latexit>

V (n) = 0

→ more emphasis on number-theoretic aspects in studying landscape  

<latexit sha1_base64="2M1q2VUF+39zZ22pv5yK19IblRI=">AAAB6HicdVBNSwMxEJ31s9avqkcvwSJ4Ktkia3srCuKxBfsB7VKyadrGZrNLkhXK0l/gxYMiXv1J3vw3ZtsKKvpg4PHeDDPzglhwbTD+cFZW19Y3NnNb+e2d3b39wsFhS0eJoqxJIxGpTkA0E1yypuFGsE6sGAkDwdrB5Crz2/dMaR7JWzONmR+SkeRDTomxUuO6XyjiErbwPJQRt4JdS6rVSrlcRe7cwrgIS9T7hffeIKJJyKShgmjddXFs/JQow6lgs3wv0SwmdEJGrGupJCHTfjo/dIZOrTJAw0jZkgbN1e8TKQm1noaB7QyJGevfXib+5XUTM6z4KZdxYpiki0XDRCAToexrNOCKUSOmlhCquL0V0TFRhBqbTd6G8PUp+p+0yiXXK3mN82LtchlHDo7hBM7AhQuowQ3UoQkUGDzAEzw7d86j8+K8LlpXnOXMEfyA8/YJ9UiNEg==</latexit>

F

➡ Impact on cut-off scale

species-scale:
<latexit sha1_base64="z2oedyZNed5QrwaW8hS6FnFdFE0="></latexit>

⇤QG ⇠ ⇤sp =
Mplp
N

[Dvali ’07][Dvali,Lüst ’09]… 
[van de Heisteeg,Vafa,Wiesner,Wu ’22-’23]…

→

<latexit sha1_base64="SldBNT2HlP09emoI3Sqagha+q4k="></latexit>

⇤QG ⇠ Mplp
F

⇣
...
⌘

? → increasing complexity decreases  
     maximal cut-off of effective QFT



 Competing effect when increasing complexity
➡ in String Theory complexity       increases because of non-trivial functions
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(recall:                        solutions only abundant on symmetry locus → polynomial W)   
<latexit sha1_base64="zOxkVNXbxw9jXED2xvGn/IKsCtM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOpFKHrxWMF+QLuUbJptY7PJkmSFsvQ/ePGgiFf/jzf/jWm7B219MPB4b4aZeUHMmTau++3k1tY3Nrfy24Wd3b39g+LhUUvLRBHaJJJL1QmwppwJ2jTMcNqJFcVRwGk7GN/O/PYTVZpJ8WAmMfUjPBQsZAQbK7XaZXF+7faLJbfizoFWiZeREmRo9ItfvYEkSUSFIRxr3fXc2PgpVoYRTqeFXqJpjMkYD2nXUoEjqv10fu0UnVllgEKpbAmD5urviRRHWk+iwHZG2Iz0sjcT//O6iQmv/JSJODFUkMWiMOHISDR7HQ2YosTwiSWYKGZvRWSEFSbGBlSwIXjLL6+S1kXFq1Vq99VS/SaLIw8ncApl8OAS6nAHDWgCgUd4hld4c6Tz4rw7H4vWnJPNHMMfOJ8/O1iORA==</latexit>

W (n) = 0

                     and even                      might have very few or no solutions  
due to transcendental nature of the problem

<latexit sha1_base64="zGlP42nlYBH8so2xfrFcB84eNoY=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OKxgv2Adi3ZNNuGZrMhyapl6f/w4kERr/4Xb/4b03YP2vpg4PHeDDPzAsmZNq777eRWVtfWN/Kbha3tnd294v5BU8eJIrRBYh6rdoA15UzQhmGG07ZUFEcBp61gdD31Ww9UaRaLOzOW1I/wQLCQEWysdN8si1PUxVKq+Am5vWLJrbgzoGXiZaQEGeq94le3H5MkosIQjrXueK40foqVYYTTSaGbaCoxGeEB7VgqcES1n86unqATq/RRGCtbwqCZ+nsixZHW4yiwnRE2Q73oTcX/vE5iwks/ZUImhgoyXxQmHJkYTSNAfaYoMXxsCSaK2VsRGWKFibFBFWwI3uLLy6R5VvGqlerteal2lcWRhyM4hjJ4cAE1uIE6NICAgmd4hTfn0Xlx3p2PeWvOyWYO4Q+czx/7LZGM</latexit>

V (n) ⇡ 0
<latexit sha1_base64="kWf9hgKuB0P3sRsCC4UBLpi9bXM=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBDiJeyKRC9C0IvHCOYByRJmJ5NkyOzsOtMrhCU/4cWDIl79HW/+jZNkD5pY0FBUddPdFcRSGHTdb2dldW19YzO3ld/e2d3bLxwcNkyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go9up33zi2ohIPeA45n5IB0r0BaNopVajpM7INXG7haJbdmcgy8TLSBEy1LqFr04vYknIFTJJjWl7box+SjUKJvkk30kMjykb0QFvW6poyI2fzu6dkFOr9Eg/0rYUkpn6eyKloTHjMLCdIcWhWfSm4n9eO8H+lZ8KFSfIFZsv6ieSYESmz5Oe0JyhHFtCmRb2VsKGVFOGNqK8DcFbfHmZNM7LXqVcub8oVm+yOHJwDCdQAg8uoQp3UIM6MJDwDK/w5jw6L8678zFvXXGymSP4A+fzB+eUjpc=</latexit>

V (n) = 0

→ more emphasis on number-theoretic aspects in studying landscape  

<latexit sha1_base64="2M1q2VUF+39zZ22pv5yK19IblRI=">AAAB6HicdVBNSwMxEJ31s9avqkcvwSJ4Ktkia3srCuKxBfsB7VKyadrGZrNLkhXK0l/gxYMiXv1J3vw3ZtsKKvpg4PHeDDPzglhwbTD+cFZW19Y3NnNb+e2d3b39wsFhS0eJoqxJIxGpTkA0E1yypuFGsE6sGAkDwdrB5Crz2/dMaR7JWzONmR+SkeRDTomxUuO6XyjiErbwPJQRt4JdS6rVSrlcRe7cwrgIS9T7hffeIKJJyKShgmjddXFs/JQow6lgs3wv0SwmdEJGrGupJCHTfjo/dIZOrTJAw0jZkgbN1e8TKQm1noaB7QyJGevfXib+5XUTM6z4KZdxYpiki0XDRCAToexrNOCKUSOmlhCquL0V0TFRhBqbTd6G8PUp+p+0yiXXK3mN82LtchlHDo7hBM7AhQuowQ3UoQkUGDzAEzw7d86j8+K8LlpXnOXMEfyA8/YJ9UiNEg==</latexit>

F

➡ Impact on cut-off scale

species-scale:
<latexit sha1_base64="z2oedyZNed5QrwaW8hS6FnFdFE0="></latexit>

⇤QG ⇠ ⇤sp =
Mplp
N

[Dvali ’07][Dvali,Lüst ’09]… 
[van de Heisteeg,Vafa,Wiesner,Wu ’22-’23]…

→

<latexit sha1_base64="SldBNT2HlP09emoI3Sqagha+q4k="></latexit>

⇤QG ⇠ Mplp
F

⇣
...
⌘

? → increasing complexity decreases  
     maximal cut-off of effective QFT

Growing number of arguments indicating:  (1) need for revised approach to 
the landscape, (2) more positive assessment of its predictive power



  Conclusions

➡ Introduced the notion of tameness, o-minimality, as generalized finiteness  
property → powerful tools from mathematics 

➡ Refined o-minimal structures to allow for a definition of complexity  
→ sharp o-minimality  (#o-minimality)

➡ Two finiteness/tameness results:    (1)  DW=0, self-dual flux vacua 
                                                              (2)  DW=0, W=0 landscape 

symmetry    vs.    transcendentality (presence of exp. corrections)

➡ Stressed that in String Theory we often solve transcendental problems  
over the integers  →  largely unexplored perspective  
                                     (while common in amplitude/bootstrap community)  

➡ First ideas to assign complexity to a QFT  (Lagrangian/observables)

20/20



Thanks!



  Some examples

➡ #complexity is minimal (F,D) needed to define the function➡ #complexity is minimal (F,D) needed to define the function

➡ exponential function:     
<latexit sha1_base64="wpZqd57pJQeDCVDGc7rojfpcN7M=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGC/YA2ls120i7dbMLuRiyhP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LejBP0IzqQPOSMGiu18CGj5GnSK5XdijsDWSZeTsqQo94rfXX7MUsjlIYJqnXHcxPjZ1QZzgROit1UY0LZiA6wY6mkEWo/m507IadW6ZMwVrakITP190RGI63HUWA7I2qGetGbiv95ndSEV37GZZIalGy+KEwFMTGZ/k76XCEzYmwJZYrbWwkbUkWZsQkVbQje4svLpHle8aqV6t1FuXadx1GAYziBM/DgEmpwC3VoAIMRPMMrvDmJ8+K8Ox/z1hUnnzmCP3A+fwAyd49/</latexit>

eax
<latexit sha1_base64="JPPWzILLDU5jS9XXO7B4qo1kGmc=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBahhVKSItWLUFTEYwX7AWkom+22XbrJht2JUEJ/hhcPinj113jz37htc9DWBwOP92aYmedHgmuw7W8rs7a+sbmV3c7t7O7tH+QPj1paxoqyJpVCqo5PNBM8ZE3gIFgnUowEvmBtf3wz89tPTGkuw0eYRMwLyDDkA04JGMkt3pVvS1fFarla6uULdsWeA68SJyUFlKLRy391+5LGAQuBCqK169gReAlRwKlg01w31iwidEyGzDU0JAHTXjI/eYrPjNLHA6lMhYDn6u+JhARaTwLfdAYERnrZm4n/eW4Mg0sv4WEUAwvpYtEgFhgknv2P+1wxCmJiCKGKm1sxHRFFKJiUciYEZ/nlVdKqVpxapfZwXqhfp3Fk0Qk6RUXkoAtUR/eogZqIIome0St6s8B6sd6tj0VrxkpnjtEfWJ8/8KaPGA==</latexit>

(F,D) = (2, 2)

➡ fewnomials:     
<latexit sha1_base64="wWLy6L/wkX/y18hhJWHldcgh06w=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBahhVKSItWLUFTEYwX7AW0om822XbrZhN2NUEL/hhcPinj1z3jz37htc9DWBwOP92aYmedFnClt299WZm19Y3Mru53b2d3bP8gfHrVUGEtCmyTkoex4WFHOBG1qpjntRJLiwOO07Y1vZn77iUrFQvGoJxF1AzwUbMAI1kbqFe/Kt6WrolOu+qV+vmBX7DnQKnFSUoAUjX7+q+eHJA6o0IRjpbqOHWk3wVIzwuk014sVjTAZ4yHtGipwQJWbzG+eojOj+GgQSlNCo7n6eyLBgVKTwDOdAdYjtezNxP+8bqwHl27CRBRrKshi0SDmSIdoFgDymaRE84khmEhmbkVkhCUm2sSUMyE4yy+vkla14tQqtYfzQv06jSMLJ3AKRXDgAupwDw1oAoEInuEV3qzYerHerY9Fa8ZKZ47hD6zPH64Vj4U=</latexit>

(F,D) = (1, 2d)
<latexit sha1_base64="hmBTnbZi4TY435woZoUZkxiemiU=">AAAB9XicbZDLSsNAFIZP6q3WW9Wlm8EiCEJJSqkui25cVrAXaNMymUzaoZNJmJmoJfQ93LhQxK3v4s63cdpmoa0/DHz85xzOmd+LOVPatr+t3Nr6xuZWfruws7u3f1A8PGqpKJGENknEI9nxsKKcCdrUTHPaiSXFocdp2xvfzOrtByoVi8S9nsTUDfFQsIARrI3Vx+ipn1b86YVnwB8US3bZngutgpNBCTI1BsWvnh+RJKRCE46V6jp2rN0US80Ip9NCL1E0xmSMh7RrUOCQKjedXz1FZ8bxURBJ84RGc/f3RIpDpSahZzpDrEdquTYz/6t1Ex1cuSkTcaKpIItFQcKRjtAsAuQzSYnmEwOYSGZuRWSEJSbaBFUwITjLX16FVqXs1Mq1u2qpfp3FkYcTOIVzcOAS6nALDWgCAQnP8Apv1qP1Yr1bH4vWnJXNHMMfWZ8/eK2R3Q==</latexit>

ax2d + bxd

alternative representation:
<latexit sha1_base64="ZQGAEu7V5zOrT2Xv3z71EnJLw1E=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBhZSkSHUjFN24rGAf0MQwmU7aoZNJmJlIS8jSjb/ixoUibv0Ed/6N0zYLbT1w4cw59zL3Hj9mVCrL+jYKS8srq2vF9dLG5tb2jrm715JRIjBp4ohFouMjSRjlpKmoYqQTC4JCn5G2P7ye+O0HIiSN+J0ax8QNUZ/TgGKktOSZh4Fnw0s4uk972akDA6+qX04gEE7tLB1lnlm2KtYUcJHYOSmDHA3P/HJ6EU5CwhVmSMqubcXKTZFQFDOSlZxEkhjhIeqTrqYchUS66fSQDB5rpQeDSOjiCk7V3xMpCqUch77uDJEayHlvIv7ndRMVXLgp5XGiCMezj4KEQRXBSSqwRwXBio01QVhQvSvEA6RTUDq7kg7Bnj95kbSqFbtWqd2eletXeRxFcACOwAmwwTmogxvQAE2AwSN4Bq/gzXgyXox342PWWjDymX3wB8bnDzhemD4=</latexit>

f1 = xd, f2 =
1

x

<latexit sha1_base64="PPW+gVf86tjM8ArXTI6YtgnM12I=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBahhVISlepFKCrisYL9gDSUzXbbLt1swu5GKKE/w4sHRbz6a7z5b9y2OWjrg4HHezPMzPMjzpS27W8rs7K6tr6R3cxtbe/s7uX3D5oqjCWhDRLyULZ9rChngjY005y2I0lx4HPa8kc3U7/1RKVioXjU44h6AR4I1mcEayO5xbvybemqeFaulrr5gl2xZ0DLxElJAVLUu/mvTi8kcUCFJhwr5Tp2pL0ES80Ip5NcJ1Y0wmSEB9Q1VOCAKi+ZnTxBJ0bpoX4oTQmNZurviQQHSo0D33QGWA/VojcV//PcWPcvvYSJKNZUkPmifsyRDtH0f9RjkhLNx4ZgIpm5FZEhlphok1LOhOAsvrxMmqcVp1qpPpwXatdpHFk4gmMoggMXUIN7qEMDCITwDK/wZmnrxXq3PuatGSudOYQ/sD5/APhBjx0=</latexit>

(F,D) = (3, 6)

➡ trigonometric:     
<latexit sha1_base64="O0XWC82z4hDdJtlfISYGfbvR1/o=">AAACFHicbVDLSgMxFM3UV62vqks3wSJUrGVGpLosunFZwT6gM5RMmmpoJhmSO9Iy9CPc+CtuXCji1oU7/8b0sdDqCRdOzrmX5J4wFtyA6345mYXFpeWV7GpubX1jcyu/vdMwKtGU1akSSrdCYpjgktWBg2CtWDMShYI1w/7l2G/eM224kjcwjFkQkVvJe5wSsFInf+QDG0BKlRkVpV8aHPrYnomm5Gh8aR/7MS/ZCjr5glt2J8B/iTcjBTRDrZP/9LuKJhGTQAUxpu25MQQp0cCpYKOcnxgWE9ont6xtqSQRM0E6WWqED6zSxT2lbUnAE/XnREoiY4ZRaDsjAndm3huL/3ntBHrnQcplnACTdPpQLxEYFB4nhLtcMwpiaAmhmtu/YnpHNKFgc8zZELz5lf+SxknZq5Qr16eF6sUsjizaQ/uoiDx0hqroCtVQHVH0gJ7QC3p1Hp1n5815n7ZmnNnMLvoF5+Mbj6Od4g==</latexit>

cos(nx) on [�⇡,⇡]
<latexit sha1_base64="PR4NWUFk4VbG3pez4npMfvvRaA8=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BIvQYimJlupFKCrisYL9gDaUzXbTLt1s4u6mUEJ/hxcPinj1x3jz37htc9DWBwOP92aYmeeGjEplWd9GamV1bX0jvZnZ2t7Z3cvuHzRkEAlM6jhggWi5SBJGOakrqhhphYIg32Wk6Q5vpn5zRISkAX9U45A4Pupz6lGMlJac/F3xtnCVPy+WT3mhm81ZJWsGc5nYCclBglo3+9XpBTjyCVeYISnbthUqJ0ZCUczIJNOJJAkRHqI+aWvKkU+kE8+OnpgnWumZXiB0cWXO1N8TMfKlHPuu7vSRGshFbyr+57Uj5V06MeVhpAjH80VexEwVmNMEzB4VBCs21gRhQfWtJh4ggbDSOWV0CPbiy8ukcVayK6XKQzlXvU7iSMMRHEMebLiAKtxDDeqA4Qme4RXejJHxYrwbH/PWlJHMHMIfGJ8/K+2PyA==</latexit>

(F,D) = (3, 4 + n)

Note: N to infinity limit 
decreases complexity

<latexit sha1_base64="yoYFl3ST+KuyeQnmuyniEAUjT+U="></latexit>

x2 =
1X

n=0

an cos(nx) ⇡
NX

n=0

an cos(nx)

see [TG,Schlechter,van Vliet ’23] for definition and example applications in QFTs
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