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String Compactification

• Four-dimensional             effective field theories with chiral matter from compactification of

heterotic string on Calabi–Yau threefold

<latexit sha1_base64="8NTkYJFhR894NuTu3Ptwdl5qqTA=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVDdC0Y0rqWAf0A4lk2ba0CQzJplCGfodblwo4taPceffmGlnodUDgcM593JPThBzpo3rfjmFldW19Y3iZmlre2d3r7x/0NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN9kfntClWaRfDDTmPoCDyULGcHGSn5PYDMimKd3syuvX664VXcO9Jd4OalAjka//NkbRCQRVBrCsdZdz42Nn2JlGOF0VuolmsaYjPGQdi2VWFDtp/PQM3RilQEKI2WfNGiu/txIsdB6KgI7mYXUy14m/ud1ExNe+imTcWKoJItDYcKRiVDWABowRYnhU0swUcxmRWSEFSbG9lSyJXjLX/5LWmdVr1at3Z9X6td5HUU4gmM4BQ8uoA630IAmEHiEJ3iBV2fiPDtvzvtitODkO4fwC87HN4GPkfE=</latexit>

N = 1

<latexit sha1_base64="rDz9zAYe14s+IKqIf4VptHdCYQI=">AAAB9HicbZBNSwMxEIZn/az1q+rRS7AInsquSO2xKILHCvYD2qVk02wbms2uyWyhlP4OLx4U8eqP8ea/MW33oK0vBB7emWEmb5BIYdB1v5219Y3Nre3cTn53b//gsHB03DBxqhmvs1jGuhVQw6VQvI4CJW8lmtMokLwZDG9n9eaIayNi9YjjhPsR7SsRCkbRWv5dt9JBEXFDLHULRbfkzkVWwcugCJlq3cJXpxezNOIKmaTGtD03QX9CNQom+TTfSQ1PKBvSPm9bVNQu8ifzo6fk3Do9EsbaPoVk7v6emNDImHEU2M6I4sAs12bmf7V2imHFnwiVpMgVWywKU0kwJrMESE9ozlCOLVCmhb2VsAHVlKHNKW9D8Ja/vAqNy5JXLpUfrorVmyyOHJzCGVyAB9dQhXuoQR0YPMEzvMKbM3JenHfnY9G65mQzJ/BHzucPnMeRXQ==</latexit>

E8 ⇥ E8

• Complex, Kähler manifold admits a Ricci-flat metric when 

• Depending on rank, vector bundle can break       to       or              or  
<latexit sha1_base64="NMjrEsRDcxQyKNwaYoJMW5udKyk=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKxByDIniMaB6QLGF2MpsMmZ1dZnqFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSKFQdf9dnJr6xubW/ntws7u3v5B8fCoaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3cz81hPXRsTqEccJ9yM6UCIUjKKVHm571V6x5JbdOcgq8TJSggz1XvGr249ZGnGFTFJjOp6boD+hGgWTfFropoYnlI3ogHcsVTTixp/MT52SM6v0SRhrWwrJXP09MaGRMeMosJ0RxaFZ9mbif14nxbDqT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNi7JXKVfuL0u16yyOPJzAKZyDB1dQgzuoQwMYDOAZXuHNkc6L8+58LFpzTjZzDH/gfP4AzB2Nfw==</latexit>

E8
<latexit sha1_base64="XFYRv89vj9wIU0ysCu6/4QA32YY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiCB4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDVh8MPN6bYWZekAiujet+OYWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4eua3H1FpHssHM0nQj+hQ8pAzaqx0f9Ov9csVt+rOQf4SLycVyNHolz97g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZITqwxIGCtb0pC5+nMio5HWkyiwnRE1I73szcT/vG5qwks/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlv6R1VvVq1drdeaV+lcdRhCM4hlPw4ALqcAsNaAKDITzBC7w6wnl23pz3RWvByWcO4Recj2/JFY19</latexit>

E6

• Break gauge symmetry further by introducing freely acting Wilson lines

• Textbook paradigm for model building in particle physics
Candelas, Horowitz, Strominger, Witten (1985)

<latexit sha1_base64="rFJdbKlOpRE2zr1VddIFlN3WJYs=">AAAB7nicdVDLSsNAFJ34rPVVdelmsAiuwiStaV0IRTcuK9gHtKFMppN26GQSZiZCCf0INy4Ucev3uPNvnLQVVPTAhcM593LvPUHCmdIIfVgrq2vrG5uFreL2zu7efungsK3iVBLaIjGPZTfAinImaEszzWk3kRRHAaedYHKd+517KhWLxZ2eJtSP8EiwkBGsjdQhAwdeQjQolZF9UffccxciG6GaW/Fy4taqbgU6RslRBks0B6X3/jAmaUSFJhwr1XNQov0MS80Ip7NiP1U0wWSCR7RnqMARVX42P3cGT40yhGEsTQkN5+r3iQxHSk2jwHRGWI/Vby8X//J6qQ7rfsZEkmoqyGJRmHKoY5j/DodMUqL51BBMJDO3QjLGEhNtEiqaEL4+hf+Ttms7nu3dVsuNq2UcBXAMTsAZcEANNMANaIIWIGACHsATeLYS69F6sV4XrSvWcuYI/ID19gnw4o6v</latexit>

c1 = 0
Calabi (1957)

Yau (1977)

<latexit sha1_base64="FiR4vVpDOWiEswfJVfVsFLrjVxU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY9OLNivYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmlomitAGkVyqdoA15UzQhmGG03asKI4CTlvB6Hrqt56o0kyKBzOOqR/hgWAhI9hYqXl/W/bc016x5FbcGdAy8TJSggz1XvGr25ckiagwhGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YKnBEtZ/Orp2gE6v0USiVLWHQTP09keJI63EU2M4Im6Fe9Kbif14nMeGlnzIRJ4YKMl8UJhwZiaavoz5TlBg+tgQTxeytiAyxwsTYgAo2BG/x5WXSPKt41Ur17rxUu8riyMMRHEMZPLiAGtxAHRpA4BGe4RXeHOm8OO/Ox7w152Qzh/AHzucP88aOFQ==</latexit>

SO(10)
<latexit sha1_base64="CjXge1mwLK7z223Ylrt4lATbrlY=">AAAB7HicbVBNTwIxEJ31E/EL9eilkZjghewaRY9ELx4xukACG9ItXWjotpu2a0I2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5YcKZNq777aysrq1vbBa2its7u3v7pYPDppapItQnkkvVDrGmnAnqG2Y4bSeK4jjktBWObqd+64kqzaR4NOOEBjEeCBYxgo2V/Ae/cnnWK5XdqjsDWiZeTsqQo9ErfXX7kqQxFYZwrHXHcxMTZFgZRjidFLuppgkmIzygHUsFjqkOstmxE3RqlT6KpLIlDJqpvycyHGs9jkPbGWMz1IveVPzP66Qmug4yJpLUUEHmi6KUIyPR9HPUZ4oSw8eWYKKYvRWRIVaYGJtP0YbgLb68TJrnVa9Wrd1flOs3eRwFOIYTqIAHV1CHO2iADwQYPMMrvDnCeXHenY9564qTzxzBHzifP5QtjeU=</latexit>

SU(5)

• 1/2 billion 4d reflexive polytopes Kreuzer, Skarke (2000)



Effective Field Theory
• The Lagrangian:

<latexit sha1_base64="+gvG4mKEcJeUA8FWP0e3lk83sQ4="></latexit>

LF =

Z
d2✓ W (�) + h.c. � �ijk�

i�j�k

•         are Yukawa couplings, which tell us how strongly fields interact   

• To calculate these in a general construction, need to know Calabi–Yau,

holomorphic vector bundle, 

Ricci-flat metric

• Ricci-flat metric is unique for any complex structure, Kähler class

<latexit sha1_base64="QgLJkDodpCDQYGKCq6mLn3Kj9Ls="></latexit>

LD =

Z
d4✓ K(�,�) � Ni⌘�

i�
⌘

<latexit sha1_base64="10xfIliVMV1OL64dVObr4g4R1Fc=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgadndxE28Bb14TMA8IFnC7GQ2GTP7YGZWCCFf4MWDIl79JG/+jbNJBBUtaCiquunu8hPOpLKsDyO3tr6xuZXfLuzs7u0fFA+P2jJOBaEtEvNYdH0sKWcRbSmmOO0mguLQ57TjT64zv3NPhWRxdKumCfVCPIpYwAhWWmp2B8WSZV7WXOfCQZZpWVWn7GbEqVacMrK1kqEEKzQGxff+MCZpSCNFOJayZ1uJ8mZYKEY4nRf6qaQJJhM8oj1NIxxS6c0Wh87RmVaGKIiFrkihhfp9YoZDKaehrztDrMbyt5eJf3m9VAU1b8aiJFU0IstFQcqRilH2NRoyQYniU00wEUzfisgYC0yUzqagQ/j6FP1P2o5pu6bbrJTqV6s48nACp3AONlShDjfQgBYQoPAAT/Bs3BmPxovxumzNGauZY/gB4+0THEONKw==</latexit>

X
<latexit sha1_base64="KEfGOtN1P13BNHHRukjIG43gImw=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgadls4ibegl48JmAekCxhdjKbjJl9MDMrhCVf4MWDIl79JG/+jbNJBBUtaCiquunu8mLOpLKsDyO3tr6xuZXfLuzs7u0fFA+POjJKBKFtEvFI9DwsKWchbSumOO3FguLA47TrTa8zv3tPhWRReKtmMXUDPA6ZzwhWWmp1hsWSZV7WHfvCRpZpWTW74mTErlXtCiprJUMJVmgOi++DUUSSgIaKcCxlv2zFyk2xUIxwOi8MEkljTKZ4TPuahjig0k0Xh87RmVZGyI+ErlChhfp9IsWBlLPA050BVhP528vEv7x+ovy6m7IwThQNyXKRn3CkIpR9jUZMUKL4TBNMBNO3IjLBAhOlsynoEL4+Rf+Tjm2WHdNpVUuNq1UceTiBUziHMtSgATfQhDYQoPAAT/Bs3BmPxovxumzNGauZY/gB4+0TGTuNKQ==</latexit>

V

<latexit sha1_base64="7MNknjLTbnXh95TuOMo+7CFO4TY=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJdFNy4r2Ae0Q8lkMm1skhmTTKEM/Q43LhRx68e4829M21lo64HA4ZxzuTcnSDjTxnW/ncLa+sbmVnG7tLO7t39QPjxq6ThVhDZJzGPVCbCmnEnaNMxw2kkUxSLgtB2Mbmd+e0yVZrF8MJOE+gIPJIsYwcZKfo/baIj7GXscTfvlilt150CrxMtJBXI0+uWvXhiTVFBpCMdadz03MX6GlWGE02mpl2qaYDLCA9q1VGJBtZ/Nj56iM6uEKIqVfdKgufp7IsNC64kIbFJgM9TL3kz8z+umJrr2MyaT1FBJFouilCMTo1kDKGSKEsMnlmCimL0VkSFWmBjbU8mW4C1/eZW0LqperVq7v6zUb/I6inACp3AOHlxBHe6gAU0g8ATP8Apvzth5cd6dj0W04OQzx/AHzucPHuOSWQ==</latexit>

�ijk

• Topological data gives us fields in low-energy theory plus the types of  interactions that are present



Why a Ricci-flat Metric?
• Ricci-flat metric,                                      , solves leading order vacuum equations of  motion

• For purposes of  phenomenology, the Ricci-flat metric needed for the following computations

– Yukawa couplings in general heterotic compactifications

– normalize kinetic terms from Kähler potential for matter

– moduli stabilization

– supersymmetry breaking
–       corrections

<latexit sha1_base64="Pq33ZWfvTpuppfPWhrtcyYk7jUg=">AAAB7nicdVBNSwMxEJ2tX7V+VT16CRbRU9ktpba3ohePFewHtEvJptk2NJsNSVYoS3+EFw+KePX3ePPfmG0rqOiDgcd7M8zMCyRn2rjuh5NbW9/Y3MpvF3Z29/YPiodHHR0nitA2iXmsegHWlDNB24YZTntSURwFnHaD6XXmd++p0iwWd2YmqR/hsWAhI9hYqTvAXE7w+bBYcsuuRa2GMuLVXc+SRqNeqTSQt7BctwQrtIbF98EoJklEhSEca933XGn8FCvDCKfzwiDRVGIyxWPat1TgiGo/XZw7R2dWGaEwVraEQQv1+0SKI61nUWA7I2wm+reXiX95/cSEdT9lQiaGCrJcFCYcmRhlv6MRU5QYPrMEE8XsrYhMsMLE2IQKNoSvT9H/pFMpe7Vy9bZaal6t4sjDCZzCBXhwCU24gRa0gcAUHuAJnh3pPDovzuuyNeesZo7hB5y3T0gvj48=</latexit>

↵0

• Ricci-flatness is a system of  fourth order, non-linear partial differential equations, viz.,
<latexit sha1_base64="jdU8iFSe6a2ApeC/PkWhm74VUTs=">AAACL3icbVDLSgMxFM3UV62vUZdugkVwVWZEqhuhKIjLKvYBnTLcSdM2NDMZkoxQhv6RG3+lGxFF3PoXZtqCtvVA4HDuuffmniDmTGnHebNyK6tr6xv5zcLW9s7unr1/UFcikYTWiOBCNgNQlLOI1jTTnDZjSSEMOG0Eg5us3niiUjERPephTNsh9CLWZQS0kXz79sFPwRPGkk1Ig9EIX2EvBqkZcB9+aTpv8rjoYa9DNe6ZBse3i07JmQAvE3dGimiGqm+PvY4gSUgjTTgo1XKdWLfTbBnhdFTwEkVjIAPo0ZahEYRUtdPJvSN8YpQO7gppXqTxRP3bkUKo1DAMjDME3VeLtUz8r9ZKdPeynbIoTjSNyHRRN+FYC5yFhztMUqL50BAgkpm/YtIHCUSbiAsmBHfx5GVSPyu55VL5/rxYuZ7FkUdH6BidIhddoAq6Q1VUQwQ9ozF6Rx/Wi/VqfVpfU2vOmvUcojlY3z8WFamh</latexit>

Rab = @a@b log det g = 0

• To date, best we can do is a numerical approximation for complex dimension
<latexit sha1_base64="GenmfZlndbAciRtdWiOoPGYjxig=">AAAB7nicdVBNS8NAEN3Ur1q/qh69LBbBU0nSmtZb0YvHCvYD2lI220m7dLMJuxuhhP4ILx4U8erv8ea/cdNWUNEHA4/3ZpiZ58ecKW3bH1ZubX1jcyu/XdjZ3ds/KB4etVWUSAotGvFIdn2igDMBLc00h24sgYQ+h44/vc78zj1IxSJxp2cxDEIyFixglGgjdQTujwG7w2LJLl/WPffCxXbZtmtuxcuIW6u6FewYJUMJrdAcFt/7o4gmIQhNOVGq59ixHqREakY5zAv9REFM6JSMoWeoICGoQbo4d47PjDLCQSRNCY0X6veJlIRKzULfdIZET9RvLxP/8nqJDuqDlIk40SDoclGQcKwjnP2OR0wC1XxmCKGSmVsxnRBJqDYJFUwIX5/i/0nbLTte2butlhpXqzjy6ASdonPkoBpqoBvURC1E0RQ9oCf0bMXWo/VivS5bc9Zq5hj9gPX2CY9pjxc=</latexit>

n � 2

<latexit sha1_base64="oGdKUETcAFuUrWLrfuicQtPjcoM=">AAAB+HicbVA9SwNBEJ3zM8aPnFraLAbBKtyJRMugjYVFBPMByRH2NpvLkr3dY3dPiUd+iY2FIrb+FDv/jZvkCk18MPB4b4aZeWHCmTae9+2srK6tb2wWtorbO7t7JXf/oKllqghtEMmlaodYU84EbRhmOG0niuI45LQVjq6nfuuBKs2kuDfjhAYxjgQbMIKNlXpuqXsrRaRYNDRYKfnYc8texZsBLRM/J2XIUe+5X92+JGlMhSEca93xvcQEGVaGEU4nxW6qaYLJCEe0Y6nAMdVBNjt8gk6s0kcDqWwJg2bq74kMx1qP49B2xtgM9aI3Ff/zOqkZXAYZE0lqqCDzRYOUIyPRNAXUZ4oSw8eWYKKYvRWRIVaYGJtV0YbgL768TJpnFb9aqd6dl2tXeRwFOIJjOAUfLqAGN1CHBhBI4Rle4c15cl6cd+dj3rri5DOH8AfO5w9DqpOB</latexit>

=) equivalent to second order Monge–Ampère equation for Yau (1977)

<latexit sha1_base64="JbbV4CLzAhTOrmADUs0leah7svs=">AAAB7nicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKVI9FLx4r2A9ol5JNs21oNhuSbKEs/RFePCji1d/jzX9j2u5BWx8MPN6bYWZeqAQ31vO+UWFjc2t7p7hb2ts/ODwqH5+0TJJqypo0EYnuhMQwwSVrWm4F6yjNSBwK1g7H93O/PWHa8EQ+2aliQUyGkkecEuukdm9CtBrxfrniVb0F8Drxc1KBHI1++as3SGgaM2mpIMZ0fU/ZICPacirYrNRLDVOEjsmQdR2VJGYmyBbnzvCFUwY4SrQrafFC/T2RkdiYaRy6zpjYkVn15uJ/Xje10W2QcalSyyRdLopSgW2C57/jAdeMWjF1hFDN3a2Yjogm1LqESi4Ef/XlddK6qvq1au3xulK/y+MowhmcwyX4cAN1eIAGNIHCGJ7hFd6QQi/oHX0sWwsonzmFP0CfP37cj7E=</latexit>'
<latexit sha1_base64="ntmhqeWQigehAbnWLH4RfiFaPI0="></latexit>

det
�
gab̄ + @a@b̄'

�
= ef det gab̄

<latexit sha1_base64="UKa6oGHb4wctuWRuAsdm5rbG0kA=">AAACPHicbVC7SgNBFJ31GeMramkzGASLEHZFoo0QtBFs4iMPyIbl7mSSDJl9MDMrhCX+l40fYWdlY6GIrbWzyYLmcWDgcO659849bsiZVKb5aiwsLi2vrGbWsusbm1vbuZ3dmgwiQWiVBDwQDRck5cynVcUUp41QUPBcTutu/zKp1x+okCzw79UgpC0Puj7rMAJKS07uruvEYAfakkyI3eEQn2M7BKEYcAf+aDxpusZ2ofCIb+d0m04ubxbNEfAssVKSRykqTu7Fbgck8qivCAcpm5YZqlacbCacDrN2JGkIpA9d2tTUB4/KVjw6fogPtdLGnUDo5ys8Uv93xOBJOfBc7fRA9eR0LRHn1ZqR6py1YuaHkaI+GS/qRByrACdJ4jYTlCg+0ASIYPqvmPRAAFE676wOwZo+eZbUjotWqVi6OcmXL9I4MmgfHaAjZKFTVEZXqIKqiKAn9IY+0KfxbLwbX8b32LpgpD17aALGzy8xrq87</latexit>

gab = @a@bK , Rab = 0



How to Approximate Ricci-flat Metrics

• Donaldson’s algorithm
– start from Fubini–Study metric on ambient projective space, pullback to manifold

<latexit sha1_base64="PGJwW1i8JHd/jXF/xrz0G+D12Y8="></latexit>

K(z, z̄) =
1

⇡
log |z|2 , |z|2 =

n+1X

a=1

zaz̄ā

<latexit sha1_base64="5DwhsaxnzlEyzd8wg/woKVQ7ji8="></latexit>

gab̄ = @a@b̄K =
|z|2�ab̄ � zaz̄b̄

⇡|z|4

<latexit sha1_base64="R/C6WVU2bGWT8VcOV7vKFqI8OkU="></latexit>

K(k)(z, z̄) =
1

k⇡
log(habsasb)

<latexit sha1_base64="4maWMBHoWaWQha1kc4tSLKIaebQ="></latexit>

Hab =
Nk

Vol⌦

Z

X
dVol⌦

sasb

hcdscsd

<latexit sha1_base64="fHK0I6uXyCqvdJP92JwkxR6FW7A=">AAACFXicbVDNS8MwHE3n15xfVY9egkOYoKMVmV6EoZcdJ7gP2LqSZukWljYlSYVR+k948V/x4kERr4I3/xvTrQedPgg83nu/JL/nRYxKZVlfRmFpeWV1rbhe2tjc2t4xd/fakscCkxbmjIuuhyRhNCQtRRUj3UgQFHiMdLzJTeZ37omQlId3ahoRJ0CjkPoUI6Ul1zwZDxLU5zqS3ZB4aQqvYKXhLojHg+TUTl2zbFWtGeBfYuekDHI0XfOzP+Q4DkioMENS9mwrUk6ChKKYkbTUjyWJEJ6gEelpGqKASCeZbZXCI60Moc+FPqGCM/XnRIICKaeBp5MBUmO56GXif14vVv6lk9AwihUJ8fwhP2ZQcZhVBIdUEKzYVBOEBdV/hXiMBMJKF1nSJdiLK/8l7bOqXavWbs/L9eu8jiI4AIegAmxwAeqgAZqgBTB4AE/gBbwaj8az8Wa8z6MFI5/ZB79gfHwD3ZafQw==</latexit>

h
ab = (Hab)

�1

– iterative procedure to construct “balanced metric”

–               limit gives Ricci-flat metric
<latexit sha1_base64="QITHZ+5o+pI2G40oBVZBIjIP9Jg=">AAAB8XicdVBNS8NAEN3Ur1q/qh69LBbBU0mKxPZW9OKxgq3FJpTNdtMu3WzC7kQIof/CiwdFvPpvvPlv3LQVVPTBwOO9GWbmBYngGmz7wyqtrK6tb5Q3K1vbO7t71f2Dno5TRVmXxiJW/YBoJrhkXeAgWD9RjESBYLfB9LLwb++Z0jyWN5AlzI/IWPKQUwJGupt6EHtchpANqzW7bhu4Li6I07QdQ1qtZqPRws7csu0aWqIzrL57o5imEZNABdF64NgJ+DlRwKlgs4qXapYQOiVjNjBUkohpP59fPMMnRhnhMFamJOC5+n0iJ5HWWRSYzojARP/2CvEvb5BC2PRzLpMUmKSLRWEqMMS4eB+PuGIURGYIoYqbWzGdEEUomJAqJoSvT/H/pNeoO27dvT6rtS+WcZTRETpGp8hB56iNrlAHdRFFEj2gJ/RsaevRerFeF60lazlziH7AevsEQxeRVg==</latexit>

k ! 1 Tian (1990)
Donaldson (2005)

– numerical implementation expensive, slow convergence

Douglas, Karp, Lukic, Reinbacher (2006)
Braun, Brelidze, Douglas, Ovrut (2007)

– baseline for comparison

• Neural network
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Point Selection
• Lines in       uniformly distributed with respect to Fubini–Study metric
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Spectral Network
• Define map
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Figure 27: Spectral neural network architecture: Prior to the fully connected neural network

we introduce the spectral layer, taking real and imaginary parts of C⇤-invariant quantities.

Figure 28: Numerical values of (2.24) along the Cefalú pencil. Black points and error bars

showing a 95% confidence interval are associated to Fubini–Study results, while the red and

blue dots correspond to the machine learned metric approximation using fully-connected and

spectral networks, respectively. See Appendix A for the details on integration.

5 Conclusions

In this work we have considered two families of Calabi–Yau manifolds: the Cefalú family

of quartics and the more broadly studied Dwork quintic family. For both of these, we have

developed the algorithms to compute topological quantities derived from their corresponding

Chern characters. This implementation can be easily extended to the whole CICY dataset.

Our algorithms utilize some of the neural network approximation models of the cymetric

package: the so called PhiModel. We also employ our own JAX implementation of this.

– 38 –

<latexit sha1_base64="kp0Jj4JQctxVXBEJBoV51iEp42A="></latexit>

fi : Rni�1 ! Rni

vi�1 7! vi = �(v0
i)

number of  neurons in i-th layer

<latexit sha1_base64="PqRYdAcn2GaTxPvhhZhuH/bxdj8="></latexit>

v0
i = W i · vi�1 + bi

weight matrix bias vector

<latexit sha1_base64="aLcglYfUuRDEtg+bGZA1Dgv5n24="></latexit>

v` = f`(f`�1(· · · (f1(v0)) · · · )))

non-linearity

<latexit sha1_base64="XobgDRzKogeAxWvUoTqj+/hMkFo="></latexit>

aout =
nX̀

m=1

vm`

tune weights and biases 
to minimize loss function 
during training

-4 -2 2 4

1

2

3

4

5

e.g., ReLU

<latexit sha1_base64="dD4jx40P6SV473sDybajIjqtCuo=">AAAB8XicdVDLSgMxFM3UV62vqks3wSLUzZCp0zrdFd24rNAXtqVk0rQNzWSGJCMtQ//CjQtF3Po37vwb04egogcuHM65l3vv8SPOlEbow0qtrW9sbqW3Mzu7e/sH2cOjhgpjSWidhDyULR8rypmgdc00p61IUhz4nDb98fXcb95TqVgoanoa0W6Ah4INGMHaSHeTTm1ENc5PznvZHLLLZeS6HkR2ERUKbtEQdFHwPAc6NlogB1ao9rLvnX5I4oAKTThWqu2gSHcTLDUjnM4ynVjRCJMxHtK2oQIHVHWTxcUzeGaUPhyE0pTQcKF+n0hwoNQ08E1ngPVI/fbm4l9eO9YDr5swEcWaCrJcNIg51CGcvw/7TFKi+dQQTCQzt0IywhITbULKmBC+PoX/k0bBdkp26dbNVa5WcaTBCTgFeeCAS1ABN6AK6oAAAR7AE3i2lPVovVivy9aUtZo5Bj9gvX0CaG6Qxg==</latexit>

x⇥(x)

Berglund, Butbaia, Hübsch, VJ, Mayorga Peña, Mishra, Tan (2022)

<latexit sha1_base64="Muu1n3FPNYqlew3QYhbBRhshGtk="></latexit>

Z ! �Z , � 2 C⇤

invariant



Calabi–Yau Twofold
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<latexit sha1_base64="T8zmcS/al0IH1ci9laTTz5NAx6s=">AAAB/HicdVDLSsNAFJ3UV62vapduBovgooSkpjXZFd24rGAf0IYymU7boZNJmJkIJdRfceNCEbd+iDv/xklbQUUPXDiccy/33hPEjEplWR9Gbm19Y3Mrv13Y2d3bPygeHrVllAhMWjhikegGSBJGOWkpqhjpxoKgMGCkE0yvMr9zR4SkEb9Vs5j4IRpzOqIYKS0NiqV+Ct0KtOu6qhXowP4cDoply/TcWs2pQsu0LM+pnWvieZ7t2tDWSoYyWKE5KL73hxFOQsIVZkjKnm3Fyk+RUBQzMi/0E0lihKdoTHqachQS6aeL4+fwVCtDOIqELq7gQv0+kaJQylkY6M4QqYn87WXiX14vUSPXTymPE0U4Xi4aJQyqCGZJwCEVBCs20wRhQfWtEE+QQFjpvAo6hK9P4f+kXTXtulm7ccqNy1UceXAMTsAZsMEFaIBr0AQtgMEMPIAn8GzcG4/Gi/G6bM0Zq5kS+AHj7RM/UpH4</latexit>

{8, 16, 12, 4} singularities of        - type
<latexit sha1_base64="EgaDjI0uhQtpaheXGjZGIWz3QSI=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchaQ22uyqblxWtA9oQ5lMJ+3QyYOZiVBCP8GNC0Xc+kXu/BsnbQUVPXDhcM693HuPn3AmlWV9GEvLK6tr64WN4ubW9s5uaW+/JeNUENokMY9Fx8eSchbRpmKK004iKA59Ttv++Cr32/dUSBZHd2qSUC/Ew4gFjGClpduLvt0vlS3TrTlOtYIs07LcqnOqieu6ds1GtlZylGGBRr/03hvEJA1ppAjHUnZtK1FehoVihNNpsZdKmmAyxkPa1TTCIZVeNjt1io61MkBBLHRFCs3U7xMZDqWchL7uDLEayd9eLv7ldVMV1LyMRUmqaETmi4KUIxWj/G80YIISxSeaYCKYvhWRERaYKJ1OUYfw9Sn6n7Qqpn1mOjfVcv1yEUcBDuEITsCGc6jDNTSgCQSG8ABP8Gxw49F4MV7nrUvGYuYAfsB4+wQ+2o3O</latexit>

A1
<latexit sha1_base64="bNL+2iUKN6nmDmVYd8LvmLimCOw="></latexit>

�] + " :at singular point becomes 
<latexit sha1_base64="BN9U358deACt2IOAQ/eddo/A2oI=">AAAB83icdVDLSsNAFL2pr1pfVZduBovgKiS10WZXdOOygn1AE8tkOm2HTh7MTIQS+htuXCji1p9x5984aSuo6IGBwzn3cs+cIOFMKsv6MAorq2vrG8XN0tb2zu5eef+gLeNUENoiMY9FN8CSchbRlmKK024iKA4DTjvB5Cr3O/dUSBZHt2qaUD/Eo4gNGcFKS54XYjUOgqw5u7P75YplunXHqVWRZVqWW3PONHFd167byNZKjgos0eyX371BTNKQRopwLGXPthLlZ1goRjidlbxU0gSTCR7RnqYRDqn0s3nmGTrRygANY6FfpNBc/b6R4VDKaRjoyTyj/O3l4l9eL1XDup+xKEkVjcji0DDlSMUoLwANmKBE8akmmAimsyIyxgITpWsq6RK+for+J+2qaZ+bzk2t0rhc1lGEIziGU7DhAhpwDU1oAYEEHuAJno3UeDRejNfFaMFY7hzCDxhvn2yTkfg=</latexit>

P1

<latexit sha1_base64="7yVzpww9+rIfRAr384Cjs8Au+0Q="></latexit>

X 3
4
' X0/Z2 , X1 ' T 4/Z2

•           :<latexit sha1_base64="SgeYllPM0LrR4J0IITN+QZzBYyk=">AAAB8nicdVDNSsNAGNzUv1r/qh69LBbBU0jSmtaDUPTisYKthTSUzWbTLt1kw+5GKKGP4cWDIl59Gm++jZu2gooOLAwz87HfN0HKqFSW9WGUVlbX1jfKm5Wt7Z3dver+QU/yTGDSxZxx0Q+QJIwmpKuoYqSfCoLigJG7YHJV+Hf3REjKk1s1TYkfo1FCI4qR0pI3YDoaIngBrWG1ZpnnLdc5c6BlWlbTqbsFcZoNpw5trRSogSU6w+r7IOQ4i0miMENSeraVKj9HQlHMyKwyyCRJEZ6gEfE0TVBMpJ/PV57BE62EMOJCv0TBufp9IkexlNM40MkYqbH87RXiX56Xqajl5zRJM0USvPgoyhhUHBb3w5AKghWbaoKwoHpXiMdIIKx0SxVdwtel8H/Sc0zbNd2bRq19uayjDI7AMTgFNmiCNrgGHdAFGHDwAJ7As6GMR+PFeF1ES8Zy5hD8gPH2CUlMkKE=</latexit>

� = 0

Figure 31: Evolution of � loss at � = 0 using fully-connected and spectral networks indicates

a better performance for the latter. The � loss is evaluated on the validation set. This network

is elaborated further in [59].

in the computation. A natural question is what error values are tolerable and how they can

be related to the error (loss) function in the numerical approximation. Clearly, topological

quantities are not sensible to flatness, but as we already highlighted, they are a crucial check

for the global consistency of the metric approximation. This global consistency if of utmost

importance, particularly in computation of “global” quantities such as the Yukawa couplings

for a given string compactification model.

Our work makes use of the JAX
R
Q
c3, where the third Chern form c3 is derived from the

curvature two-form on a Hermitian manifold. Using a three-layer densely connected neural

network with 64 units in each layer as the �-approximant,10 employing 1024 points in the

Monte Carlo integration, this computation takes 387ms ± 7.54 ms using JAX compared to

4.41s ± 18.3 ms (mean ± standard deviation over 7 runs.)

We intend to open source our codebase as a fully-fledged package in a forthcoming pub-

lication [59].

10
The numerical experiments were performed on an Intel 16-Core Xeon Gold 5218 machine with an Nvidia

A100 40GB GPU.
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performance equivalent to 

in Donaldson’s algorithm

<latexit sha1_base64="kNuodjMxfektl5AwcBWdPO6XRus=">AAAB7HicdVBNS8NAEJ3Ur1q/qh69LBbBU0jTmtaDUPTisYKphTaUzXbbLt1swu5GKKW/wYsHRbz6g7z5b9y0FVT0wcDjvRlm5oUJZ0o7zoeVW1ldW9/Ibxa2tnd294r7By0Vp5JQn8Q8lu0QK8qZoL5mmtN2IimOQk7vwvFV5t/dU6lYLG71JKFBhIeCDRjB2kj+GF2geq9YcuzzuueeucixHafmVryMuLWqW0Flo2QowRLNXvG9249JGlGhCcdKdcpOooMplpoRTmeFbqpogskYD2nHUIEjqoLp/NgZOjFKHw1iaUpoNFe/T0xxpNQkCk1nhPVI/fYy8S+vk+pBPZgykaSaCrJYNEg50jHKPkd9JinRfGIIJpKZWxEZYYmJNvkUTAhfn6L/Scu1y57t3VRLjctlHHk4gmM4hTLUoAHX0AQfCDB4gCd4toT1aL1Yr4vWnLWcOYQfsN4+AeG0jhs=</latexit>

k = 8

<latexit sha1_base64="/bM/x5pqqLpVN89pll71BcOraz8=">AAAB63icdVDLSgMxFM3UV62vqks3wSK4Gmam7bTuim5cVrAPaMeSSTNtaJIZkoxQSn/BjQtF3PpD7vwbM20FFT1w4XDOvdx7T5gwqrTjfFi5tfWNza38dmFnd2//oHh41FZxKjFp4ZjFshsiRRgVpKWpZqSbSIJ4yEgnnFxlfueeSEVjcaunCQk4GgkaUYx0JrnOXXVQLDn2Rd33qh50bMepeWU/I16t4pWha5QMJbBCc1B87w9jnHIiNGZIqZ7rJDqYIakpZmRe6KeKJAhP0Ij0DBWIExXMFrfO4ZlRhjCKpSmh4UL9PjFDXKkpD00nR3qsfnuZ+JfXS3VUD2ZUJKkmAi8XRSmDOobZ43BIJcGaTQ1BWFJzK8RjJBHWJp6CCeHrU/g/aXu269v+TaXUuFzFkQcn4BScAxfUQANcgyZoAQzG4AE8gWeLW4/Wi/W6bM1Zq5lj8APW2yd4xY3l</latexit>

105 points for training

Berglund, Butbaia, Hübsch, VJ, Mayorga Peña, Mishra, Tan (2022)

<latexit sha1_base64="5HrF3uKzJfI/pxiZADKZdap+CbM="></latexit>

@p�
@zi

= 0 8 i

cf. Headrick, Nasser (2009)



Calabi–Yau Twofold

Berglund, Butbaia, Hübsch, VJ, Mayorga Peña, Mishra, Tan (2022)

<latexit sha1_base64="uqaRYl501p4IDx5XyLo2UZjE3vY=">AAAB9XicdVDLSgMxFL1TX7W+qi7dBIvgqsxM67QuhKIblxVsK7RjyWQybWjmQZJRSul/uHGhiFv/xZ1/Y6atoKIHQk7OPZd7c7yEM6lM88PILS2vrK7l1wsbm1vbO8XdvbaMU0Foi8Q8FjcelpSziLYUU5zeJILi0OO0440usnrnjgrJ4uhajRPqhngQsYARrLR02+Pa6mN0hszyab1fLGWXY5/Y+m2aNbviZMSuVe0KsrSSoQQLNPvF954fkzSkkSIcS9m1zES5EywUI5xOC71U0gSTER7QrqYRDql0J7Otp+hIKz4KYqFPpNBM/d4xwaGU49DTzhCrofxdy8S/at1UBXV3wqIkVTQi80FBypGKURYB8pmgRPGxJpgIpndFZIgFJkoHVdAhfP0U/U/adtlyys5VtdQ4X8SRhwM4hGOwoAYNuIQmtICAgAd4gmfj3ng0XozXuTVnLHr24QeMt0+0GJFe</latexit>

� = 0.98

<latexit sha1_base64="9wHp9busoxk0IgoltuVYSxb0Y10="></latexit>

� =

Z

Xs

e(J) + 2 |Sing(X)| = 24 .

<latexit sha1_base64="99ZxGGI8b5Ff39/wM9zCNJjUBuE=">AAAB83icdVDNSsNAGNzUv1r/qh69LBbBU0jSmtaDUPTisYKthSaUzWbTLt1swu5GKKGv4cWDIl59GW++jZu2gooOLAwz8/F9O0HKqFSW9WGUVlbX1jfKm5Wt7Z3dver+QU8mmcCkixOWiH6AJGGUk66iipF+KgiKA0bugslV4d/dEyFpwm/VNCV+jEacRhQjpSXPYzoaIngB7cqwWrPM85brnDnQMi2r6dTdgjjNhlOHtlYK1MASnWH13QsTnMWEK8yQlAPbSpWfI6EoZmRW8TJJUoQnaEQGmnIUE+nn85tn8EQrIYwSoR9XcK5+n8hRLOU0DnQyRmosf3uF+Jc3yFTU8nPK00wRjheLooxBlcCiABhSQbBiU00QFlTfCvEYCYSVrqko4eun8H/Sc0zbNd2bRq19uayjDI7AMTgFNmiCNrgGHdAFGKTgATyBZyMzHo0X43URLRnLmUPwA8bbJ4JbkLY=</latexit>

� = 1

<latexit sha1_base64="FD0zdcgc2JaXGUSfi3d/khk6oDk=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCq5CkbVIXQtGNywr2AW0ok8mkHTp5MDMRaumXuHGhiFs/xZ1/46StoKIHBg7nnMu9c/yUUSFN80MrrK1vbG4Vt0s7u3v7Zf3gsCOSjGPSxglLeM9HgjAak7akkpFeygmKfEa6/uQq97t3hAuaxLdymhIvQqOYhhQjqaShXh4wFQ4QvICm4dZLQ71iGucNx67bSjBN1646ObHdml2FllJyVMAKraH+PggSnEUklpghIfqWmUpvhrikmJF5aZAJkiI8QSPSVzRGERHebHH4HJ4qJYBhwtWLJVyo3ydmKBJiGvkqGSE5Fr+9XPzL62cybHgzGqeZJDFeLgozBmUC8xZgQDnBkk0VQZhTdSvEY8QRlqqrvISvn8L/Scc2LMdwbmqV5uWqjiI4BifgDFjABU1wDVqgDTDIwAN4As/avfaovWivy2hBW80cgR/Q3j4BXHCRng==</latexit>

� = 0.75
<latexit sha1_base64="4HOWbF2rys6SSDft11vXbMylnoo=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwFZK0TetCKLpxWcE+oI1lMpm0QyeTMDNRSul/uHGhiFv/xZ1/46StoKIHBg7nnMu9c/yEUaks68PIrayurW/kNwtb2zu7e8X9g7aMU4FJC8csFl0fScIoJy1FFSPdRBAU+Yx0/PFl5nfuiJA05jdqkhAvQkNOQ4qR0tJtn+logOA5tM1qYVAsWeZZ3XWqDrRMy6o5ZTcjTq3ilHXCmqMElmgOiu/9IMZpRLjCDEnZs61EeVMkFMWMzAr9VJIE4TEakp6mHEVEetP51TN4opUAhrHQjys4V79PTFEk5STydTJCaiR/e5n4l9dLVVj3ppQnqSIcLxaFKYMqhlkFMKCCYMUmmiAsqL4V4hESCCtdVFbC10/h/6TtmLZruteVUuNiWUceHIFjcApsUAMNcAWaoAUwEOABPIFn4954NF6M10U0ZyxnDsEPGG+fadORLQ==</latexit>

� = 1.5
<latexit sha1_base64="Qqq50+Oq6s/gwIJmjftVXex++SE=">AAAB83icdVDNSsNAGNzUv1r/qh69LBbBU0jSmtaDUPTisYKthSaUzWbTLt1swu5GKKGv4cWDIl59GW++jZu2gooOLAwz8/F9O0HKqFSW9WGUVlbX1jfKm5Wt7Z3dver+QU8mmcCkixOWiH6AJGGUk66iipF+KgiKA0bugslV4d/dEyFpwm/VNCV+jEacRhQjpSXPYzoaIngB65VhtWaZ5y3XOXOgZVpW06m7BXGaDacOba0UqIElOsPquxcmOIsJV5ghKQe2lSo/R0JRzMis4mWSpAhP0IgMNOUoJtLP5zfP4IlWQhglQj+u4Fz9PpGjWMppHOhkjNRY/vYK8S9vkKmo5eeUp5kiHC8WRRmDKoFFATCkgmDFppogLKi+FeIxEggrXVNRwtdP4f+k55i2a7o3jVr7cllHGRyBY3AKbNAEbXANOqALMEjBA3gCz0ZmPBovxusiWjKWM4fgB4y3T4VlkLg=</latexit>

� = 3



Calabi–Yau Twofold

Berglund, Butbaia, Hübsch, VJ, Mayorga Peña, Mishra, Tan (2022)

<latexit sha1_base64="i6zECekHwN/0YZIb9PMwv5+wq70=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4KjPTOm0XQtGNywr2Ae1YMplMG5rJDElGKUP/w40LRdz6L+78GzNtBRU9EHJy7rncm+PFjEplmh9GbmV1bX0jv1nY2t7Z3SvuH3RklAhM2jhikeh5SBJGOWkrqhjpxYKg0GOk600us3r3jghJI36jpjFxQzTiNKAYKS3dDpi2+gieQ7PcaAyLJX3VHfvM1m/TrNkVJyN2rWpXoKWVDCWwRGtYfB/4EU5CwhVmSMq+ZcbKTZFQFDMyKwwSSWKEJ2hE+ppyFBLppvOtZ/BEKz4MIqEPV3Cufu9IUSjlNPS0M0RqLH/XMvGvWj9RQd1NKY8TRTheDAoSBlUEswigTwXBik01QVhQvSvEYyQQVjqogg7h66fwf9Kxy5ZTdq6rpebFMo48OALH4BRYoAaa4Aq0QBtgIMADeALPxr3xaLwYrwtrzlj2HIIfMN4+AbWckV8=</latexit>

� = 0.99

<latexit sha1_base64="9wHp9busoxk0IgoltuVYSxb0Y10="></latexit>

� =

Z

Xs

e(J) + 2 |Sing(X)| = 24 .

<latexit sha1_base64="99ZxGGI8b5Ff39/wM9zCNJjUBuE=">AAAB83icdVDNSsNAGNzUv1r/qh69LBbBU0jSmtaDUPTisYKthSaUzWbTLt1swu5GKKGv4cWDIl59GW++jZu2gooOLAwz8/F9O0HKqFSW9WGUVlbX1jfKm5Wt7Z3dver+QU8mmcCkixOWiH6AJGGUk66iipF+KgiKA0bugslV4d/dEyFpwm/VNCV+jEacRhQjpSXPYzoaIngB7cqwWrPM85brnDnQMi2r6dTdgjjNhlOHtlYK1MASnWH13QsTnMWEK8yQlAPbSpWfI6EoZmRW8TJJUoQnaEQGmnIUE+nn85tn8EQrIYwSoR9XcK5+n8hRLOU0DnQyRmosf3uF+Jc3yFTU8nPK00wRjheLooxBlcCiABhSQbBiU00QFlTfCvEYCYSVrqko4eun8H/Sc0zbNd2bRq19uayjDI7AMTgFNmiCNrgGHdAFGKTgATyBZyMzHo0X43URLRnLmUPwA8bbJ4JbkLY=</latexit>

� = 1

<latexit sha1_base64="FD0zdcgc2JaXGUSfi3d/khk6oDk=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCq5CkbVIXQtGNywr2AW0ok8mkHTp5MDMRaumXuHGhiFs/xZ1/46StoKIHBg7nnMu9c/yUUSFN80MrrK1vbG4Vt0s7u3v7Zf3gsCOSjGPSxglLeM9HgjAak7akkpFeygmKfEa6/uQq97t3hAuaxLdymhIvQqOYhhQjqaShXh4wFQ4QvICm4dZLQ71iGucNx67bSjBN1646ObHdml2FllJyVMAKraH+PggSnEUklpghIfqWmUpvhrikmJF5aZAJkiI8QSPSVzRGERHebHH4HJ4qJYBhwtWLJVyo3ydmKBJiGvkqGSE5Fr+9XPzL62cybHgzGqeZJDFeLgozBmUC8xZgQDnBkk0VQZhTdSvEY8QRlqqrvISvn8L/Scc2LMdwbmqV5uWqjiI4BifgDFjABU1wDVqgDTDIwAN4As/avfaovWivy2hBW80cgR/Q3j4BXHCRng==</latexit>

� = 0.75
<latexit sha1_base64="4HOWbF2rys6SSDft11vXbMylnoo=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwFZK0TetCKLpxWcE+oI1lMpm0QyeTMDNRSul/uHGhiFv/xZ1/46StoKIHBg7nnMu9c/yEUaks68PIrayurW/kNwtb2zu7e8X9g7aMU4FJC8csFl0fScIoJy1FFSPdRBAU+Yx0/PFl5nfuiJA05jdqkhAvQkNOQ4qR0tJtn+logOA5tM1qYVAsWeZZ3XWqDrRMy6o5ZTcjTq3ilHXCmqMElmgOiu/9IMZpRLjCDEnZs61EeVMkFMWMzAr9VJIE4TEakp6mHEVEetP51TN4opUAhrHQjys4V79PTFEk5STydTJCaiR/e5n4l9dLVVj3ppQnqSIcLxaFKYMqhlkFMKCCYMUmmiAsqL4V4hESCCtdVFbC10/h/6TtmLZruteVUuNiWUceHIFjcApsUAMNcAWaoAUwEOABPIFn4954NF6M10U0ZyxnDsEPGG+fadORLQ==</latexit>

� = 1.5
<latexit sha1_base64="Qqq50+Oq6s/gwIJmjftVXex++SE=">AAAB83icdVDNSsNAGNzUv1r/qh69LBbBU0jSmtaDUPTisYKthSaUzWbTLt1swu5GKKGv4cWDIl59GW++jZu2gooOLAwz8/F9O0HKqFSW9WGUVlbX1jfKm5Wt7Z3dver+QU8mmcCkixOWiH6AJGGUk66iipF+KgiKA0bugslV4d/dEyFpwm/VNCV+jEacRhQjpSXPYzoaIngB65VhtWaZ5y3XOXOgZVpW06m7BXGaDacOba0UqIElOsPquxcmOIsJV5ghKQe2lSo/R0JRzMis4mWSpAhP0IgMNOUoJtLP5zfP4IlWQhglQj+u4Fz9PpGjWMppHOhkjNRY/vYK8S9vkKmo5eeUp5kiHC8WRRmDKoFFATCkgmDFppogLKi+FeIxEggrXVNRwtdP4f+k55i2a7o3jVr7cllHGRyBY3AKbNAEbXANOqALMEjBA3gCz0ZmPBovxusiWjKWM4fgB4y3T4VlkLg=</latexit>

� = 3



Calabi–Yau Twofold

Berglund, Butbaia, Hübsch, VJ, Mayorga Peña, Mishra, Tan (2022)

<latexit sha1_base64="cYa3ngy1i5y3Sw9jUGZ3xEWfuL0=">AAAB+HicdVDLSsNAFJ34rPXRqEs3g0VwFZK0pnUhFN24rGAf0IYymUzaoZNJmJkItfRL3LhQxK2f4s6/cdJWUNEDA4dzzuXeOUHKqFS2/WGsrK6tb2wWtorbO7t7JXP/oC2TTGDSwglLRDdAkjDKSUtRxUg3FQTFASOdYHyV+507IiRN+K2apMSP0ZDTiGKktDQwS32mwyGCF9CxbLs4MMu2dV733DMX2lqouRUvJ26t6lbmkRxlsERzYL73wwRnMeEKMyRlz7FT5U+RUBQzMiv2M0lShMdoSHqachQT6U/nh8/giVZCGCVCP67gXP0+MUWxlJM40MkYqZH87eXiX14vU1Hdn1KeZopwvFgUZQyqBOYtwJAKghWbaIKwoPpWiEdIIKx0V3kJXz+F/5O2azme5d1Uy43LZR0FcASOwSlwQA00wDVoghbAIAMP4Ak8G/fGo/FivC6iK8Zy5hD8gPH2CUu1kZM=</latexit>

� = 1.00

<latexit sha1_base64="9wHp9busoxk0IgoltuVYSxb0Y10="></latexit>

� =

Z

Xs

e(J) + 2 |Sing(X)| = 24 .

<latexit sha1_base64="99ZxGGI8b5Ff39/wM9zCNJjUBuE=">AAAB83icdVDNSsNAGNzUv1r/qh69LBbBU0jSmtaDUPTisYKthSaUzWbTLt1swu5GKKGv4cWDIl59GW++jZu2gooOLAwz8/F9O0HKqFSW9WGUVlbX1jfKm5Wt7Z3dver+QU8mmcCkixOWiH6AJGGUk66iipF+KgiKA0bugslV4d/dEyFpwm/VNCV+jEacRhQjpSXPYzoaIngB7cqwWrPM85brnDnQMi2r6dTdgjjNhlOHtlYK1MASnWH13QsTnMWEK8yQlAPbSpWfI6EoZmRW8TJJUoQnaEQGmnIUE+nn85tn8EQrIYwSoR9XcK5+n8hRLOU0DnQyRmosf3uF+Jc3yFTU8nPK00wRjheLooxBlcCiABhSQbBiU00QFlTfCvEYCYSVrqko4eun8H/Sc0zbNd2bRq19uayjDI7AMTgFNmiCNrgGHdAFGKTgATyBZyMzHo0X43URLRnLmUPwA8bbJ4JbkLY=</latexit>

� = 1

<latexit sha1_base64="FD0zdcgc2JaXGUSfi3d/khk6oDk=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCq5CkbVIXQtGNywr2AW0ok8mkHTp5MDMRaumXuHGhiFs/xZ1/46StoKIHBg7nnMu9c/yUUSFN80MrrK1vbG4Vt0s7u3v7Zf3gsCOSjGPSxglLeM9HgjAak7akkpFeygmKfEa6/uQq97t3hAuaxLdymhIvQqOYhhQjqaShXh4wFQ4QvICm4dZLQ71iGucNx67bSjBN1646ObHdml2FllJyVMAKraH+PggSnEUklpghIfqWmUpvhrikmJF5aZAJkiI8QSPSVzRGERHebHH4HJ4qJYBhwtWLJVyo3ydmKBJiGvkqGSE5Fr+9XPzL62cybHgzGqeZJDFeLgozBmUC8xZgQDnBkk0VQZhTdSvEY8QRlqqrvISvn8L/Scc2LMdwbmqV5uWqjiI4BifgDFjABU1wDVqgDTDIwAN4As/avfaovWivy2hBW80cgR/Q3j4BXHCRng==</latexit>

� = 0.75
<latexit sha1_base64="4HOWbF2rys6SSDft11vXbMylnoo=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwFZK0TetCKLpxWcE+oI1lMpm0QyeTMDNRSul/uHGhiFv/xZ1/46StoKIHBg7nnMu9c/yEUaks68PIrayurW/kNwtb2zu7e8X9g7aMU4FJC8csFl0fScIoJy1FFSPdRBAU+Yx0/PFl5nfuiJA05jdqkhAvQkNOQ4qR0tJtn+logOA5tM1qYVAsWeZZ3XWqDrRMy6o5ZTcjTq3ilHXCmqMElmgOiu/9IMZpRLjCDEnZs61EeVMkFMWMzAr9VJIE4TEakp6mHEVEetP51TN4opUAhrHQjys4V79PTFEk5STydTJCaiR/e5n4l9dLVVj3ppQnqSIcLxaFKYMqhlkFMKCCYMUmmiAsqL4V4hESCCtdVFbC10/h/6TtmLZruteVUuNiWUceHIFjcApsUAMNcAWaoAUwEOABPIFn4954NF6M10U0ZyxnDsEPGG+fadORLQ==</latexit>

� = 1.5
<latexit sha1_base64="Qqq50+Oq6s/gwIJmjftVXex++SE=">AAAB83icdVDNSsNAGNzUv1r/qh69LBbBU0jSmtaDUPTisYKthSaUzWbTLt1swu5GKKGv4cWDIl59GW++jZu2gooOLAwz8/F9O0HKqFSW9WGUVlbX1jfKm5Wt7Z3dver+QU8mmcCkixOWiH6AJGGUk66iipF+KgiKA0bugslV4d/dEyFpwm/VNCV+jEacRhQjpSXPYzoaIngB65VhtWaZ5y3XOXOgZVpW06m7BXGaDacOba0UqIElOsPquxcmOIsJV5ghKQe2lSo/R0JRzMis4mWSpAhP0IgMNOUoJtLP5zfP4IlWQhglQj+u4Fz9PpGjWMppHOhkjNRY/vYK8S9vkKmo5eeUp5kiHC8WRRmDKoFFATCkgmDFppogLKi+FeIxEggrXVNRwtdP4f+k55i2a7o3jVr7cllHGRyBY3AKbNAEbXANOqALMEjBA3gCz0ZmPBovxusiWjKWM4fgB4y3T4VlkLg=</latexit>

� = 3



Calabi–Yau Twofold

Berglund, Butbaia, Hübsch, VJ, Mayorga Peña, Mishra, Tan (2022)

<latexit sha1_base64="C2IxlukZDp5uVZ/Ku2ZUN9j8CXQ=">AAAB+HicdVDLSsNAFJ34rPXRqEs3g0VwFZK0pnUhFN24rGAf0IYymUzaoZNJmJkItfRL3LhQxK2f4s6/cdJWUNEDA4dzzuXeOUHKqFS2/WGsrK6tb2wWtorbO7t7JXP/oC2TTGDSwglLRDdAkjDKSUtRxUg3FQTFASOdYHyV+507IiRN+K2apMSP0ZDTiGKktDQwS32mwyGCF9CxbKc4MMu2dV733DMX2pZt19yKlxO3VnUreWSOMliiOTDf+2GCs5hwhRmSsufYqfKnSCiKGZkV+5kkKcJjNCQ9TTmKifSn88Nn8EQrIYwSoR9XcK5+n5iiWMpJHOhkjNRI/vZy8S+vl6mo7k8pTzNFOF4sijIGVQLzFmBIBcGKTTRBWFB9K8QjJBBWuqu8hK+fwv9J27Ucz/JuquXG5bKOAjgCx+AUOKAGGuAaNEELYJCBB/AEno1749F4MV4X0RVjOXMIfsB4+wRNOpGU</latexit>

� = 1.01

<latexit sha1_base64="9wHp9busoxk0IgoltuVYSxb0Y10="></latexit>

� =

Z

Xs

e(J) + 2 |Sing(X)| = 24 .

<latexit sha1_base64="99ZxGGI8b5Ff39/wM9zCNJjUBuE=">AAAB83icdVDNSsNAGNzUv1r/qh69LBbBU0jSmtaDUPTisYKthSaUzWbTLt1swu5GKKGv4cWDIl59GW++jZu2gooOLAwz8/F9O0HKqFSW9WGUVlbX1jfKm5Wt7Z3dver+QU8mmcCkixOWiH6AJGGUk66iipF+KgiKA0bugslV4d/dEyFpwm/VNCV+jEacRhQjpSXPYzoaIngB7cqwWrPM85brnDnQMi2r6dTdgjjNhlOHtlYK1MASnWH13QsTnMWEK8yQlAPbSpWfI6EoZmRW8TJJUoQnaEQGmnIUE+nn85tn8EQrIYwSoR9XcK5+n8hRLOU0DnQyRmosf3uF+Jc3yFTU8nPK00wRjheLooxBlcCiABhSQbBiU00QFlTfCvEYCYSVrqko4eun8H/Sc0zbNd2bRq19uayjDI7AMTgFNmiCNrgGHdAFGKTgATyBZyMzHo0X43URLRnLmUPwA8bbJ4JbkLY=</latexit>

� = 1

<latexit sha1_base64="FD0zdcgc2JaXGUSfi3d/khk6oDk=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCq5CkbVIXQtGNywr2AW0ok8mkHTp5MDMRaumXuHGhiFs/xZ1/46StoKIHBg7nnMu9c/yUUSFN80MrrK1vbG4Vt0s7u3v7Zf3gsCOSjGPSxglLeM9HgjAak7akkpFeygmKfEa6/uQq97t3hAuaxLdymhIvQqOYhhQjqaShXh4wFQ4QvICm4dZLQ71iGucNx67bSjBN1646ObHdml2FllJyVMAKraH+PggSnEUklpghIfqWmUpvhrikmJF5aZAJkiI8QSPSVzRGERHebHH4HJ4qJYBhwtWLJVyo3ydmKBJiGvkqGSE5Fr+9XPzL62cybHgzGqeZJDFeLgozBmUC8xZgQDnBkk0VQZhTdSvEY8QRlqqrvISvn8L/Scc2LMdwbmqV5uWqjiI4BifgDFjABU1wDVqgDTDIwAN4As/avfaovWivy2hBW80cgR/Q3j4BXHCRng==</latexit>

� = 0.75
<latexit sha1_base64="4HOWbF2rys6SSDft11vXbMylnoo=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwFZK0TetCKLpxWcE+oI1lMpm0QyeTMDNRSul/uHGhiFv/xZ1/46StoKIHBg7nnMu9c/yEUaks68PIrayurW/kNwtb2zu7e8X9g7aMU4FJC8csFl0fScIoJy1FFSPdRBAU+Yx0/PFl5nfuiJA05jdqkhAvQkNOQ4qR0tJtn+logOA5tM1qYVAsWeZZ3XWqDrRMy6o5ZTcjTq3ilHXCmqMElmgOiu/9IMZpRLjCDEnZs61EeVMkFMWMzAr9VJIE4TEakp6mHEVEetP51TN4opUAhrHQjys4V79PTFEk5STydTJCaiR/e5n4l9dLVVj3ppQnqSIcLxaFKYMqhlkFMKCCYMUmmiAsqL4V4hESCCtdVFbC10/h/6TtmLZruteVUuNiWUceHIFjcApsUAMNcAWaoAUwEOABPIFn4954NF6M10U0ZyxnDsEPGG+fadORLQ==</latexit>

� = 1.5
<latexit sha1_base64="Qqq50+Oq6s/gwIJmjftVXex++SE=">AAAB83icdVDNSsNAGNzUv1r/qh69LBbBU0jSmtaDUPTisYKthSaUzWbTLt1swu5GKKGv4cWDIl59GW++jZu2gooOLAwz8/F9O0HKqFSW9WGUVlbX1jfKm5Wt7Z3dver+QU8mmcCkixOWiH6AJGGUk66iipF+KgiKA0bugslV4d/dEyFpwm/VNCV+jEacRhQjpSXPYzoaIngB65VhtWaZ5y3XOXOgZVpW06m7BXGaDacOba0UqIElOsPquxcmOIsJV5ghKQe2lSo/R0JRzMis4mWSpAhP0IgMNOUoJtLP5zfP4IlWQhglQj+u4Fz9PpGjWMppHOhkjNRY/vYK8S9vkKmo5eeUp5kiHC8WRRmDKoFFATCkgmDFppogLKi+FeIxEggrXVNRwtdP4f+k55i2a7o3jVr7cllHGRyBY3AKbNAEbXANOqALMEjBA3gCz0ZmPBovxusiWjKWM4fgB4y3T4VlkLg=</latexit>

� = 3



Calabi–Yau Twofold

Berglund, Butbaia, Hübsch, VJ, Mayorga Peña, Mishra, Tan (2022)

<latexit sha1_base64="hIVSCYY1yIpsMN1TcAH6VOQScnM=">AAAB+HicdVDLSsNAFJ34rPXRqEs3g0VwFZK0pnUhFN24rGAf0IYymUzaoZNJmJkItfRL3LhQxK2f4s6/cdJWUNEDA4dzzuXeOUHKqFS2/WGsrK6tb2wWtorbO7t7JXP/oC2TTGDSwglLRDdAkjDKSUtRxUg3FQTFASOdYHyV+507IiRN+K2apMSP0ZDTiGKktDQwS32mwyGCF9CxbLc4MMu2dV733DMX2pZt19yKlxO3VnUreWSOMliiOTDf+2GCs5hwhRmSsufYqfKnSCiKGZkV+5kkKcJjNCQ9TTmKifSn88Nn8EQrIYwSoR9XcK5+n5iiWMpJHOhkjNRI/vZy8S+vl6mo7k8pTzNFOF4sijIGVQLzFmBIBcGKTTRBWFB9K8QjJBBWuqu8hK+fwv9J27Ucz/JuquXG5bKOAjgCx+AUOKAGGuAaNEELYJCBB/AEno1749F4MV4X0RVjOXMIfsB4+wROv5GV</latexit>

� = 1.02

<latexit sha1_base64="9wHp9busoxk0IgoltuVYSxb0Y10="></latexit>

� =

Z

Xs

e(J) + 2 |Sing(X)| = 24 .

<latexit sha1_base64="99ZxGGI8b5Ff39/wM9zCNJjUBuE=">AAAB83icdVDNSsNAGNzUv1r/qh69LBbBU0jSmtaDUPTisYKthSaUzWbTLt1swu5GKKGv4cWDIl59GW++jZu2gooOLAwz8/F9O0HKqFSW9WGUVlbX1jfKm5Wt7Z3dver+QU8mmcCkixOWiH6AJGGUk66iipF+KgiKA0bugslV4d/dEyFpwm/VNCV+jEacRhQjpSXPYzoaIngB7cqwWrPM85brnDnQMi2r6dTdgjjNhlOHtlYK1MASnWH13QsTnMWEK8yQlAPbSpWfI6EoZmRW8TJJUoQnaEQGmnIUE+nn85tn8EQrIYwSoR9XcK5+n8hRLOU0DnQyRmosf3uF+Jc3yFTU8nPK00wRjheLooxBlcCiABhSQbBiU00QFlTfCvEYCYSVrqko4eun8H/Sc0zbNd2bRq19uayjDI7AMTgFNmiCNrgGHdAFGKTgATyBZyMzHo0X43URLRnLmUPwA8bbJ4JbkLY=</latexit>

� = 1

<latexit sha1_base64="FD0zdcgc2JaXGUSfi3d/khk6oDk=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCq5CkbVIXQtGNywr2AW0ok8mkHTp5MDMRaumXuHGhiFs/xZ1/46StoKIHBg7nnMu9c/yUUSFN80MrrK1vbG4Vt0s7u3v7Zf3gsCOSjGPSxglLeM9HgjAak7akkpFeygmKfEa6/uQq97t3hAuaxLdymhIvQqOYhhQjqaShXh4wFQ4QvICm4dZLQ71iGucNx67bSjBN1646ObHdml2FllJyVMAKraH+PggSnEUklpghIfqWmUpvhrikmJF5aZAJkiI8QSPSVzRGERHebHH4HJ4qJYBhwtWLJVyo3ydmKBJiGvkqGSE5Fr+9XPzL62cybHgzGqeZJDFeLgozBmUC8xZgQDnBkk0VQZhTdSvEY8QRlqqrvISvn8L/Scc2LMdwbmqV5uWqjiI4BifgDFjABU1wDVqgDTDIwAN4As/avfaovWivy2hBW80cgR/Q3j4BXHCRng==</latexit>

� = 0.75
<latexit sha1_base64="4HOWbF2rys6SSDft11vXbMylnoo=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwFZK0TetCKLpxWcE+oI1lMpm0QyeTMDNRSul/uHGhiFv/xZ1/46StoKIHBg7nnMu9c/yEUaks68PIrayurW/kNwtb2zu7e8X9g7aMU4FJC8csFl0fScIoJy1FFSPdRBAU+Yx0/PFl5nfuiJA05jdqkhAvQkNOQ4qR0tJtn+logOA5tM1qYVAsWeZZ3XWqDrRMy6o5ZTcjTq3ilHXCmqMElmgOiu/9IMZpRLjCDEnZs61EeVMkFMWMzAr9VJIE4TEakp6mHEVEetP51TN4opUAhrHQjys4V79PTFEk5STydTJCaiR/e5n4l9dLVVj3ppQnqSIcLxaFKYMqhlkFMKCCYMUmmiAsqL4V4hESCCtdVFbC10/h/6TtmLZruteVUuNiWUceHIFjcApsUAMNcAWaoAUwEOABPIFn4954NF6M10U0ZyxnDsEPGG+fadORLQ==</latexit>

� = 1.5
<latexit sha1_base64="Qqq50+Oq6s/gwIJmjftVXex++SE=">AAAB83icdVDNSsNAGNzUv1r/qh69LBbBU0jSmtaDUPTisYKthSaUzWbTLt1swu5GKKGv4cWDIl59GW++jZu2gooOLAwz8/F9O0HKqFSW9WGUVlbX1jfKm5Wt7Z3dver+QU8mmcCkixOWiH6AJGGUk66iipF+KgiKA0bugslV4d/dEyFpwm/VNCV+jEacRhQjpSXPYzoaIngB65VhtWaZ5y3XOXOgZVpW06m7BXGaDacOba0UqIElOsPquxcmOIsJV5ghKQe2lSo/R0JRzMis4mWSpAhP0IgMNOUoJtLP5zfP4IlWQhglQj+u4Fz9PpGjWMppHOhkjNRY/vYK8S9vkKmo5eeUp5kiHC8WRRmDKoFFATCkgmDFppogLKi+FeIxEggrXVNRwtdP4f+k55i2a7o3jVr7cllHGRyBY3AKbNAEbXANOqALMEjBA3gCz0ZmPBovxusiWjKWM4fgB4y3T4VlkLg=</latexit>

� = 3

cf. Kachru, Tripathy, Zimet (2018, 2020)

Kummer surface



Low-energy Matter Spectrum
• Charged matter multiplets are counted by

• (1,1)-forms and (2,1)-forms correspond to number of  generations, anti-generations

• Yukawa couplings of  (1,1)-forms are topological

• There is a nowhere vanishing top holomorphic form
<latexit sha1_base64="mlhk6L3GRzzW6fPtt9H9bRuwlhs="></latexit>

⌦ =
1

3!
⌦ijk dz

i ^ dzj ^ dzk

• Given a (2,1)-form, there is an equivalent (0,1)-form:
<latexit sha1_base64="SS9h5SjVYSzF22b2lyFXKTSGpFA="></latexit>

! =
1

2
!ijk̄ dz

i ^ dzj ^ dzk̄  ! !i =
1

2
⌦

ijk
!jkm dzm

• Unnormalized Yukawa couplings computed as
<latexit sha1_base64="A+NAco4ZUk08nGfMG61oru8g2ps="></latexit>

 =

Z

X
⌦ ^ !i ^ !j ^ !k ⌦ijk

quasi-topological: depends on cohomology class of      but not actual representative<latexit sha1_base64="muzUIeYxUeBoMDCCLI2QqUEOOxU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1ekrQIe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDWrV2f1mp3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPk8OPJg==</latexit>!
Candelas, Horowitz, Strominger, Witten (1985)

Strominger (1985)
Candelas (1987)

<latexit sha1_base64="NpJfHPYDliqxIq8AYx8zuEtFmck=">AAAB+HicdVDNTgIxGOziH+IPqx69NBITvJAumgVuRC8eMREhgZV0Sxcaut1N2zXBDU/ixYPGePVRvPk2dgETNTpJk8nM9+Wbjh9zpjRCH1ZuZXVtfSO/Wdja3tkt2nv7NypKJKFtEvFIdn2sKGeCtjXTnHZjSXHoc9rxJxeZ37mjUrFIXOtpTL0QjwQLGMHaSAO7WO6HWI/9IK3WZie3pwO7hCrIwHVhRpw6cgxpNOrVagM6cwuhEliiNbDf+8OIJCEVmnCsVM9BsfZSLDUjnM4K/UTRGJMJHtGeoQKHVHnpPPgMHhtlCINImic0nKvfN1IcKjUNfTOZpVS/vUz8y+slOqh7KRNxoqkgi0NBwqGOYNYCHDJJieZTQzCRzGSFZIwlJtp0VTAlfP0U/k9uqhXHrbhXZ6Xm+bKOPDgER6AMHFADTXAJWqANCEjAA3gCz9a99Wi9WK+L0Zy13DkAP2C9fQLbeZKa</latexit>

(27)3 couplings

• We specialize to the case of      , the commutant of             holonomy in

<latexit sha1_base64="TefrI/+uSaclVmtDTDGijIvM9DU=">AAACBnicbZDLSsNAFIYn9VbrLepShMEitCIlKVLdCEU3LivYC7RpmUwn7dDJJMxMhBLajRtfxY0LRdz6DO58G6dpFlr9YeDjP+dw5vxuyKhUlvVlZJaWV1bXsuu5jc2t7R1zd68hg0hgUscBC0TLRZIwykldUcVIKxQE+S4jTXd0Pas374mQNOB3ahwSx0cDTj2KkdJWzzwcdu1Cowinp9MpTLh7UoSXGsva7pl5q2Qlgn/BTiEPUtV65menH+DIJ1xhhqRs21aonBgJRTEjk1wnkiREeIQGpK2RI59IJ07OmMBj7fShFwj9uIKJ+3MiRr6UY9/VnT5SQ7lYm5n/1dqR8i6cmPIwUoTj+SIvYlAFcJYJ7FNBsGJjDQgLqv8K8RAJhJVOLqdDsBdP/guNcsmulCq3Z/nqVRpHFhyAI1AANjgHVXADaqAOMHgAT+AFvBqPxrPxZrzPWzNGOrMPfsn4+Ab1C5We</latexit>

h1(V ) , h1(V ⇤) = h2(V )

<latexit sha1_base64="8yMErc2DB3QoJVsXC4NU/55+dE8=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgadndxE28BUXwGNE8IFnC7GQ2GTL7YGZWCCGf4MWDIl79Im/+jbNJBBUtaCiquunu8hPOpLKsDyO3srq2vpHfLGxt7+zuFfcPWjJOBaFNEvNYdHwsKWcRbSqmOO0kguLQ57Ttjy8zv31PhWRxdKcmCfVCPIxYwAhWWrq96rv9Yskyz2uuc+Ygy7SsqlN2M+JUK04Z2VrJUIIlGv3ie28QkzSkkSIcS9m1rUR5UywUI5zOCr1U0gSTMR7SrqYRDqn0pvNTZ+hEKwMUxEJXpNBc/T4xxaGUk9DXnSFWI/nby8S/vG6qgpo3ZVGSKhqRxaIg5UjFKPsbDZigRPGJJpgIpm9FZIQFJkqnU9AhfH2K/ictx7Rd072plOoXyzjycATHcAo2VKEO19CAJhAYwgM8wbPBjUfjxXhdtOaM5cwh/IDx9gksDY3B</latexit>

E6
<latexit sha1_base64="v97eWIKfxmsIyvpaJNamBqS5L/I=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgadndxE28BUXwGNE8IFnC7GQ2GTL7YGZWCCGf4MWDIl79Im/+jbNJBBUtaCiquunu8hPOpLKsDyO3srq2vpHfLGxt7+zuFfcPWjJOBaFNEvNYdHwsKWcRbSqmOO0kguLQ57Ttjy8zv31PhWRxdKcmCfVCPIxYwAhWWrq96tf6xZJlntdc58xBlmlZVafsZsSpVpwysrWSoQRLNPrF994gJmlII0U4lrJrW4nyplgoRjidFXqppAkmYzykXU0jHFLpTeenztCJVgYoiIWuSKG5+n1iikMpJ6GvO0OsRvK3l4l/ed1UBTVvyqIkVTQii0VBypGKUfY3GjBBieITTTARTN+KyAgLTJROp6BD+PoU/U9ajmm7pntTKdUvlnHk4QiO4RRsqEIdrqEBTSAwhAd4gmeDG4/Gi/G6aM0Zy5lD+AHj7RMvFY3D</latexit>

E8

<latexit sha1_base64="BMClahn1yFchQI8hsJiExLTrpHo=">AAAB7HicdVBNS8NAEN34WetX1aOXxSLUS0jSmtZb0YvHiqYttKFstpt26WYTdjdCCf0NXjwo4tUf5M1/46atoKIPBh7vzTAzL0gYlcqyPoyV1bX1jc3CVnF7Z3dvv3Rw2JZxKjDxcMxi0Q2QJIxy4imqGOkmgqAoYKQTTK5yv3NPhKQxv1PThPgRGnEaUoyUlrxbr1I9G5TKlnnRcJ1zB1qmZdWdqpsTp15zqtDWSo4yWKI1KL33hzFOI8IVZkjKnm0lys+QUBQzMiv2U0kShCdoRHqachQR6WfzY2fwVCtDGMZCF1dwrn6fyFAk5TQKdGeE1Fj+9nLxL6+XqrDhZ5QnqSIcLxaFKYMqhvnncEgFwYpNNUFYUH0rxGMkEFY6n6IO4etT+D9pO6btmu5Nrdy8XMZRAMfgBFSADeqgCa5BC3gAAwoewBN4NrjxaLwYr4vWFWM5cwR+wHj7BPQMjic=</latexit>

SU(3)



Normalized Yukawa Couplings
• We have unnormalized trilinear couplings

• Generically, normalizations are computed using inner product that depends on Ricci-flat metric
<latexit sha1_base64="fsWwzH0F9hLPe1q5VTJSeZqNvPU="></latexit>

(a, b)V :=

Z

X
a ^ ?V Hb with                                      denoting harmonic projection

<latexit sha1_base64="DC8JcvijxohzwFZBawcVZhO+fAM="></latexit>

H : H1(V ) ! H
1(V )

• The physical Yukawa couplings are

<latexit sha1_base64="ToNkwg05WrFxaO2qBBw+GL2Ugps="></latexit>

ijk =

Z

X
⌦ ^ e⌦(ai, aj , ak)

<latexit sha1_base64="pdBJ20OGyFhLK+IZZv6STtoafxw="></latexit>

�ijk =
ijk

||ai||V ||aj ||V ||ak||V

✓Z

X
⌦ ^ ⌦

◆�1

• Here,                 is orthogonal basis for             : 
<latexit sha1_base64="bVeo9/3asRgBkM9Di2uDl+U4aGY=">AAAB7XicdVBNT8JAEN3iF+IX6tHLRmKCl6YtWPBG9MIREykmUMl22cLKttvsbk0I4T948aAxXv0/3vw3bgETNfqSSV7em8nMvCBhVCrL+jByK6tr6xv5zcLW9s7uXnH/wJM8FZi0MWdc3ARIEkZj0lZUMXKTCIKigJFOML7M/M49EZLy+FpNEuJHaBjTkGKktOQ1b+2yd9ovlizzvO46Zw60TMuqORU3I06t6lSgrZUMJbBEq1987w04TiMSK8yQlF3bSpQ/RUJRzMis0EslSRAeoyHpahqjiEh/Or92Bk+0MoAhF7piBefq94kpiqScRIHujJAayd9eJv7ldVMV1v0pjZNUkRgvFoUpg4rD7HU4oIJgxSaaICyovhXiERIIKx1QQYfw9Sn8n3iOabume1UtNS6WceTBETgGZWCDGmiAJmiBNsDgDjyAJ/BscOPReDFeF605YzlzCH7AePsElpqOgw==</latexit>

H
1(V )

• In standard embedding, because normalization can be computed independent of  Ricci-flat metric and

only requires knowledge of  metric on complex structure moduli space, the Yukawa couplings are same 

in every Kähler class

<latexit sha1_base64="7Wr9YMRHi++OkAWagcS9wTpUA7s="></latexit>

Ki⌘ =

Z

X
J ^ J ^ ai ^ a⌘ = �i⌘

<latexit sha1_base64="X2N+fLgMj8ZPhMcXYcduP0oCbzA="></latexit>�
ai
 h2,1

i=1



Standard Embedding
• Let holomorphic vector bundle that solves Hermitian Yang–Mills equations be tangent bundle

• When               , the number of  generations                                                          , where
<latexit sha1_base64="Vvf8D9oIIIFtqhgZAu77dJjZ8/U="></latexit>

Ngen = indD/ =
1

2
|�| = |h1,1 � h2,1|

• Deformations of      correspond to complex structure moduli of <latexit sha1_base64="mPRS8oqs1MtCkTrnRwAs1qMhR5o=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqdPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDuUuM5w==</latexit>

X

• In standard embedding, will compute Yukawa couplings in three different ways

– period integrals

• Metric on complex structure moduli space is Weil–Petersson metric

• Using Weil–Petersson geometry, can compute Yukawa couplings without knowing Ricci-flat metric

– Kodaira–Spencer map

– explicit harmonic forms using Ricci-flat metric

<latexit sha1_base64="7RtPkbIQXwl+Ji3tPLrRrDrFPAc=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCq5AUie2u6MZlBfuAJpTJdNIOnTyYuRFq6Je4caGIWz/FnX/jpK2gogcuHM65l3vvCVLBFdj2h1FaW9/Y3CpvV3Z29/ar5sFhVyWZpKxDE5HIfkAUEzxmHeAgWD+VjESBYL1gelX4vTsmFU/iW5ilzI/IOOYhpwS0NDSrnmAhWNiTfDwBbz40a7Zla7guLojTsB1Nms1Gvd7EzsKy7RpaoT00371RQrOIxUAFUWrg2Cn4OZHAqWDzipcplhI6JWM20DQmEVN+vjh8jk+1MsJhInXFgBfq94mcRErNokB3RgQm6rdXiH95gwzChp/zOM2AxXS5KMwEhgQXKeARl4yCmGlCqOT6VkwnRBIKOquKDuHrU/w/6dYtx7Xcm/Na63IVRxkdoxN0hhx0gVroGrVRB1GUoQf0hJ6Ne+PReDFel60lYzVzhH7AePsEwXWTMQ==</latexit>

} Weil–Petersson geometry

<latexit sha1_base64="FJlp4GVD90mTKQiWS5seswFNfXg=">AAAB/HicdVDLSgMxFM3UV62v0S7dRIvgQsaZaW3rQijVhcsK9gGdWjJp2oZmHiQZcSj1V9y4UMStH+LOvzHTVlDRc7lwOOdecnPckFEhTfNDSy0sLi2vpFcza+sbm1v69k5DBBHHpI4DFvCWiwRh1Cd1SSUjrZAT5LmMNN3ReeI3bwkXNPCvZRySjocGPu1TjKSSunr2wtmb1bFzdGOfOdXgrqvnTOO0XLRPbGgaplmy88WE2KWCnYeWUhLkwBy1rv7u9AIcecSXmCEh2pYZys4YcUkxI5OMEwkSIjxCA9JW1EceEZ3x9PgJPFBKD/YDrtqXcKp+3xgjT4jYc9Wkh+RQ/PYS8S+vHcl+uTOmfhhJ4uPZQ/2IQRnAJAnYo5xgyWJFEOZU3QrxEHGEpcoro0L4+in8nzRswyoaxatCrlKdx5EGu2AfHAILlEAFXIIaqAMMYvAAnsCzdq89ai/a62w0pc13suAHtLdPyuiS+Q==</latexit>

D/ 2 = ⇤

so that metric on      does double duty as the fiber metric<latexit sha1_base64="mPRS8oqs1MtCkTrnRwAs1qMhR5o=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqdPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDuUuM5w==</latexit>

X

<latexit sha1_base64="tFmS/G16bLbWaykSu2OvKBK6sX4=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAiuQprWtO6KblxW6AvSUCbTSTt0MhNmJkIJ/Qw3LhRx69e482+ctBVU9MCFwzn3cu89YcKo0o7zYa2tb2xubRd2irt7+weHpaPjrhKpxKSDBROyHyJFGOWko6lmpJ9IguKQkV44vcn93j2Rigre1rOEBDEacxpRjLSR/C4cYMHHsD3sD0tlx75qeO6lCx3bcepu1cuJW6+5VVgxSo4yWKE1LL0PRgKnMeEaM6SUX3ESHWRIaooZmRcHqSIJwlM0Jr6hHMVEBdni5Dk8N8oIRkKa4hou1O8TGYqVmsWh6YyRnqjfXi7+5fmpjhpBRnmSasLxclGUMqgFzP+HIyoJ1mxmCMKSmlshniCJsDYpFU0IX5/C/0nXtSue7d3Vys3rVRwFcArOwAWogDpoglvQAh2AgQAP4Ak8W9p6tF6s12XrmrWaOQE/YL19Ap7jkNs=</latexit>

V ⇠= TX

<latexit sha1_base64="FC06GaTf0KYgTE/NlLBYB5Rd37E=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqtPqlsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LitetVJtXJVrt3kcBTiFM7gAD66hBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kDtkOM5Q==</latexit>

V



Period Integrals
• Symplectic basis of  3-cycles                       , with

<latexit sha1_base64="uVZuHphbJKnhQUHqWyTIQiQQ6mQ=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiQi1Y1Q68ZlBfuAJg03k0k7dPJgZiKUUtz4K25cKOLWr3Dn3zhts9DWAxcO59zLvff4KWdSWda3sbS8srq2Xtgobm5t7+yae/tNmWSC0AZJeCLaPkjKWUwbiilO26mgEPmctvzBzcRvPVAhWRLfq2FK3Qh6MQsZAaUlzzy87gJ2CKS45vn4CjsB5Qq64PmeWbLK1hR4kdg5KaEcdc/8coKEZBGNFeEgZce2UuWOQChGOB0XnUzSFMgAerSjaQwRle5o+sIYn2glwGEidMUKT9XfEyOIpBxGvu6MQPXlvDcR//M6mQov3RGL00zRmMwWhRnHKsGTPHDABCWKDzUBIpi+FZM+CCBKp1bUIdjzLy+S5lnZrpQrd+elai2Po4CO0DE6RTa6QFV0i+qogQh6RM/oFb0ZT8aL8W58zFqXjHzmAP2B8fkD9ISV5g==</latexit>

Aa \Bb = �ab
<latexit sha1_base64="WxknIjNvj9L2Bwr0BggGUbd+S9c=">AAACCHicbVC7SgNBFL0bXzG+Vi0tHAyCVdgViTZCEhvLCOYByWaZnUySIbMPZmaFsKS08VdsLBSx9RPs/Btnky008cDAuefcy517vIgzqSzr28itrK6tb+Q3C1vbO7t75v5BU4axILRBQh6Ktocl5SygDcUUp+1IUOx7nLa88U3qtx6okCwM7tUkoo6PhwEbMIKVllzzuNrDqEtwhKo9D12jmpuVNTctLdcsWiVrBrRM7IwUIUPdNb+6/ZDEPg0U4VjKjm1FykmwUIxwOi10Y0kjTMZ4SDuaBtin0klmh0zRqVb6aBAK/QKFZurviQT7Uk58T3f6WI3kopeK/3mdWA2unIQFUaxoQOaLBjFHKkRpKqjPBCWKTzTBRDD9V0RGWGCidHYFHYK9ePIyaZ6X7HKpfHdRrNSyOPJwBCdwBjZcQgVuoQ4NIPAIz/AKb8aT8WK8Gx/z1pyRzRzCHxifP+polrw=</latexit>

Aa \Ab = Ba \Bb = 0

• Dual 3-forms
<latexit sha1_base64="BPRI0xYBjDjSglYlawnuemAXfK8="></latexit>Z

Aa

↵b = �ab ,

Z

Ba

�b = �ba

<latexit sha1_base64="YGwwWNKzKpvrhzBusDL9MGOzP5U="></latexit>Z

X
↵a ^ �b = �ba ,

Z

X
↵a ^ ↵b =

Z

X
�a ^ �b = 0

• Holomorphic (3,0)-form is
<latexit sha1_base64="+VCAHDGFWnsawUmZI662PqDOOY4=">AAACF3icbVDJSgNBEO2JW4xb1KOXxiB4McyI20UIetCbEUwMZJKhplNJmvQsdPcIcchfePFXvHhQxKve/Bs7y0GNDwoe71VRVc+PBVfatr+szMzs3PxCdjG3tLyyupZf36iqKJEMKywSkaz5oFDwECuaa4G1WCIEvsBbv3c+9G/vUCoehTe6H2MjgE7I25yBNpKXL+bcqwA7QE/pfROoCyLuggd0j7oB6C4DkV4MPJ+6Pmpo+l6+YBftEeg0cSakQCYoe/lPtxWxJMBQMwFK1R071o0UpOZM4CDnJgpjYD3oYN3QEAJUjXT014DuGKVF25E0FWo6Un9OpBAo1Q980zk8Vv31huJ/Xj3R7ZNGysM40Riy8aJ2IqiO6DAk2uISmRZ9Q4BJbm6lrAsSmDZR5kwIzt+Xp0l1v+gcFQ+vDwqls0kcWbJFtskuccgxKZFLUiYVwsgDeSIv5NV6tJ6tN+t93JqxJjOb5Besj29n1Z5D</latexit>

⌦ = za↵a � Gb�
b so that

<latexit sha1_base64="ARgHuFgwA92hERM3ms8UCYqPsc4="></latexit>

V =

Z

X
⌦ ^ ⌦ = zaGa � zaGa

<latexit sha1_base64="Z2ERNWRiCMwVxLW8bm0DIE9xJiU="></latexit>

za =

Z

Aa

⌦ , Gb =

Z

Bb

⌦ satisfy Picard–Fuchs equation

• Weil–Petersson metric is
<latexit sha1_base64="K+EOLUkeD//KzNufXwFuZ84QEcw="></latexit>

gWP = �i@@ logV
Candelas, de la Ossa, Green, Parkes (1991)

Morrison (1991)

• Analytic result from period integrals — however, it is only practical for             few

<latexit sha1_base64="KU42UVmQKy07AM6mFCPSamXFaZI=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwEUpSpLoRim5cVrAPaGOZTCbt0MlMmJkINRR/xY0LRdz6H+78G6dtFtp64MLhnHu5954gYVRp1/22lpZXVtfWCxvFza3tnV17b7+pRCoxaWDBhGwHSBFGOWloqhlpJ5KgOGCkFQyvJ37rgUhFBb/To4T4MepzGlGMtJF69iFygkvP6bJQaOUM7rOK4417dsktu1PAReLlpARy1Hv2VzcUOI0J15ghpTqem2g/Q1JTzMi42E0VSRAeoj7pGMpRTJSfTa8fwxOjhDAS0hTXcKr+nshQrNQoDkxnjPRAzXsT8T+vk+rows8oT1JNOJ4tilIGtYCTKGBIJcGajQxBWFJzK8QDJBHWJrCiCcGbf3mRNCtlr1qu3p6Vald5HAVwBI7BKfDAOaiBG1AHDYDBI3gGr+DNerJerHfrY9a6ZOUzB+APrM8fh8OUAg==</latexit>

a, b = 1, . . . , h2,1

<latexit sha1_base64="VaouHs/cnjSmgNX8kadY5vcp9mA=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBg5TdItVj0YvHCvYDumvJptk2NMkuSVYoS/+GFw+KePXPePPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etXWcKkJbJOax6oZYU84kbRlmOO0mimIRctoJx7czv/NElWaxfDCThAYCDyWLGMHGSv7oMatdeFPkayb65YpbdedAq8TLSQVyNPvlL38Qk1RQaQjHWvc8NzFBhpVhhNNpyU81TTAZ4yHtWSqxoDrI5jdP0ZlVBiiKlS1p0Fz9PZFhofVEhLZTYDPSy95M/M/rpSa6DjImk9RQSRaLopQjE6NZAGjAFCWGTyzBRDF7KyIjrDAxNqaSDcFbfnmVtGtVr16t319WGjd5HEU4gVM4Bw+uoAF30IQWEEjgGV7hzUmdF+fd+Vi0Fpx85hj+wPn8AQuakQ8=</latexit>

h2,1 ⇠



Kodaira–Spencer Geometry
• Kodaira–Spencer map is

• On overlaps              , we have transition functions

<latexit sha1_base64="/nDidSyO98AerLfGCUuGRmDoKIA=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyURqaKbUjddVugj0MQwmU7aoZNJmJkIJXTnxl9x40IRt/6CO//G6WOhrQcGDufcy51zgoRRqSzr28itrK6tb+Q3C1vbO7t75v5BW8apwKSFYxYLJ0CSMMpJS1HFiJMIgqKAkU4wvJ34nQciJI15U40S4kWoz2lIMVJa8s1jVwzia9j0M+VbY1iDroph/d4uOTdN3znzzaJVtqaAy8SekyKYo+GbX24vxmlEuMIMSdm1rUR5GRKKYkbGBTeVJEF4iPqkqylHEZFeNs0xhqda6cEwFvpxBafq740MRVKOokBPRkgN5KI3Ef/zuqkKr7yM8iRVhOPZoTBlUGedlAJ7VBCs2EgThAXVf4V4gATCSldX0CXYi5GXSfu8bFfKlbuLYrU2ryMPjsAJKAEbXIIqqIMGaAEMHsEzeAVvxpPxYrwbH7PRnDHfOQR/YHz+AJJ1lzY=</latexit>

⇢ : Tt0B ! H
1(X;TX)

<latexit sha1_base64="HLIHK3nuwF7ke4JAZJCVUneyPWM=">AAAB9HicdVBNS8NAEN3Ur1q/qh69LBbBU0jSmtZb0YvHCsYW2hA22027drOJu5tCKf0dXjwo4tUf481/46atoKIPBh7vzTAzL0wZlcqyPozCyura+kZxs7S1vbO7V94/uJVJJjDxcMIS0QmRJIxy4imqGOmkgqA4ZKQdji5zvz0mQtKE36hJSvwYDTiNKEZKS74XUNjDKIVecAeDcsUyzxuuc+ZAy7SsulN1c+LUa04V2lrJUQFLtILye6+f4CwmXGGGpOzaVqr8KRKKYkZmpV4mSYrwCA1IV1OOYiL96fzoGTzRSh9GidDFFZyr3yemKJZyEoe6M0ZqKH97ufiX181U1PCnlKeZIhwvFkUZgyqBeQKwTwXBik00QVhQfSvEQyQQVjqnkg7h61P4P7l1TNs13etapXmxjKMIjsAxOAU2qIMmuAIt4AEM7sEDeALPxth4NF6M10VrwVjOHIIfMN4+Ab2pkXY=</latexit>

Ui \ Uj

<latexit sha1_base64="gfzj+7TdVh88sXch1YUwoGJGjEg=">AAACAXicdVDLSsNAFJ34rPUVdSO4GSyCq5CmNa2uim5cVrAPaEOYTCfttJMHMxOhhrrxV9y4UMStf+HOv3HSVlDRAwOHc+7lzjlezKiQpvmhLSwuLa+s5tby6xubW9v6zm5TRAnHpIEjFvG2hwRhNCQNSSUj7ZgTFHiMtLzRRea3bggXNAqv5TgmToD6IfUpRlJJrr7vuykdTuAZvHWHsBugWMhIcerqBdM4rdrWiQVNwzQrVsnOiFUpWyVYVEqGApij7urv3V6Ek4CEEjMkRKdoxtJJEZcUMzLJdxNBYoRHqE86ioYoIMJJpwkm8EgpPehHXL1Qwqn6fSNFgRDjwFOTAZID8dvLxL+8TiL9qpPSME4kCfHskJ8wqEJmdcAe5QRLNlYEYU7VXyEeII6wVKXlVQlfSeH/pGkZRduwr8qF2vm8jhw4AIfgGBRBBdTAJaiDBsDgDjyAJ/Cs3WuP2ov2Ohtd0OY7e+AHtLdPCEiWqQ==</latexit>

fij : zj 7! zi

• To account for complex structure deformations, take               , where
<latexit sha1_base64="p2lvIMG6vpgfzjMAKqUZ/v0Zpn0=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSLUS0lEquCl6MVjBfsBbQib7abddrOJu5tCDf0dXjwo4tUf481/47bNQVsfDDzem2Fmnh9zprRtf1srq2vrG5u5rfz2zu7efuHgsKGiRBJaJxGPZMvHinImaF0zzWkrlhSHPqdNf3g79ZsjKhWLxIMex9QNcU+wgBGsjeQGXsoGk9KTN7jWZ16haJftGdAycTJShAw1r/DV6UYkCanQhGOl2o4dazfFUjPC6STfSRSNMRniHm0bKnBIlZvOjp6gU6N0URBJU0Kjmfp7IsWhUuPQN50h1n216E3F/7x2ooMrN2UiTjQVZL4oSDjSEZomgLpMUqL52BBMJDO3ItLHEhNtcsqbEJzFl5dJ47zsVMqV+4ti9SaLIwfHcAIlcOASqnAHNagDgUd4hld4s0bWi/VufcxbV6xs5gj+wPr8AV5/kdo=</latexit>

fij(zj ; t)
<latexit sha1_base64="5ClWzVOthUwtM5nwFzf2XtySpiA=">AAACDHicbVDLSgMxFM34rPVVdekmWIQWSpkpUt0Uim5cVrAP6ItMmrahycyQ3BHK0O7d+CtuXCji1g9w59+YtrPQ1gOBwznncnOPGwiuwba/rbX1jc2t7cROcndv/+AwdXRc036oKKtSX/iq4RLNBPdYFTgI1ggUI9IVrO6ObmZ+/YEpzX3vHsYBa0sy8HifUwJG6qbSUMpAx8m1RM8HnYOOzE5z0ymWpWEnKuScSaaRNSk7b8+BV4kTkzSKUemmvlo9n4aSeUAF0brp2AG0I6KAU8EmyVaoWUDoiAxY01CPSKbb0fyYCT43Sg/3fWWeB3iu/p6IiNR6LF2TlASGetmbif95zRD6V+2Ie0EIzKOLRf1QYPDxrBnc44pREGNDCFXc/BXTIVGEgukvaUpwlk9eJbVC3inmi3cX6fJ1XEcCnaIzlEEOukRldIsqqIooekTP6BW9WU/Wi/VufSyia1Y8c4L+wPr8AdgvmZg=</latexit>

t = (t1, . . . , tm) , m = h2,1(X)

• Locally, this is fibration of      over a base      with reference point <latexit sha1_base64="WADQ6PlUnSPY87QIlIyJ2XDZRmc=">AAAB6nicdVBNS8NAEN3Ur1q/qh69LBbBU9ikNa23ohePFW0ttKFstpt26WYTdjdCCf0JXjwo4tVf5M1/46atoKIPBh7vzTAzL0g4UxqhD6uwsrq2vlHcLG1t7+zulfcPOipOJaFtEvNYdgOsKGeCtjXTnHYTSXEUcHoXTC5z/+6eSsVicaunCfUjPBIsZARrI93oARqUK8g+b3jumQuRjVDdrXo5ces1twodo+SogCVag/J7fxiTNKJCE46V6jko0X6GpWaE01mpnyqaYDLBI9ozVOCIKj+bnzqDJ0YZwjCWpoSGc/X7RIYjpaZRYDojrMfqt5eLf3m9VIcNP2MiSTUVZLEoTDnUMcz/hkMmKdF8aggmkplbIRljiYk26ZRMCF+fwv9Jx7Udz/aua5XmxTKOIjgCx+AUOKAOmuAKtEAbEDACD+AJPFvcerRerNdFa8FazhyCH7DePgFqj43q</latexit>

t0
<latexit sha1_base64="OabFgXioGrCWETAhl2Y8+R6c+as=">AAAB6HicdVDLSgNBEJz1GeMr6tHLYBA8LbubuIm3EC8eEzAPSJYwO+lNxsw+mJkVQsgXePGgiFc/yZt/42wSQUULGoqqbrq7/IQzqSzrw1hb39jc2s7t5Hf39g8OC0fHbRmngkKLxjwWXZ9I4CyClmKKQzcRQEKfQ8efXGd+5x6EZHF0q6YJeCEZRSxglCgtNeuDQtEyr6quc+lgy7SsilNyM+JUyk4J21rJUEQrNAaF9/4wpmkIkaKcSNmzrUR5MyIUoxzm+X4qISF0QkbQ0zQiIUhvtjh0js+1MsRBLHRFCi/U7xMzEko5DX3dGRI1lr+9TPzL66UqqHozFiWpgoguFwUpxyrG2dd4yARQxaeaECqYvhXTMRGEKp1NXofw9Sn+n7Qd03ZNt1ku1uqrOHLoFJ2hC2SjCqqhG9RALUQRoAf0hJ6NO+PReDFel61rxmrmBP2A8fYJ+tyNFQ==</latexit>

B
<latexit sha1_base64="10xfIliVMV1OL64dVObr4g4R1Fc=">AAAB6HicdVDLSgNBEOyNrxhfUY9eBoPgadndxE28Bb14TMA8IFnC7GQ2GTP7YGZWCCFf4MWDIl79JG/+jbNJBBUtaCiquunu8hPOpLKsDyO3tr6xuZXfLuzs7u0fFA+P2jJOBaEtEvNYdH0sKWcRbSmmOO0mguLQ57TjT64zv3NPhWRxdKumCfVCPIpYwAhWWmp2B8WSZV7WXOfCQZZpWVWn7GbEqVacMrK1kqEEKzQGxff+MCZpSCNFOJayZ1uJ8mZYKEY4nRf6qaQJJhM8oj1NIxxS6c0Wh87RmVaGKIiFrkihhfp9YoZDKaehrztDrMbyt5eJf3m9VAU1b8aiJFU0IstFQcqRilH2NRoyQYniU00wEUzfisgYC0yUzqagQ/j6FP1P2o5pu6bbrJTqV6s48nACp3AONlShDjfQgBYQoPAAT/Bs3BmPxovxumzNGauZY/gB4+0THEONKw==</latexit>

X

• Explicitly, consider diffeomorphism                              ;      denotes infinitesimal diffeomorphism     at

• Weil–Petersson metric is                                                 
<latexit sha1_base64="L/QtCKt0SKiF8ZpfXwDbZFcIGFw="></latexit>

ha, biWP =

Z

Xt

⇢(a) ^ ?gtH⇢(b)

• In standard embedding,
<latexit sha1_base64="OmVg0X30OAx9jMWoWFf+XvNFWVI="></latexit>

Nab ⇠ (a, b)V = ha, biWP

<latexit sha1_base64="hbB185V0b0cqjU8c3wr/XF5JoZ0=">AAACG3icbVBNS8NAEN34bf2qevSyWARPJRFREQTRi0cFq4GmhM122i5udsPuRKkh/8OLf8WLB0U8CR78N25rD349GHi8N8PMvCSTwqLvf3hj4xOTU9Mzs5W5+YXFperyyoXVueHQ4FpqEybMghQKGihQQpgZYGki4TK5Oh74l9dgrNDqHPsZtFLWVaIjOEMnxdWtcP8gjAuM/ZJGFhm/MiCL6BaQxVgWkdSqa0S3h8wYfVPSMMa4WvPr/hD0LwlGpEZGOI2rb1Fb8zwFhVwya5uBn2GrYAYFl1BWotxC5jazLjQdVSwF2yqGv5V0wylt2tHGlUI6VL9PFCy1tp8mrjNl2LO/vYH4n9fMsbPXKoTKcgTFvxZ1cklR00FQtC0McJR9Rxg3wt1KeY8ZxtHFWXEhBL9f/ksuturBTn3nbLt2eDSKY4askXWySQKySw7JCTklDcLJHXkgT+TZu/cevRfv9at1zBvNrJIf8N4/AZ2xonM=</latexit>

X := Xt0
⇣t�! Xt

<latexit sha1_base64="Vf1Azr0psEe8sNLkarqAone9LXI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrpvvskeqWyW3FnIMvEy0kZctR7pa9uP2ZpxBUySY3peG6CfkY1Cib5pNhNDU8oG9EB71iqaMSNn81OnZBTq/RJGGtbCslM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnQiUpcsXmi8JUEozJ9G/SF5ozlGNLKNPC3krYkGrK0KZTtCF4iy8vk+Z5xatWqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OZI58V5dz7mrStOPnMEf+B8/gBfd43g</latexit>

⇠
<latexit sha1_base64="UWrkNCx3YIeyZ/nKn9YPNvifQWg=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2m3bpZhN2J0IN/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbF6wEnC/YgOlQgFo2ildu+JI+1jv1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/m5U3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZ/U4GQnOGcmIJZVrYWwkbUU0Z2oRKNgRv+eVV0rqoerVq7f6yUr/J4yjCCZzCOXhwBXW4gwY0gcEYnuEV3pzEeXHenY9Fa8HJZ47hD5zPH3pTj64=</latexit>

⇣t
<latexit sha1_base64="DeUJJhA45xNLmJKGj1qBr5WbKTU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh6MVjBdMW2lA22027dLMJuxOhlP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0ylMOi6305hbX1jc6u4XdrZ3ds/KB8eNU2SacZ9lshEt0NquBSK+yhQ8naqOY1DyVvh6G7mt564NiJRjzhOeRDTgRKRYBSt5OMN9txeueJW3TnIKvFyUoEcjV75q9tPWBZzhUxSYzqem2IwoRoFk3xa6maGp5SN6IB3LFU05iaYzI+dkjOr9EmUaFsKyVz9PTGhsTHjOLSdMcWhWfZm4n9eJ8PoOpgIlWbIFVssijJJMCGzz0lfaM5Qji2hTAt7K2FDqilDm0/JhuAtv7xKmhdVr1atPVxW6rd5HEU4gVM4Bw+uoA730AAfGAh4hld4c5Tz4rw7H4vWgpPPHMMfOJ8/YFKOaw==</latexit>

t = t0
<latexit sha1_base64="Wx0ynNMAp3AKI27e/WlPRzFj2DA=">AAACLnicbVBbS8MwGE3nbc5b1UdfgkOYL6MVmb4IQxF8nOAusJaRZukWljYlScVR+ot88a/og6AivvozTLcydPNA4HDOd8l3vIhRqSzrzSgsLa+srhXXSxubW9s75u5eS/JYYNLEnHHR8ZAkjIakqahipBMJggKPkbY3usr89j0RkvLwTo0j4gZoEFKfYqS01DOvHTHkjkcHFej4AuHEiZBQFLF0xqBKYVZxDC9g1+F6WrZs5joP1O2ZZatqTQAXiZ2TMsjR6JkvTp/jOCChwgxJ2bWtSLlJNhIzkpacWJII4REakK6mIQqIdJPJuSk80kof+lzoFyo4UX93JCiQchx4ujJAaijnvUz8z+vGyj93ExpGsSIhni7yYx0Ah1l2sE8FwYqNNUFYUP1XiIdIp6Z0wiUdgj1/8iJpnVTtWrV2e1quX+ZxFMEBOAQVYIMzUAc3oAGaAINH8AzewYfxZLwan8bXtLRg5D374A+M7x9rm6lj</latexit>

⇢
� @

@t

�
= [@⇠]Then,                       under identification                                 

<latexit sha1_base64="SlPogxE7GH559/L7+0VOIIMeRfY=">AAACF3icbVDLSsNAFJ34rPUVdelmsAgtSEmKVJdFN11W6CPQpGEynbZDJ5M4MxFK6F+48VfcuFDEre78GydtF9p6YeBwzj33zj1BzKhUlvVtrK1vbG5t53byu3v7B4fm0XFbRonApIUjFgknQJIwyklLUcWIEwuCwoCRTjC+zfTOAxGSRrypJjHxQjTkdEAxUpryzXK9ZxebvlOCrqQhuYd1P3Uj7cgGujESiiI27aWVC3tadEq+WbDK1qzgKrAXoAAW1fDNL7cf4SQkXGGGpOzaVqy8NJuLGZnm3USSGOExGpKuhhyFRHrp7K4pPNdMHw4ioR9XcMb+dqQolHISBrozRGokl7WM/E/rJmpw7aWUx4kiHM8XDRIGVQSzkGCfCoIVm2iAsKD6rxCPkEBY6SjzOgR7+eRV0K6U7Wq5endZqN0s4siBU3AGisAGV6AG6qABWgCDR/AMXsGb8WS8GO/Gx7x1zVh4TsCfMj5/ABA6nqY=</latexit>

H
1(TX) ' H

2,1

@
(X)

elides knowledge of  
Ricci-flat metric

<latexit sha1_base64="GUsYVEdxAMirvsxyP9wFHXg+7v0="></latexit>

/
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Machine Learning Sections

Butbaia, Mayorga Peña, Tan, Berglund, Hübsch, VJ, Mishra (2024)
Berglund, Butbaia, Hübsch, VJ, Mayorga Peña, Mishra, Tan (2024)

• Start from harmonic projection
<latexit sha1_base64="qPR6tjcEdbV8IFF/Vwq00AMEsso=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgVpCQiVVwV3XRZoS9oYphMJ+3QySTMTIQS+hNu/BU3LhRxK7jzb5y0WdTWAwOHc+5l7jl+zKhUlvVjrKyurW9sFraK2zu7e/vmwWFbRonApIUjFomujyRhlJOWooqRbiwICn1GOv7oLvM7j0RIGvGmGsfEDdGA04BipLTkmedOiNQQI5bWJzew/mCXm173DDoqgnNOLntmyapYU8BlYuekBHI0PPPb6Uc4CQlXmCEpe7YVKzdFQlHMyKToJJLECI/QgPQ05Sgk0k2nqSbwVCt9GERCP67gVJ3fSFEo5Tj09WR2qVz0MvE/r5eo4NpNKY8TRTiefRQkDOrMWUWwTwXBio01QVhQfSvEQyQQVrrIoi7BXoy8TNoXFbtaqd5flmq3eR0FcAxOQBnY4ArUQB00QAtg8ARewBt4N56NV+PD+JyNrhj5zhH4A+PrF8IDnVE=</latexit>

H : H1(TX) ! H
1(TX)

• Find smooth section    of        such that                          — i.e., <latexit sha1_base64="aj9FmfS8t4a8NDL7Fi0VcH1aJ0M=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgadls4ibegl48JmAekCxhdtKbjJl9MDMrhCVf4MWDIl79JG/+jbNJBBUtaCiquunu8mLOpLKsDyO3tr6xuZXfLuzs7u0fFA+POjJKBIU2jXgkeh6RwFkIbcUUh14sgAQeh643vc787j0IyaLwVs1icAMyDpnPKFFaaslhsWSZl3XHvrCxZVpWza44GbFrVbuCy1rJUEIrNIfF98EookkAoaKcSNkvW7FyUyIUoxzmhUEiISZ0SsbQ1zQkAUg3XRw6x2daGWE/ErpChRfq94mUBFLOAk93BkRN5G8vE//y+ony627KwjhRENLlIj/hWEU4+xqPmACq+EwTQgXTt2I6IYJQpbMp6BC+PsX/k45tlh3TaVVLjatVHHl0gk7ROSqjGmqgG9REbUQRoAf0hJ6NO+PReDFel605YzVzjH7AePsERS+NRg==</latexit>s
<latexit sha1_base64="pWbLavt9Czg6Y49cfJAIn36Q6gA=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgadndxE28Bb14jJgXJEuYncwmQ2YfzMwKIeQTvHhQxKtf5M2/cTaJoKIFDUVVN91dfsKZVJb1YeTW1jc2t/LbhZ3dvf2D4uFRW8apILRFYh6Lro8l5SyiLcUUp91EUBz6nHb8yXXmd+6pkCyOmmqaUC/Eo4gFjGClpbvmoDsolizzsuY6Fw6yTMuqOmU3I0614pSRrZUMJVihMSi+94cxSUMaKcKxlD3bSpQ3w0Ixwum80E8lTTCZ4BHtaRrhkEpvtjh1js60MkRBLHRFCi3U7xMzHEo5DX3dGWI1lr+9TPzL66UqqHkzFiWpohFZLgpSjlSMsr/RkAlKFJ9qgolg+lZExlhgonQ6BR3C16fof9J2TNs13dtKqX61iiMPJ3AK52BDFepwAw1oAYERPMATPBvceDRejNdla85YzRzDDxhvn3ZvjfI=</latexit>

TX

• Strategy is to model    with a neural network using the machine learned Ricci-flat metric<latexit sha1_base64="uWioic9Sc3+uT7pr32g9YUpvtBk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq6H6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A4jeNAg==</latexit>s

<latexit sha1_base64="RrEnz/jGml9oDtH1txgtwOYFHss="></latexit>

�( + @s) = 0

<latexit sha1_base64="jGQJV21R8o0AHHbug2qvtEHfCDI=">AAACGnicbVDLSgMxFM3UV62vUZdugkWomzIjUl0W3XRZwT6gMwyZNNOGZjIhyQhl6He48VfcuFDEnbjxb8y0s9DWCyGHc+7l3nNCwajSjvNtldbWNza3ytuVnd29/QP78KirklRi0sEJS2Q/RIowyklHU81IX0iC4pCRXji5zfXeA5GKJvxeTwXxYzTiNKIYaUMFtusJRaFHOfTkOKl5AklNEQv0OfRiJJRO8l+PMWJZa5Y3B3bVqTvzgqvALUAVFNUO7E9vmOA0JlxjhpQauI7QfpYvwozMKl6qiEB4gkZkYCBHMVF+Nrc2g2eGGcIokeZxDefs74kMxUpN49B05meqZS0n/9MGqY6u/YxykWrC8WJRlDJoDOc5wSGVBGs2NQBhSc2tEI+RRFibNCsmBHfZ8iroXtTdRr1xd1lt3hRxlMEJOAU14IIr0AQt0AYdgMEjeAav4M16sl6sd+tj0Vqyiplj8Kesrx9YDaEb</latexit>

 2 ⇢(@t) 7! H 

– start with an overcomplete basis of  sections

– parametrize coefficients to get globally defined object
Douglas (2023)

cf. Constantin, Fraser-Taliente, Harvey, Lukas, Ovrut (2024)

• In principle, can do this for any holomorphic vector bundle on a Kähler manifold

<latexit sha1_base64="MHtRV9prYYmI4rUqeSan8VX1e6s="></latexit>

H �  = @s



Machine Learning Sections
• Given a reference form                         , approximate cohomologous harmonic projection

, where         is given by a spectral network<latexit sha1_base64="NNG2+QsZihSRkbx0o+gfLpNtGJ0=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqeyKVI9FL55KBfsB26Vk02wbmk2WZFYsS3+GFw+KePXXePPfmLZ70NYHA4/3ZpiZFyaCG3Ddb6ewtr6xuVXcLu3s7u0flA+P2kalmrIWVULpbkgME1yyFnAQrJtoRuJQsE44vp35nUemDVfyASYJC2IylDzilICVfNPvAXuCrNGY9ssVt+rOgVeJl5MKytHsl796A0XTmEmgghjje24CQUY0cCrYtNRLDUsIHZMh8y2VJGYmyOYnT/GZVQY4UtqWBDxXf09kJDZmEoe2MyYwMsveTPzP81OIroOMyyQFJuliUZQKDArP/scDrhkFMbGEUM3trZiOiCYUbEolG4K3/PIqaV9UvVq1dn9Zqd/kcRTRCTpF58hDV6iO7lATtRBFCj2jV/TmgPPivDsfi9aCk88coz9wPn8AmQOReg==</latexit>sNN

• In particular, 

output of  spectral network

<latexit sha1_base64="l2856solKUDEjRF808d0atfPgR0="></latexit>

sNN =
X

ijkl

 (NN)
ijkl

↵ij
⌫ zkzl

|z|4 gµ⌫̄ · @

@zµ
2 �(TX)

<latexit sha1_base64="SnUJWMnUiE81cSivDlN+rAFicQA="></latexit>

↵ij
⌫ dz⌫ = ı⇤(zidzj � zjdzi)

<latexit sha1_base64="F8BZFME6lARfG7FbUbsFWoWbiX8=">AAACBHicdVDLSsNAFJ3UV62vqstuBovgqiRpTaurqhuXFewD2lIm00kzdJIJMxOlhC7c+CtuXCji1o9w5984aSuo6IELh3Pu5d573IhRqUzzw8gsLa+srmXXcxubW9s7+d29luSxwKSJOeOi4yJJGA1JU1HFSCcSBAUuI213fJH67RsiJOXhtZpEpB+gUUg9ipHS0iBf6NEAKf8UdmDP53ws6MhXSAh+C88G+aJZOqk59rENzZJpVu2ykxK7WrHL0NJKiiJYoDHIv/eGHMcBCRVmSMquZUaqnyChKGZkmuvFkkQIj9GIdDUNUUBkP5k9MYWHWhlCjwtdoYIz9ftEggIpJ4GrO9OL5W8vFf/yurHyav2EhlGsSIjni7yYQcVhmggcUkGwYhNNEBZU3wqxjwTCSueW0yF8fQr/Jy27ZDkl56pSrJ8v4siCAjgAR8ACVVAHl6ABmgCDO/AAnsCzcW88Gi/G67w1Yyxm9sEPGG+fbzqYAA==</latexit>

ı : X ,! A, where
LatinGreek

• Harmonic forms minimize the inner product
<latexit sha1_base64="m8Wb2WDlVvYpVH2JaFpz3+LRdpw=">AAACCXicbVDLSgNBEJz1GeMr6tHLYBAiSNgViR6DevAYwTwgG8LspDcZMvtgplcIS65e/BUvHhTx6h9482+cTXLQxIKGmqpupru8WAqNtv1tLS2vrK6t5zbym1vbO7uFvf2GjhLFoc4jGamWxzRIEUIdBUpoxQpY4EloesPrzG8+gNIiCu9xFEMnYP1Q+IIzNFK3QF0JPpZcQHZK3RuQyLoNmj1dJfoDPOkWinbZnoAuEmdGimSGWrfw5fYingQQIpdM67Zjx9hJmULBJYzzbqIhZnzI+tA2NGQB6E46uWRMj43So36kTIVIJ+rviZQFWo8Cz3QGDAd63svE/7x2gv5lJxVhnCCEfPqRn0iKEc1ioT2hgKMcGcK4EmZXygdMMY4mvLwJwZk/eZE0zspOpVy5Oy9Wr2Zx5MghOSIl4pALUiW3pEbqhJNH8kxeyZv1ZL1Y79bHtHXJms0ckD+wPn8AHq6ZWw==</latexit>

(⌘,�V ⌘)

Ashmore (2023)

•        closed by construction
<latexit sha1_base64="6wq88KvL81WlZMqbl7aAuN0/nno=">AAAB/HicdVBLS8NAGNzUV62vaI9eFovgKSRpTeut6MVjBfuAJoTNdtMu3TzY3Qih1L/ixYMiXv0h3vw3btoKKjqwMMx8s/vtBCmjQprmh1ZaW9/Y3CpvV3Z29/YP9MOjnkgyjkkXJyzhgwAJwmhMupJKRgYpJygKGOkH06vC798RLmgS38o8JV6ExjENKUZSSb5edRNlF2k3RVxSxPyer9dM46Ll2Oc2NA3TbNp1pyB2s2HXoaWUAjWwQsfX391RgrOIxBIzJMTQMlPpzYr7MCPzipsJkiI8RWMyVDRGERHebLH8HJ4qZQTDhKsTS7hQvydmKBIijwI1GSE5Eb+9QvzLG2YybHkzGqeZJDFePhRmDMoEFk3AEeUES5YrgjCnaleIJ4gjLFVfFVXC10/h/6RnG5ZjODeNWvtyVUcZHIMTcAYs0ARtcA06oAswyMEDeALP2r32qL1or8vRkrbKVMEPaG+fq9uVdg==</latexit>

@V

• Minimize loss function
<latexit sha1_base64="/Uq0l8TjBfoWRwbxD1AL3eRHRBU="></latexit>

`H =
⇣
@̄†
V
⌘, @̄†

V
⌘
⌘

Butbaia, Mayorga Peña, Tan, Berglund, Hübsch, VJ, Mishra (2024)
Berglund, Butbaia, Hübsch, VJ, Mayorga Peña, Mishra, Tan (2024)

• Methods apply to any 
<latexit sha1_base64="GuDTGsJPUdQOAOUs1EgQNHf9FTk=">AAAB7nicdVDLSgNBEOyNrxhfUY9eBoPgQZbdTdzEW9CLxwjmAckaZieTZMjsg5lZISz5CC8eFPHq93jzb5xNIqhoQUNR1U13lx9zJpVlfRi5ldW19Y38ZmFre2d3r7h/0JJRIghtkohHouNjSTkLaVMxxWknFhQHPqdtf3KV+e17KiSLwls1jakX4FHIhoxgpaX2+C51zuxZv1iyzIua65w7yDItq+qU3Yw41YpTRrZWMpRgiUa/+N4bRCQJaKgIx1J2bStWXoqFYoTTWaGXSBpjMsEj2tU0xAGVXjo/d4ZOtDJAw0joChWaq98nUhxIOQ183RlgNZa/vUz8y+smaljzUhbGiaIhWSwaJhypCGW/owETlCg+1QQTwfStiIyxwETphAo6hK9P0f+k5Zi2a7o3lVL9chlHHo7gGE7BhirU4Roa0AQCE3iAJ3g2YuPReDFeF605YzlzCD9gvH0C+IuPXA==</latexit>

h2,1

<latexit sha1_base64="+Wc03ymhD4ybRicPU6INnwARSn8="></latexit>

H ⇡ ⌘ :=  + @V sNN

<latexit sha1_base64="s5pdWJVwqrPtr2F2qIyp/RoqJf4=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSLUS0lEquCl6KXHCvYDmlg22027dLMJu5tCCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpBwprTjfFtr6xubW9uFneLu3v7BoX103FJxKgltkpjHshNgRTkTtKmZ5rSTSIqjgNN2MLqf+e0xlYrF4lFPEupHeCBYyAjWRurZtpco5jGB6k9uuXPbuujZJafizIFWiZuTEuRo9Owvrx+TNKJCE46V6rpOov0MS80Ip9OilyqaYDLCA9o1VOCIKj+bXz5F50bpozCWpoRGc/X3RIYjpSZRYDojrIdq2ZuJ/3ndVIc3fsZEkmoqyGJRmHKkYzSLAfWZpETziSGYSGZuRWSIJSbahFU0IbjLL6+S1mXFrVaqD1el2l0eRwFO4QzK4MI11KAODWgCgTE8wyu8WZn1Yr1bH4vWNSufOYE/sD5/AKd7kmI=</latexit>

 2 H
1(X;V )



Quintic

singular when 
<latexit sha1_base64="RbF6xahWgSKPV/Mbk8Tj0TL+iF8=">AAAB8XicdVBNS8NAEJ3Ur1q/qh69LBbBU0mKxvYgFL14rGA/sI1ls920SzebsLsRSui/8OJBEa/+G2/+GzdtBRV9MPB4b4aZeX7MmdK2/WHllpZXVtfy64WNza3tneLuXktFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/vgy89v3VCoWiRs9iakX4qFgASNYG+m2Fyt2d4rOkdMvluyybeC6KCNO1XYMqdWqlUoNOTPLtkuwQKNffO8NIpKEVGjCsVJdx461l2KpGeF0WuglisaYjPGQdg0VOKTKS2cXT9GRUQYoiKQpodFM/T6R4lCpSeibzhDrkfrtZeJfXjfRQdVLmYgTTQWZLwoSjnSEsvfRgElKNJ8Ygolk5lZERlhiok1IBRPC16fof9KqlB237F6flOoXizjycACHcAwOnEEdrqABTSAg4AGe4NlS1qP1Yr3OW3PWYmYffsB6+wRQ9ZAP</latexit>

 5 = 1

<latexit sha1_base64="pp+hDyRGGK/4qg4qlUCI/cHXkQw="></latexit>

5X

i=1

z5i � 5 z1z2z3z4z5 = 0 ⇢ P4

<latexit sha1_base64="1gdmBvKWhpMHLBp2iF6uee0W3vk=">AAACB3icdZDLSgMxFIYzXmu9VV0KEiyCi1KSQcZ2IRTduKxgL9DWkknTNjSTGZKMUIZ25cZXceNCEbe+gjvfxvQiqOiBwM/3n8PJ+f1IcG0Q+nAWFpeWV1ZTa+n1jc2t7czOblWHsaKsQkMRqrpPNBNcsorhRrB6pBgJfMFq/uBi4tdumdI8lNdmGLFWQHqSdzklxqJ25qB/k+AcHsEziOE4Nx5DC9w5QLidyaI8suV5cCJwAWErisWC6xYhnloIZcG8yu3Me7MT0jhg0lBBtG5gFJlWQpThVLBRuhlrFhE6ID3WsFKSgOlWMr1jBI8s6cBuqOyTBk7p94mEBFoPA992BsT09W9vAv/yGrHpFloJl1FsmKSzRd1YQBPCSSiwwxWjRgytIFRx+1dI+0QRamx0aRvC16Xwf1F189jLe1cn2dL5PI4U2AeH4BhgcApK4BKUQQVQcAcewBN4du6dR+fFeZ21LjjzmT3wo5y3TzCjlls=</latexit>

h1,1 = 1 , h2,1 = 101

• Fermat quintic, 

Butbaia, Mayorga Peña, Tan, Berglund, Hübsch, VJ, Mishra (2024)

<latexit sha1_base64="Di2U8lPIy3aTZca4fkDsFulXc5M=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV2R6kUoevFYwX5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sZ73jVZW19Y3Ngtbxe2d3b390sFh06hUU9agSijdDolhgkvWsNwK1k40I3EoWCsc3U791hPThiv5YMcJC2IykDzilFgnNbuJ4dder1T2Kt4MeJn4OSlDjnqv9NXtK5rGTFoqiDEd30tskBFtORVsUuymhiWEjsiAdRyVJGYmyGbXTvCpU/o4UtqVtHim/p7ISGzMOA5dZ0zs0Cx6U/E/r5Pa6CrIuExSyySdL4pSga3C09dxn2tGrRg7Qqjm7lZMh0QTal1ARReCv/jyMmmeV/xqpXp/Ua7d5HEU4BhO4Ax8uIQa3EEdGkDhEZ7hFd6QQi/oHX3MW1dQPnMEf4A+fwAad47W</latexit>

 = 0

<latexit sha1_base64="tZ5scJco5mtjAugm2ccXK/xE6lY=">AAAB63icdVDLSsNAFJ3UV62vqks3g0VwFZK0pnVXdOOygn1AG8pkOmmHzkzCzEQoob/gxoUibv0hd/6Nk7aCih64cDjnXu69J0wYVdpxPqzC2vrG5lZxu7Szu7d/UD486qg4lZi0ccxi2QuRIowK0tZUM9JLJEE8ZKQbTq9zv3tPpKKxuNOzhAQcjQWNKEY6lwbJhA7LFce+bPjehQcd23HqXtXPiVeveVXoGiVHBazQGpbfB6MYp5wIjRlSqu86iQ4yJDXFjMxLg1SRBOEpGpO+oQJxooJscescnhllBKNYmhIaLtTvExniSs14aDo50hP128vFv7x+qqNGkFGRpJoIvFwUpQzqGOaPwxGVBGs2MwRhSc2tEE+QRFibeEomhK9P4f+k49mub/u3tUrzahVHEZyAU3AOXFAHTXADWqANMJiAB/AEni1uPVov1uuytWCtZo7BD1hvn3oDjo4=</latexit>

�



Quintic

singular when 
<latexit sha1_base64="RbF6xahWgSKPV/Mbk8Tj0TL+iF8=">AAAB8XicdVBNS8NAEJ3Ur1q/qh69LBbBU0mKxvYgFL14rGA/sI1ls920SzebsLsRSui/8OJBEa/+G2/+GzdtBRV9MPB4b4aZeX7MmdK2/WHllpZXVtfy64WNza3tneLuXktFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/vgy89v3VCoWiRs9iakX4qFgASNYG+m2Fyt2d4rOkdMvluyybeC6KCNO1XYMqdWqlUoNOTPLtkuwQKNffO8NIpKEVGjCsVJdx461l2KpGeF0WuglisaYjPGQdg0VOKTKS2cXT9GRUQYoiKQpodFM/T6R4lCpSeibzhDrkfrtZeJfXjfRQdVLmYgTTQWZLwoSjnSEsvfRgElKNJ8Ygolk5lZERlhiok1IBRPC16fof9KqlB237F6flOoXizjycACHcAwOnEEdrqABTSAg4AGe4NlS1qP1Yr3OW3PWYmYffsB6+wRQ9ZAP</latexit>

 5 = 1

<latexit sha1_base64="pp+hDyRGGK/4qg4qlUCI/cHXkQw="></latexit>

5X

i=1

z5i � 5 z1z2z3z4z5 = 0 ⇢ P4

<latexit sha1_base64="1gdmBvKWhpMHLBp2iF6uee0W3vk=">AAACB3icdZDLSgMxFIYzXmu9VV0KEiyCi1KSQcZ2IRTduKxgL9DWkknTNjSTGZKMUIZ25cZXceNCEbe+gjvfxvQiqOiBwM/3n8PJ+f1IcG0Q+nAWFpeWV1ZTa+n1jc2t7czOblWHsaKsQkMRqrpPNBNcsorhRrB6pBgJfMFq/uBi4tdumdI8lNdmGLFWQHqSdzklxqJ25qB/k+AcHsEziOE4Nx5DC9w5QLidyaI8suV5cCJwAWErisWC6xYhnloIZcG8yu3Me7MT0jhg0lBBtG5gFJlWQpThVLBRuhlrFhE6ID3WsFKSgOlWMr1jBI8s6cBuqOyTBk7p94mEBFoPA992BsT09W9vAv/yGrHpFloJl1FsmKSzRd1YQBPCSSiwwxWjRgytIFRx+1dI+0QRamx0aRvC16Xwf1F189jLe1cn2dL5PI4U2AeH4BhgcApK4BKUQQVQcAcewBN4du6dR+fFeZ21LjjzmT3wo5y3TzCjlls=</latexit>

h1,1 = 1 , h2,1 = 101

• Fermat quintic, 

Butbaia, Mayorga Peña, Tan, Berglund, Hübsch, VJ, Mishra (2024)

<latexit sha1_base64="Di2U8lPIy3aTZca4fkDsFulXc5M=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV2R6kUoevFYwX5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YSK4sZ73jVZW19Y3Ngtbxe2d3b390sFh06hUU9agSijdDolhgkvWsNwK1k40I3EoWCsc3U791hPThiv5YMcJC2IykDzilFgnNbuJ4dder1T2Kt4MeJn4OSlDjnqv9NXtK5rGTFoqiDEd30tskBFtORVsUuymhiWEjsiAdRyVJGYmyGbXTvCpU/o4UtqVtHim/p7ISGzMOA5dZ0zs0Cx6U/E/r5Pa6CrIuExSyySdL4pSga3C09dxn2tGrRg7Qqjm7lZMh0QTal1ARReCv/jyMmmeV/xqpXp/Ua7d5HEU4BhO4Ax8uIQa3EEdGkDhEZ7hFd6QQi/oHX3MW1dQPnMEf4A+fwAad47W</latexit>

 = 0

<latexit sha1_base64="tZ5scJco5mtjAugm2ccXK/xE6lY=">AAAB63icdVDLSsNAFJ3UV62vqks3g0VwFZK0pnVXdOOygn1AG8pkOmmHzkzCzEQoob/gxoUibv0hd/6Nk7aCih64cDjnXu69J0wYVdpxPqzC2vrG5lZxu7Szu7d/UD486qg4lZi0ccxi2QuRIowK0tZUM9JLJEE8ZKQbTq9zv3tPpKKxuNOzhAQcjQWNKEY6lwbJhA7LFce+bPjehQcd23HqXtXPiVeveVXoGiVHBazQGpbfB6MYp5wIjRlSqu86iQ4yJDXFjMxLg1SRBOEpGpO+oQJxooJscescnhllBKNYmhIaLtTvExniSs14aDo50hP128vFv7x+qqNGkFGRpJoIvFwUpQzqGOaPwxGVBGs2MwRhSc2tEE+QRFibeEomhK9P4f+k49mub/u3tUrzahVHEZyAU3AOXFAHTXADWqANMJiAB/AEni1uPVov1uuytWCtZo7BD1hvn3oDjo4=</latexit>

�



Quintic

singular when 
<latexit sha1_base64="RbF6xahWgSKPV/Mbk8Tj0TL+iF8=">AAAB8XicdVBNS8NAEJ3Ur1q/qh69LBbBU0mKxvYgFL14rGA/sI1ls920SzebsLsRSui/8OJBEa/+G2/+GzdtBRV9MPB4b4aZeX7MmdK2/WHllpZXVtfy64WNza3tneLuXktFiSS0SSIeyY6PFeVM0KZmmtNOLCkOfU7b/vgy89v3VCoWiRs9iakX4qFgASNYG+m2Fyt2d4rOkdMvluyybeC6KCNO1XYMqdWqlUoNOTPLtkuwQKNffO8NIpKEVGjCsVJdx461l2KpGeF0WuglisaYjPGQdg0VOKTKS2cXT9GRUQYoiKQpodFM/T6R4lCpSeibzhDrkfrtZeJfXjfRQdVLmYgTTQWZLwoSjnSEsvfRgElKNJ8Ygolk5lZERlhiok1IBRPC16fof9KqlB237F6flOoXizjycACHcAwOnEEdrqABTSAg4AGe4NlS1qP1Yr3OW3PWYmYffsB6+wRQ9ZAP</latexit>

 5 = 1

<latexit sha1_base64="pp+hDyRGGK/4qg4qlUCI/cHXkQw="></latexit>

5X

i=1

z5i � 5 z1z2z3z4z5 = 0 ⇢ P4

<latexit sha1_base64="1gdmBvKWhpMHLBp2iF6uee0W3vk=">AAACB3icdZDLSgMxFIYzXmu9VV0KEiyCi1KSQcZ2IRTduKxgL9DWkknTNjSTGZKMUIZ25cZXceNCEbe+gjvfxvQiqOiBwM/3n8PJ+f1IcG0Q+nAWFpeWV1ZTa+n1jc2t7czOblWHsaKsQkMRqrpPNBNcsorhRrB6pBgJfMFq/uBi4tdumdI8lNdmGLFWQHqSdzklxqJ25qB/k+AcHsEziOE4Nx5DC9w5QLidyaI8suV5cCJwAWErisWC6xYhnloIZcG8yu3Me7MT0jhg0lBBtG5gFJlWQpThVLBRuhlrFhE6ID3WsFKSgOlWMr1jBI8s6cBuqOyTBk7p94mEBFoPA992BsT09W9vAv/yGrHpFloJl1FsmKSzRd1YQBPCSSiwwxWjRgytIFRx+1dI+0QRamx0aRvC16Xwf1F189jLe1cn2dL5PI4U2AeH4BhgcApK4BKUQQVQcAcewBN4du6dR+fFeZ21LjjzmT3wo5y3TzCjlls=</latexit>

h1,1 = 1 , h2,1 = 101

• Mirror of  Dwork quintic

loss for finding harmonic representative 

<latexit sha1_base64="4l5F+qWGpiA8WEPSfukDLppHK2w=">AAACAnicdVDLSgMxFM3UV62vUVfiJliEuikz06eCUHTjsoJ9QFtKJs20oZnMkGSEMhQ3/oobF4q49Svc+Tdm2goqeiC5h3PuJbnHDRmVyrI+jNTS8srqWno9s7G5tb1j7u41ZRAJTBo4YIFou0gSRjlpKKoYaYeCIN9lpOWOLxO/dUuEpAG/UZOQ9Hw05NSjGCkt9c2DYT/uhpJ2XSSSOs0l97l1ctY3s1b+tFp2Sg608pZVcQrlhDiVolOAtlYSZMEC9b753h0EOPIJV5ghKTu2FapejISimJFpphtJEiI8RkPS0ZQjn8hePFthCo+1MoBeIPThCs7U7xMx8qWc+K7u9JEayd9eIv7ldSLlVXsx5WGkCMfzh7yIQRXAJA84oIJgxSaaICyo/ivEIyQQVjq1jA7ha1P4P2k6ebucL10Xs7WLRRxpcAiOQA7YoAJq4ArUQQNgcAcewBN4Nu6NR+PFeJ23pozFzD74AePtEwOSlzI=</latexit>

g  ̄( = 0) :
<latexit sha1_base64="JoYIfago5uZWKZI09WaksLfa7cE=">AAAB7XicdVDLSgMxFM34rPVVdekmWARXw8z0vSu6cVnBPqAdSibNtLGZZEgyQhn6D25cKOLW/3Hn35hpK6jogQuHc+7l3nuCmFGlHefDWlvf2Nzazu3kd/f2Dw4LR8cdJRKJSRsLJmQvQIowyklbU81IL5YERQEj3WB6lfndeyIVFfxWz2LiR2jMaUgx0kbqOLbbcMvDQtGxG/WqV/GgYztOzStVM+LVyl4JukbJUAQrtIaF98FI4CQiXGOGlOq7Tqz9FElNMSPz/CBRJEZ4isakbyhHEVF+urh2Ds+NMoKhkKa4hgv1+0SKIqVmUWA6I6Qn6reXiX95/USHdT+lPE404Xi5KEwY1AJmr8MRlQRrNjMEYUnNrRBPkERYm4DyJoSvT+H/pOPZbtWu3JSLzctVHDlwCs7ABXBBDTTBNWiBNsDgDjyAJ/BsCevRerFel61r1mrmBPyA9fYJGkmOMQ==</latexit>

0.1914 vs.

<latexit sha1_base64="bLF+vRxH7BDIgeg2m748ZWJZ6Vs="></latexit>

25

✓
�( 45 )�(

2
5 )

�( 15 )�(
3
5 )

◆5

⇡ 0.1923

ML periods

Butbaia, Mayorga Peña, Tan, Berglund, Hübsch, VJ, Mishra (2024)



Quintic
<latexit sha1_base64="pp+hDyRGGK/4qg4qlUCI/cHXkQw="></latexit>

5X

i=1

z5i � 5 z1z2z3z4z5 = 0 ⇢ P4

• Gepner model          is specific point in moduli space 

Butbaia, Mayorga Peña, Tan, Berglund, Hübsch, VJ, Mishra (2024)

<latexit sha1_base64="FWBbav3WRzFm+PDuGJ8SRcLaIbE=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRsFL0IvHCOYhSQizk9lkyOzsMtMrhCUf4cWDIl79Hm/+jZNkD5pY0FBUddPd5cdSGHTdbye3srq2vpHfLGxt7+zuFfcPGiZKNON1FslIt3xquBSK11Gg5K1Ycxr6kjf90e3Ubz5xbUSkHnAc825IB0oEglG0UvOxl55fX0x6xZJbdmcgy8TLSAky1HrFr04/YknIFTJJjWl7bozdlGoUTPJJoZMYHlM2ogPetlTRkJtuOjt3Qk6s0idBpG0pJDP190RKQ2PGoW87Q4pDs+hNxf+8doLBVTcVKk6QKzZfFCSSYESmv5O+0JyhHFtCmRb2VsKGVFOGNqGCDcFbfHmZNM7KXqVcuT8vVW+yOPJwBMdwCh5cQhXuoAZ1YDCCZ3iFNyd2Xpx352PemnOymUP4A+fzB6ARjx8=</latexit>

Y4;5

mod Fermat quintic by                to get manifold with <latexit sha1_base64="1GHGz2CfqWtNvedrC5vq36Qtp1U=">AAACCHicbVDLSsNAFL2pr1pfUZcuHCyCq5KIVpdFNy4r2Ac2IUymk3bo5MHMRCihSzf+ihsXirj1E9z5N07aLGr1wIXDOfdy7z1+wplUlvVtlJaWV1bXyuuVjc2t7R1zd68t41QQ2iIxj0XXx5JyFtGWYorTbiIoDn1OO/7oOvc7D1RIFkd3apxQN8SDiAWMYKUlzzx0QqyGvp/dT7xzR7GQSjQveWbVqllToL/ELkgVCjQ988vpxyQNaaQIx1L2bCtRboaFYoTTScVJJU0wGeEB7WkaYb3RzaaPTNCxVvooiIWuSKGpOj+R4VDKcejrzvxGuejl4n9eL1XBpZuxKEkVjchsUZBypGKUp4L6TFCi+FgTTATTtyIyxAITpbOr6BDsxZf/kvZpza7X6rdn1cZVEUcZDuAITsCGC2jADTShBQQe4Rle4c14Ml6Md+Nj1loyipl9+AXj8wfoS5nq</latexit>Z5 ⇥ Z5

<latexit sha1_base64="76K8vQj4VwWYMrm6032aVq8DBK4=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARXJQyKVrdCEU3LivYVmjHkkkzbWgmMyQZoQydjb/ixoUibv0Ld/6NmbYLbT0QOPece7m5x4s4U9pxvq3c0vLK6lp+vbCxubW9Y+/uNVUYS0IbJOShvPewopwJ2tBMc3ofSYoDj9OWN7zO/NYjlYqF4k6PIuoGuC+YzwjWRuraB4OHBJXQ+BLBtJSm0JSVrDzr2kWn7EwAFwmakSKYod61vzq9kMQBFZpwrFQbOZF2Eyw1I5yOC51Y0QiTIe7TtqECB1S5yeSCMTw2Sg/6oTRPaDhRf08kOFBqFHimM8B6oOa9TPzPa8fav3ATJqJYU0Gmi/yYQx3CLA7YY5ISzUeGYCKZ+SskAywx0Sa0ggkBzZ+8SJqVMqqWq7enxdrVLI48OARH4AQgcA5q4AbUQQMQkIJn8ArerCfrxXq3PqatOWs2sw/+wPr8AYLnlQU=</latexit>

h1,1 = 1 , h2,1 = 5

• Yukawa couplings are powers of
<latexit sha1_base64="azAT7WX5lAGs0LFDmUGZ0ZsEiO8="></latexit>

 =

s
�(3/5)3�(1/5)

�(2/5)3�(4/5)
<latexit sha1_base64="O/XZg5hXEcnchzvZeP5TG7cnk38=">AAAB9HicdVDLSgMxFM34rPVVdekmWARXw3T63hXduKxgH9AOJZNm2tBMMiaZYhn6HW5cKOLWj3Hn35hpK6jogcDhnHO5N8ePGFXacT6stfWNza3tzE52d2//4DB3dNxWIpaYtLBgQnZ9pAijnLQ01Yx0I0lQ6DPS8SdXqd+ZEqmo4Ld6FhEvRCNOA4qRNpLXR1EkxT0s2E7dHeTyjl2vVdyyCx3bcapusZISt1pyi2lkgTxYoTnIvfeHAsch4RozpFSv4ETaS5DUFDMyz/ZjRSKEJ2hEeoZyFBLlJYuj5/DcKEMYCGke13Chfp9IUKjULPRNMkR6rH57qfiX14t1UPMSyqNYE46Xi4KYQS1g2gAcUkmwZjNDEJbU3ArxGEmEtekpa0r4+in8n7Rdu1CxyzelfONyVUcGnIIzcAEKoAoa4Bo0QQtgcAcewBN4tqbWo/VivS6ja9Zq5gT8gPX2CZcpkVo=</latexit>⇡ 1.092

• Normalization with respect to Weil–Petersson metric

Family Monomial F Comment

1 Z
2
i
Z

3
j

i 6= j

2 ZiZjZ
3
k

i 6= j 6= k

3 ZiZ
2
j
Z

2
k

i 6= j 6= k

4 ZiZjZkZ
2
l

i 6= j 6= k 6= l

5 Z0Z1Z2Z3Z4 –

Table 1: Monomial representatives of H
1(TX/G) under identification (3.19).

Figure 3: Numerical values of the normalization matrix Nij = hbi, bjiWP.

Using numerical integration techniques, we compute the 95% confidence intervals of the

values for the normalized Yukawa couplings for the quintic quotient model. In Figure 4 we

contrast our results with those of [29].
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of the mirror, eX. Note however that the limit  ! 0 makes the intersection of the two

quadrics (4.2) (as well as their finite quotient) singular along a network of curves. This

singularization of both X and eX gives rise to the pole-singularity at  ! 0 seen in the plots

in Figure 1 and Figure 2.

The grid of points in Figure 1 in corresponds to the Kodaira–Spencer computation and

we observe good agreement between the two methods. The modulus dependent Yukawa

coupling is presented in Figure 1(b) where we again obtain a matching of the results from

both techniques.
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Figure 1: Comparison of the Weil–Petersson metrics (a) and the normalized Yukawa couplings

(b) on a uniform grid in (r, ✓) on the disc {z 2 C | |z|  2}, computed using periods with the

method described in Section 3.2.

4.2 Quintic and the Gepner model Y4;5

One of the simplest exactly soluble models is given by a Gepner model Y4;5 [29, 47–49], which

corresponds to a specific point in the moduli of the quintic threefold P4[5]. It has been shown

in [29] that the normalized Yukawa couplings can be expressed as powers of a constant 

given by a ratio of �-functions:

 =


�(3/5)3�(1/5)

�(2/5)3�(4/5)

�1/2
⇡ 1.09236 . (4.3)
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Intersection of Two Cubics
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h1,1 = 1 , h2,1 = 73

Butbaia, Mayorga Peña, Tan, Berglund, Hübsch, VJ, Mishra (2024)
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Tian–Yau
• Tian–Yau quotient
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h1,1 = 6 , h2,1 = 9 , � = �6

Tian, Yau (1986)
Kalara, Mohapatra (1987)

• Weil–Petersson metric along one direction of  moduli
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4X

i=1

x3
i +  x1x2x3 = 0 , ✏ = 0

Butbaia, Mayorga Peña, Tan, Berglund, Hübsch, VJ, Mishra (2024)

cf. Greene, Kirklan, Myron, Ross (1986)
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Tian–Yau
• Tian–Yau quotient

• Unnormalized Yukawa couplings

Butbaia, Mayorga Peña, Tan, Berglund, Hübsch, VJ, Mishra (2024)
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Figure 5: Comparison of the unnormalized Yukawa couplings of Tian–Yau manifold with the

results of [30]. The error bars indicate the 95% confidence interval.

Figure 6: Numerical values of the normalization matrix Nij = h�i, �jiWP of the Tian–Yau

manifold (4.7).

Figure 7: The changes induced by the numerical normalization on the Yukawa couplings of the

Tian–Yau manifold (4.7) are indicated by the red arrows.

agreement with the results in [54]. In Figure 9, we plot the absolute value of the normalized

Yukawa couplings on a logarithmic scale.5

5Plotting absolute values shows an artificial “crossover” near ✏ ⇡ 0.20: In fact, Y888 and Y555 have op-

posite signs and never coincide. In turn, the physical normalization moves the actual Y222/Y555 “crossover”

coincidence from ✏ ⇡ 0.15 in Figure 8 to ✏ ⇡ 0.05 in Figure 9.

– 19 –

Candelas, Kalara (1988)
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Tian–Yau
• Tian–Yau quotient

• Physical Yukawa couplings

Butbaia, Mayorga Peña, Tan, Berglund, Hübsch, VJ, Mishra (2024)

Figure 5: Comparison of the unnormalized Yukawa couplings of Tian–Yau manifold with the

results of [30]. The error bars indicate the 95% confidence interval.

Figure 6: Numerical values of the normalization matrix Nij = h�i, �jiWP of the Tian–Yau

manifold (4.7).
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Figure 7: The changes induced by the numerical normalization on the Yukawa couplings of the

Tian–Yau manifold (4.7) are indicated by the red arrows.

agreement with the results in [54]. In Figure 9, we plot the absolute value of the normalized

Yukawa couplings on a logarithmic scale.5

5Plotting absolute values shows an artificial “crossover” near ✏ ⇡ 0.20: In fact, Y888 and Y555 have op-

posite signs and never coincide. In turn, the physical normalization moves the actual Y222/Y555 “crossover”

coincidence from ✏ ⇡ 0.15 in Figure 8 to ✏ ⇡ 0.05 in Figure 9.
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Tian–Yau
• Tian–Yau quotient

• Physical Yukawa couplings as a function of  moduli

Butbaia, Mayorga Peña, Tan, Berglund, Hübsch, VJ, Mishra (2024)
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Figure 9: Normalized Yukawa couplings, smoothed using the Savitzky–Golay filter of window

size 8 and polynomial order 3 to remove noise due to numerical integration in the computation of

the Weil–Petersson metric. Notice the onset of a large-✏ hierarchy.

bundle TX , the Kähler metric g plays the role of the fibre metric G. In what follows we

identify E with TX , although in principle our method may be reproduced for an arbitrary

holomorphic vector bundle if the Hermitian inner product G is known.

We may obtain a basis for TtB ' H
1(X, TX) by first computing ⇠(z, z̄) in local holomor-

phic coordinates {z
i}n

i=1 on U ⇢ X0. Then one obtains a representative of the corresponding

Kodaira–Spencer class as � = �
µ

⌫
dz̄

⌫ ⌦ @

@zµ
def
= @̄E⇠ 2 H

1(X,TX), where �
µ

⌫
dz̄

⌫ = @̄⇠
µ. Note

[�] 6= 0 as ⇠ is not globally defined. By Hodge theory, every cohomology class contains a

unique harmonic representative ⌘, related to � through an @̄E-exact correction:

⌘ = � + @̄E s 2 H0,1
@̄

(X, TX) , s 2 C
1(TX) . (5.1)

Where s is a non-holomorphic section of TX . Note that @̄E ⌘ = 0 locally by construction

and thus the harmonicity condition reduces to @̄
†
E
⌘ = 0, which we encode numerically.

5.2 Harmonic objective

To recover the (0, 1) TX -valued forms which are harmonic with respect to gt, there are a range

of possibilities to pursue, owing to the rich interplay between geometry, topology and analysis

realized in Hodge theory. Here ⌘ is obtained through a straightforward two-stage process.

First, we approximate the Ricci-flat metric for a given choice of complex structure on X.

Secondly, we fix the learned metric on Xt and parameterize the sections s✓ corresponding to

– 21 –
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Tian–Yau
• Tian–Yau quotient

Butbaia, Mayorga Peña, Tan, Berglund, Hübsch, VJ, Mishra (2024)
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Code
Calabi–Yau Metrics, Yukawas, and Curvature

https://github.com/Justin-Tan/cymyc
arXiv:2410.19728

cymetric

Douglas, Lakshminarasimhan, Qi (2020)
Douglas (2021)

Douglas, Platt, Qi (2024)

MLgeometry

Larfors, Lukas, Ruehle, Schneider (2021, 2022)
Hendi, Larfors, Walden (2024)

cyjax Gerdes, Krippendorf (2022)



Code

Define CY 
Sample points

Solve for 
Ricci-flat metric

     Compute  
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Prospectus

• Toric Calabi–Yau manifolds,        manifolds,             structure Anderson, Gerdes, Gray, Krippendorf, Raghuram, Ruehle (2020)
Larfors, Lukas, Ruehle, Schneider (2021, 2022)

Douglas, Platt, Qi (2024)

• Physical Yukawa couplings in non-standard embeddings Constantin, Fraser-Taliente, Harvey, Lukas, Ovrut (2024)

•      corrections
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↵0 Fraser-Taliente, Harvey, Kim (2024)

• Swampland distance conjectures Ashmore (2020)
Ashmore, Ruehle (2021)

Ahmed, Ruehle (2023)

• Better point selection

• de Sitter and cosmology in type II compactification

• Toward analytics; SYZ limit

• Precision string phenomenology is possible
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0• Standard Model building
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