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String Compactification

e Four-dimensional N' =1 effective field theories with chiral matter from compactification of

Eg x Eg heterotic string on (Galabi—Yau threefold

e Complex, Kahler manifold admits a Ricci-flat metric when ¢1 =0

Calabi (1957)
Yau (1977)

e Depending on rank, vector bundle can break Eg to Eg or SO(10) or SU(5)

e Break gauge symmetry further by introducing freely acting Wilson lines

e 'lextbook paradigm for model building in particle physics

Candelas, Horowitz, Strominger, Witten (1985)

® 1/ 2 bllhOIl 4d I‘GﬂGXiVG pOlYtOpGS Kreuzer, Skarke (2000)



Effective Field Theory

e The Lagrangian: [, = /d"‘@ K(®,®) > N;d'®
e lopological data gives us fields in low-energy theory plus the types of interactions that are present

e Ak are Yukawa couplings, which tell us how strongly fields interact

e |0 calculate these 1n a general construction, need to know Calabi—Yau, X

holomorphic vector bundle, V

Ricci-flat metric

e Ricci-flat metric 1s unique for any complex structure, Kahler class



Why a Ricci-flat Metric?

e Ricci-flat metric, g 7 = 0,0; K, R > = 0, solves leading order vacuum equations of motion

e For purposes of phenomenology, the Ricci-flat metric needed tfor the following computations

—normalize kinetic terms from Kahler potential for matter

— Yukawa couplings in general heterotic compactifications
— moduli stabilization

/ R
— (X corrections

— supersymmetry breaking

e Ricci-flatness 1s a system ot fourth order, non-linear partial differential equations, viz.,

5 = OuOplogdetg =0 = equivalent to second order Monge—Ampere equation for ¢

Yau (1977)

det (gqp + 0a0p) = € det g,

e |0 date, best we can do 1s a numerical approximation for complex dimension n > 2



How to Approximate Ricci-flat Metrics

e Solve Monge—Ampere directly

e Donaldson’s algorithm

Headrick, Wiseman (2005)

— start from Fubini—Study metric on ambient projective space, pullback to manifold

— 1terative procedure to construct “balanced metric”

— k — 00 limit oives Ricci-flat metric

Tian (1990)
Donaldson (2005)

— numerical implementation expensive, slow convergence

— baseline for comparison

¢ Neural network

Douglas, Karp, Lukic, Reinbacher (2006)
Braun, Brelidze, Douglas, Ovrut (2007)

— engineer a loss function that vanishes when Ricci-flat metric 1s realized

Ashmore, He, Ovrut (2019)

Anderson, Gerdes, Gray, Krippendorf, Raghuram, Ruehle (2020)

Douglas, Lakshminarasimhan, Qi (2020)

VJ, Mayorga Pena, Mishra (2020)

Douglas (2021)

Larfors, Lukas, Ruehle, Schneider (2021, 2022)

Berglund, Butbaia, Hubsch, VJ, Mayorga Pena, Mishra, Tan (2022)

Gerdes, Krippendorf (2022)
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Neural Network Approximation

e Loss function: £ ~ Z Z LHS — RHS]

points conditions

e One of the conditions 1s flatness: Z R.5|  +—— derivatives amplify error
a,b

Vol = / QNAQ +«—— metric independent
X

Vol ; = / JNJNJ — «—— metricdependent: J = % gz dz® A dzb
X

e Other conditions ensure closedness of Kahler form, compatibility between dJ =0, JAL=0

coordinate patches, that we remain 1n the same Kahler class

e Last can be achieved with Kihler—Ricci flow or Phi model J¢Y = J™ +100¢

cY  FS — implemented 1n
g J g~ =g~ +00¢ cymetric
2 S /,/"
T N ¢ globally defined

Ry VJ, Mayorga Pefia, Mishra (2020)
cf. Halverson, Ruehle (2023) Larfors, Lukas, Ruehle, Schneider (2021, 2022)
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Point Selection

e Lines in P" uniformly distributed with respect to Fubini—Study metric

e For CICY hypersurtaces, choose points in ambient space and see where 1t intersects manitold
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Spectral Network

number of neurons 1n :-th layer

/

e Define map Ozn(p) . P" — (Cn—H,n—H fz . RNi-1 IUZ
o o - V,_1 —  V; = O'(V;;)
Z =N, AeC YYD 2021 202y, \
Invariant Z|? Z|* o Z|% Vf/i — W . v,_1 + b, non-linearity
ZlZO lel len \ \ e.g., ReLLU )
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Berglund, Butbaia, Hubsch, VJ, Mayorga Pena, Mishra, Tan (2022)



Calabi—Yau Twofold

4 2

A
e Consider Cefalti quartic: Pa(z) = Z z — 3 Z 2| P’

1=1 1=1

. 3 3
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Calabi—Yau Twofold
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Low-energy Matter Spectrum

e Charged matter multiplets are counted by h* (V) , A'(V*) = h*(V)

e We specialize to the case of Eg, the commutant of SU(3) holonomy in Fg

e (1,1)-forms and (2,1)-forms correspond to number of generations, anti-generations

e Yukawa couplings ot (1,1)-forms are topological

. L . 1 - -
e T'here 1s a nowhere vanishing top holomorphic form € = gﬂzj pdzt Ad2? A dZF
: . . 1 . - 7 o 1 —ijk -
e Given a (2,1)-form, there 1s an equivalent (0,1)-form: w = SWigk d2° Ndz Ndzm = wh = o Wik dz
e Unnormalized Yukawa couplings computed as K = / QAW Aw! Aw” )ik (27)° couplings
X

quasi-topological: depends on cohomology class of w but not actual representative

Candelas, Horowitz, Strominger, Witten (1985)
Strominger (1985)
Candelas (1987)



Normalized Yukawa Couplings

e We have unnormalized trilinear couplings ki = / QA Qai, a;,ar)
X

e Generically, normalizations are computed using inner product that depends on Ricci-flat metric

(a,b)y = / a ANxy Hb with H: H' (V) — H'(V) denoting harmonic projection
X

—1
e T'he physical Yukawa couplings are \;;; = Tailly szﬁv Tl (/ (2 /\ﬁ)
() J X

e Here, {ai}?:’l 1s orthogonal basis for HY (V) K = / JNJTNa; \ay = 053
X

e In standard embedding, because normalization can be computed independent of Ricci-flat metric and

only requires knowledge of metric on complex structure modul space, the Yukawa couplings are same

in every Kahler class



Standard Embedding

e Let holomorphic vector bundle that solves Hermitian Yang—Mills equations be tangent bundle

so that metric on X does double duty as the fiber metric

, where ID? =

. , 1
e When V =2 TXx , the number of generations Ngen = ind [P = §\X\ = |ptt — pt

e Deformations of V' correspond to complex structure moduli of X

e Metric on complex structure moduli space 1s Weil—Petersson metric

e Using Weil—Petersson geometry, can compute Yukawa couplings without knowing Ricci-flat metric

e |In standard embedding, will compute Yukawa couplings in three ditferent ways

— period integrals

} Weil-Petersson geometry

— Kodaira—Spencer map

— explicit harmonic forms using Ricci-flat metric



Period Integrals

e Symplectic basis of 3-cycles AN B, =67, with a,b=1,...,h*"

e Dual 3-forms / ap = 0 / Bb = 5°
Aa B,

/oza/\ﬁb:c?g, /oza,/\ozb:/ﬁa/\ﬁbzo
X X X

e Holomorphic (3,0)-form is = 2%a, — Gp4° so that Y = / QAQ=7°G, — 2°G,
X

2% = / (1, Gy = / () satisfy Picard—Fuchs equation
a Bb

e WeilPetersson metric is gwp = —i00logV

Candelas, de la Ossa, Green, Parkes (1991)
Morrison (1991)

 Analytic result from period integrals — however, it is only practical for h*' ~ few



Kodaira—Spencer Geometry

e Kodaira—Spencer map 1s p: 13,8 — H X Tx)
e On overlaps U; NU;, we have transition functions fi; : z; — 2;
e To account for complex structure deformations, take fi;j(z;;t), where ¢ = (t', ..., t™), m=h>"(X)

e Locally, this 1s fibration of X over a base B with reference point £

e Explicitly, consider diffeomorphism X := X, S X, ;& denotes infinitesimal diffeomorphism (;at t = ¢

0 — . . .
Then, p(g) — [0¢] under identification H'(Tx) ~ Hg’l(X )
(@ 4|
. .. B — dfdy dS)y | | dt elides knowledge of
e Weil-Petersson metric is (a,b)wp = /Xt p(a) N xg, Hp(b) (dta S ) - XD T Ricifla et
to

e In standard embedding, N _; ~ (a,b)y = {(a, b)wp



Machine Learning Sections

e Start from harmonic projection H : H'(Tx) — H'(Tx)
Y € p(0) — H

e Find smooth section s of Tx such that A(y) +0s) =0 —z.e., Hip — 1p = Os

e Strategy 1s to model s with a neural network using the machine learned Ricci-flat metric

— start with an overcomplete basis of sections

— parametrize coefhicients to get globally defined object
Douglas (2023)

cf. Constantin, Fraser-Taliente, Harvey, Lukas, Ovrut (2024)

e In principle, can do this for any holomorphic vector bundle on a Kahler manifold

Butbaia, Mayorga Pena, Tan, Berglund, Hubsch, VJ, Mishra (2024)
Berglund, Butbaia, Hubsch, VJ, Mayorga Pena, Mishra, Tan (2024)



Machine Learning Sections

e Given a reference form ¢ € H'(X; V), approximate cohomologous harmonic projection

Hip ~ n =1 + Oy snn , where sNN 1S orven by a spectral network

: (NN) ay) 2P 2 _ 0
e |In particular, snn = E ik —g"" 2.0 © ['(Tx)
ijkl /‘ 2 .
output of spectral network aiyj dz¥ = 1" (zidzj — Zjdzi) ,where 1: X — A

Greek Latin

Ashmore (2023)

e Harmonic forms minimize the inner product (1, Ayn)
e Oy closed by construction

e Minimize loss tunction /g = (5;&77, 5;&77)

e Methods apply to any h**

Butbaia, Mayorga Pena, Tan, Berglund, Hubsch, VJ, Mishra (2024)
Berglund, Butbaia, Hubsch, VJ, Mayorga Pena, Mishra, Tan (2024)



Quintic
I3 intic. ¥ =0 Z Zz5 — 9P z129232425 = 0 C P4
e Fermat quintic, ¥ = —

singular when ¢5 — 1

hl,l —1 ] h2’1 — 101

Butbaia, Mayorga Pena, Tan, Berglund, Huibsch, VJ, Mishra (2024)
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Quintic

Z zf — DWz129232425 = 0 C P4
e Mirror of Dwork quintic i=1

singular when ¥° = 1

| ptlt =1, r>l =101

_3
0.3;— —— :
0.2;— —-
0.1;— ——
Ob?éo' 025 050 075 100 125 150 175 '2_.too loss for finding harmonic representative
" OO
Jgpp(® =0): 0.1914 vs. 25 (F(;)F(é)) ~ (0.1923
ML periods

Butbaia, Mayorga Pena, Tan, Berglund, Huibsch, VJ, Mishra (2024)



Quintic

Z zf’ — DWz129232425 = 0 C P4
e Gepner model Y45 is specific point in moduli space i=1

mod Fermat quintic by Zs x Zs to get manifold with "' =1, h*' =5

['(3/5)°T'(1/5)
['(2/5)°T'(4/5)

e Yukawa couplings are powers of k = ~ 1.092 Distler, Greene (1988)

e Normalization with respect to Weil—Petersson metric

7] 0.010

e Normalized Yukawa couplings

1,6_| | | | | | | | | | | | | | | | |
% Numerical Yj;;

1.4‘_- Expected Y

1.2

1.0

Yiio Yias  Yiza  Yeoo o Yooz Y33 Yoszu o Youu o Y334 Ysz35 Y3ua Yaaa  Yias  Ysss _ ) ) _
Butbaia, Mayorga Pena, Tan, Berglund, Huibsch, VJ, Mishra (2024)



Quarti-Quadric

e Iwo Kahler classes descending from projective factors pl
: 4 x=—168

12,86

DO

J =1t1J1 + taJ2
v1 (yi+ys) + 25 (yi+2v3) + 25 (yi—v3)
0

R L R(IBC& %
e Kretschmann scalar (£,5.g ) +25 (Y1 —2y3 ) — 4hz1 003471 Y2 =

Ricci-flat Fubini—Study
singular when ¢* = —1, —9
(2.1) ’
5000 - 5000 - (t1, ) = (1,1)
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Butbaia, Mayorga Pena, Tan, Berglund, Hibsch, VJ, Mishra (2024)
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12,86

DO
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R _ _ pabed)}
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Intersection of Two Cubics

3 6
e Mirror of P° 3, 3 ;% YT4T5T6 ;% Y1223

pt=1, B =73

B Yukawa using periods
« Numerical Yukawa

B WP using periods
« Numerical WP

WP(4))

(a) Weil-Petersson metric (b) Normalized Yukawa coupling

Butbaia, Mayorga Pena, Tan, Berglund, Hubsch, VJ, Mishra (2024)
cf. Joshi, Klemm (2019)



Intersection of Two Cubics

e Mirror of P°[3, 3]
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Butbaia, Mayorga Pena, Tan, Berglund, Hiubsch, VJ, Mishra (2024)



Intersection of Two Cubics

3 6
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Tian—Yau

e 'l1an—Yau quotient

e Weil—Petersson metric along one direction of moduli
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Tian—Yau

e 'l1an—Yau quotient

e Unnormalized Yukawa couplings
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e 'l1an—Yau quotient

e Physical Yukawa couplings

Tian—Yau
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Tian—Yau

e 'l1an—Yau quotient

e Physical Yukawa couplings as a function of moduli
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Tian—Yau
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Code

(] README Z[3 License

CYMYC

cymyc is a library for numerical differential geometry on Calabi-Yau manifolds written in JAX, enabling
performant:

« Approximations of useful tensor fields;
MLgeometry

« Computations of curvature-related quantities;

« |nvestigations of the complex structure moduli space;

in addition to many other features.

cymetric
Installation

First, clone the project: Cyj axX

git clone git@github.com:Justin-Tan/cymyc.git
cd cymyc

Next, with a working Python installation, create a new virtual environment and run an editable install, which
permits local development.

pip install ——upgrade pip
python -m venv /path/to/venv
source /path/to/venv/bin/activate

python -m pip install -e .

Calabi—Yau Metrics, Yukawas, and Curvature

https://github.com/Justin-Tan/cymyc

arXiv:2410.19728

Douglas, Lakshminarasimhan, Qi (2020)
Douglas (2021)
Douglas, Platt, Qi (2024)

Larfors, Lukas, Ruehle, Schneider (2021, 2022)
Hendi, Larfors, Walden (2024)

Gerdes, Krippendorf (2022)



Code

ort jax (cymyc) gpu@gpu-P55A-UD3 ~ $ python3 metric.py ||
m cymyc.calabi_yau import

key = jax.random.key(?)
keys jax.random.split(key, 2)

cy = DworkQuintic( )
pts cy.sample_points( Define CY

Key keys[1], )
max_pts = int(1e5)) Sample points

metric RicciFlatMetric(
key = keys[21, Solve for

C cy, .. . . .
t:;’( oztax.adarw( )) Ricci-flat metric Dwork qumtl(:

metric.fit(pts, epochs

e X metric.chern3(
pts.generator ( CompU-tC X

batch_size ,
include_pullbacks ),
pts.kappa)
print(cy.integrate(pts pts, func_vals e_X))




Code

ort jax (cymyc) gpu@gpu-P55A-UD3 ~ $ python3 metric.py ||
m cymyc.calabi_yau import

key = jax.random.key(?)
keys jax.random.split(key, 2)

cy = DworkQuintic( )
pts cy.sample_points( Define CY

Key keys[1], )
max_pts = int(1e5)) Sample points

metric RicciFlatMetric(
key = keys[21, Solve for

C cy, .. . . .
t:;’( oztax.adarw( )) Ricci-flat metric Dwork qumtl(:

metric.fit(pts, epochs

e X metric.chern3(
pts.generator ( CompU-tC X

batch_size ,
include_pullbacks ),
pts.kappa)
print(cy.integrate(pts pts, func_vals e_X))




Code

ort jax (cymyc) gpu@gpu-P55A-UD3 ~ $ python3 metric.py ||
m cymyc.calabi_yau import

key = jax.random.key(?)
keys jax.random.split(key, 2)

cy = DworkQuintic( )
pts cy.sample_points( Define CY

Key keys[1], )
max_pts = int(1e5)) Sample points

metric RicciFlatMetric(
key = keys[21, Solve for

C cy, .. . . .
t:;’( oztax.adarw( )) Ricci-flat metric Dwork qumtl(:

metric.fit(pts, epochs

e X metric.chern3(
pts.generator ( CompU-tC X

batch_size ,
include_pullbacks ),
pts.kappa)
print(cy.integrate(pts pts, func_vals e_X))




Prospectus

Precision string phenomenology 1s possible
Physical Yukawa couplings in non-standard embeddings

o’ corrections

Toric Galabi—Yau manifolds, G, manitolds, SU(3) structure

Swampland distance conjectures

de Sitter and cosmology 1n type Il compactification

Standard Model building

Better point selection

Toward analytics; SYZ limat

Constantin, Fraser-Taliente, Harvey, Lukas, Ovrut (2024)

Fraser-Taliente, Harvey, Kim (2024)

Anderson, Gerdes, Gray, Krippendorf, Raghuram, Ruehle (2020)
Larfors, Lukas, Ruehle, Schneider (2021, 2022)
Douglas, Platt, Qi (2024)

Ashmore (2020)
Ashmore, Ruehle (2021)
Ahmed, Ruehle (2023)




B

=

i\ TON

[

I
|l=
P

Depariment:
Science and Innavation
REPUBLIC OF SOUTH AFRICA

\

|
O

National
Research
Foundation



