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This lecture series consists of mostly independent three parts:
Part 1: a tour of basic 4d A= 1 supersymmetric dynamics, covering the pure super Yang-Mills, the
Seiberg duality for classical groups, the supersymmetric index on S® x S', and the a-maximization.

Part 2: a brief look at 2d N'= (2, 2) and N'= (0, 2) dynamics, covering the Landau-Ginzburg and
Calabi-Yau models, the elliptic genera on 72, and the triality of Gadde-Gukov-Putrov.

Appendix: a review of basic properties of supersymmetries in various dimensions.

It is based on lectures at Tohoku University, Osaka University, Kyoto University and Nagoya Uni-
versity in the last several years. Part of the content is based on an unpublished collaboration with
F. Yagi and another with K. Kikuchi.
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0 Introduction

The study of 4d A'= 1 supersymmetric theories is a rich and deep subject. In addition to possible
applications to elementary particle phenomenology, it is now an integral part of the thriving field
of the study of supersymmetric dynamics in arbitrary dimensions and their inter-relationships.

There are so many things to be learned in this field, even when restricted to very important
results. The depth of the history of the field is also significant: it is almost 45 years' since 4d
N'=1 unbroken supersymmetry was first introduced by Wess and Zumino in [WZ74], and it is
almost 25 years since Seiberg duality was found [Sei95]. One might feel at a loss where to start,
when s/he would like to enter this vast scientific territory.

Thankfully, there are already many excellent reviews on this subject, e.g. the classic lecture
notes by Intriligator and Seiberg [[S96], two versions by Argyres [Arg96, Arg0O1], the TASI lecture
by Peskin [Pes97], the lecture by Shifman [Shi97], an unorthodox one by Strassler [StrO3], the
book by Terning [Ter(09a] and the accompanying set of slides [Ter09b], a recent review by Tanedo
[Tan13]. and the book by Dine [Dinl15],

When the author was asked to give a series of lectures on this subject, therefore, he was not sure
if there was much reason to give yet another set of lectures. Cannot the supposed audience simply
read one of these great reviews? There seemed to be even less reason to write up the author’s
version of lectures. Still, the author realized that most of the available reviews do not adequately
cover two fundamental techniques of the field introduced more recently than the others, namely
the method of the supersymmetric index on S® x S! and the principle of the a-maximization.

The emphasis in this set of lecture notes is, then, on these more recent techniques, and to present
a number of examples where their power can be felt. That said, any set of lecture notes on 4d N'=1
dynamics cannot lack a section on Seiberg duality. Here, the author aimed to present a somewhat
different take on this important subject. For example, we treat the case Ny ~ 3.V first and lowering
N next, rather than the more historical approach of starting with low /Ny and raising it up. We
also study all three series of classical groups, SU, Sp and SO in this set of lecture notes, so that
the readers can find which part of the story holds universally and which part does not. The author
does not think that this different take is in fact better, but at least the readers can find a different
light shed on this by now familiar subject.

Another aim in this set of lecture notes is to try to show to the reader that the modern analysis
of the supersymmetric dynamics is not confined in one specific choice of spacetime dimensions d
and the number A of supersymmetry. Rather, in the last few years, the supersymmetric dynamics
in the entire possible choice of d and N became interrelated and intertwined. The author tried to
illustrate this by treating the case of 2d N'= (2, 2) theories and 2d N'= (0, 2) theories, following the
pattern of the analysis of the 4d N'=1 case. The reader should note however that this presentation
is ahistorical: rather, various developments and techniques in 2d supersymmetric dynamics in the
1980s were an important undertone which allowed the study of 4d supersymmetric theories to
blossom in the 1990s.

I'This introduction was written in November 2018.



Organization of the notes: This set of lectures is divided into mostly independent three parts,
of rather unequal lengths. It consists of twelve sections, whose interrelationships are summarized
in Fig. 1.

Part 1 has about 90 pages and contains eight sections. There, we will give a general overview of
4d N'= 1 supersymmetric dynamics.

We start by reviewing preliminary materials in Sec. 1, including one-loop running, anomalies,
line operators and N'=1 superspace. The main content begins in Sec. 2, where we study the
behavior of pure super Yang-Mills. We count the number of vacua both in the infrared limit and
in the ultraviolet limit.

Next in Sec. 3, we will study supersymmetric gauge theories with matters from perturbative
points of view. In Sec. 4, we will analyze the infrared behavior of the SU (V) gauge theory with N
flavors, for 0 < Ny < 3N, in a non-perturbative manner. The essential ingredient is the conserved
U(1) R-symmetry, which allows us to fix many of the properties of the infrared limit. Another
essential ingredient in the analysis is the Seiberg duality, which will also be introduced there. In
Sec. 5 and in Sec. 6, the analysis will be generalized to Sp(/V) and SO(N). The Sp(/V) case goes
without any surprises, and is in fact simpler than the SU case. The SO(V) case turns out to be far
more subtle and interesting.

In Sec. 7, we will introduce and study the supersymmetric index on S3 x S1. We will provide a
few case studies, one of which is a detailed check of the Seiberg duality. Finally in Sec. 8, we will
learn the a-maximization, which often allows us to determine the U(1) R symmetry in the infrared
superconformal algebra using the ultraviolet description of the theory. Again we will provide a
few case studies.

The author hopes that a large part of the techniques necessary to read papers on 4d dynamics
with unbroken /=1 symmetry is covered by this general overview. Three notable omissions are:
the detailed explanation of the superfield formalism, the analysis of the moduli space of supersym-
metric vacua, and the study of the exactly-marginal operators. The author thinks that the first two
topics can be learned from existing textbooks and reviews, and that the third can be easily learned
from [LS95b, GKS™10] after the reader goes through this review. We do not discuss any aspects
of supersymmetry breaking or any connection to particle phenomenology either; they need to be
studied somewhere else.

Part 2 is of about 30 pages, consisting of three sections. There, we will study a few examples of 2d
N=(2,2)and N'= (0, 2) dynamics, in particular the ones which can be analyzed quite analogously
to the 4d N'=1 cases we will study in Part 1. In Sec. 9, we will analyze 2d N'= (2, 2) Landau-
Ginzburg models and their correspondence with the 2d minimal models. In Sec. 10, we will study
geometric Calabi-Yau sigma models and their realizations as Landau-Ginzburg orbifolds and as
U(1) gauge theories. We will halve the number of supersymmetry in Sec. 11, where we will
discuss the triality of Gadde, Gukov and Putrov, and its relation to the 4d Seiberg duality.

This part 2 is not and is not intended to be a general overview of 2d N'= (2,2) and N'= (0, 2)
dynamics; a proper treatment will require an entirely new set of lectures. Rather, it is meant to
illustrate that many of the techniques we learn in the 4d N'= 1 case can be adapted and used in this
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Figure 1: Interrelationships of the contents of this set of lecture notes.

different setting, and that dualities in lower dimensions (this time in 2d) can be understood by a
compactification of a higher-dimensional theory (this time in 4d).

We will see again that the conserved U(1) R-symmetry fixes many of the properties of the
infrared limit; we will use the elliptic geneus, i.e. the supersymmetric index of the theory on 72 =
St x S1; and we will encounter the c-extremalization, which allows us to fix the U(1) R-symmetry
in the infrared superconformal symmetry in terms of the ultraviolet description.

Part 3 is an appendix of about 10 pages. In its only section, Sec. 12, we briefly review the structure
of the supersymmetry and the superconformal symmetry in various dimensions. Hopefully this
short summary is of some use to those readers who would like to enter this intricate world that is
the study of supersymmetric dynamics in various dimensions. As a final topic, we also provide a
short summary of known theories with 16 supercharges.
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Part 1: A tour of 4d N'=1 dynamics

In this Part 1, we will give a tour of fundamental techniques to study 4d A'=1 supersymmetric
dynamics. After briefly reviewing the perturbative analysis, we will study the Seiberg duality,
not only in the SU case but also in the Sp and SO cases. We will then learn how to compute
supersymmetric indices on S® x S!, and how to find the superconformal R-charge by performing
the a-maximization.

1 Preliminaries

In this first section, we collect various preliminary results about 4d quantum field theories, which
are not necessarily supersymmetric. Sec. 1.1 contains the one-loop running of the gauge coupling,
mainly to explain our notations and conventions. Sec. 1.2 discusses the perturbative and global
anomalies of fermions, again mainly to explain our notations and conventions of the anomaly
polynomial. Sec. 1.3 introduces the physical difference of gauge groups sharing the same Lie
algebras, paying particular attentions to the spectra of line operators. Sec. 1.4 is a very brief
summary of 4d A'=1 superfield formalism. Except Sec. 1.3, the content is totally standard, and
can be found in many other places.

For detailed expositions on somewhat advanced aspects of non-supersymmetric quantum field
theory, the readers are referred to e.g. a classic account by Coleman [Col88] or more recent books
by Shifman [Shil2] and by Marifio [Mar15]. On anomalies, the TASI lecture note by Harvey
[Har05] can be highly recommended.

1.1 One-loop running

In this book we use the convention that the covariant derivatives do not contain the gauge coupling.
For example, the covariant derivative of an U(/V) gauge field has the form D, = 0,67 + i(A,);
(a,b=1,..., N). The gauge kinetic term contains the gauge coupling instead:

1
S —/d4w2—g2trFWFW, (1.1.1)

where we always use the Wick-rotated, Euclidean form in this book.

The one-loop renormalization of the gauge coupling in the presence of Weyl fermions in the
representation /7y and complex scalars in the representation I2s is then given by the following
standard form:

d g® [11
Feg— 7
dE? = (4n)? [

L Cad) - §C(Rf) - %cu-zs) + 0. (1.1.2)

Here, E is the energy scale at which g is measured, and we use the convention that all fermions
are written in terms of left-handed Weyl fermions. The quantity C'(R) is defined by the relation

tr(TR)" (T)" = C(R)5™ (1.1.3)

9



where (Tx)" foru = 1,...,dim G is the u-th generator of the gauge algebra in the representation
R, where the generators are normalized so that C'(adj) is equal to the dual Coxeter number of the
gauge algebra, where adj stands for the adjoint representation. In this lecture note, we only need
the following:

SU(N): Cladj) = N, C(fund) — % (1.1.4)
SO(N): C(adj) =N — 2, C(vec) =1, (1.1.5)
Sp(N): Cf(adj) = N +1, C(fund) = % (1.1.6)

Here, fund of SU(N), vec of SO(V), fund of Sp(/N) have dimensions N, N, 2N, respectively. The
reader might not be familiar with the Sp group; a detailed introduction will be given in Sec. 5.1.
The renormalization group equation (1.1.2) can be also written as

d 8x? 11 . 2 1

This form will be more natural in view of our convention (1.1.1) of having 1/g* as one of the

coefficients of terms in the Lagrangian.

1.2 Anomalies
1.2.1 Chiral anomaly

Non-abelian gauge theories have an important source of non-perturbative effects, called instantons.
This is a nontrivial classical field configuration in the Euclidean R* with nonzero integral of

1672k = / tr Fl,, F". (1.2.1)
R4

In the standard normalization of the trace for SU(/V), k is automatically an integer, and is called
the instanton number. The theta term in the Euclidean path integral appears as

0 -
exp {z 162 /tr FW,F‘“’] , (1.2.2)

and a configuration with the instanton number & has a nontrivial phase ¢?’*. Note that a shift of §
by 27 does not change this phase. The shift § — 6 + 27 does not change the physics on R%.
Using
1 . _ _
tr F Fl, = 3 tr(F,, £ F,)° FtrF,F, > FtrF,F,, (1.2.3)

we find that
/ d*z tr F,, F,, > 167%|k| (1.2.4)

10



which is saturated only when
F,+F,=0 o F,—F,=0 (1.2.5)

depending on the sign of k. Therefore, within configurations of fixed k, those satisfying relations
(1.2.5) give the dominant contributions to the path integral. The solutions to (1.2.5) are called
instantons or anti-instantons, depending on the sign of k.

In an instanton background, the weight in the path integral coming from the gauge kinetic term
is

1 0
exp {—2—92 /tr F, F* 4 162 /tr F, F’“’] e?mitk, (1.2.6)

We similarly have the contribution e>™*7/¥l in an anti-instanton background.

Let us consider a charged left-handed fermion ), is in the representation R of the gauge group.
Its complex conjugate, 1) is automatically in the representation R. It is known that the number
of zero modes in 1/, minus the number of zero modes in 1, is 2C(R)k. In particular, the fermion
path integral in a background gauge field configuration A with positive instanton number k

(0109 )4 = /[Dw][sz]Olo2 et (1.2.7)

vanishes unless the product of the operators O;0; - - - contains 2C(R)k more ’s than 1)’s, to
absorb these excess zero modes.

Loosely speaking, the path integral measures [D1/] and [ D] contain both infinite number of
integrations variables. However, there is a certain sense that there is a finite difference by 2C'(R)k
in the number of integration variables. Equivalently, under the spacetime-independent rotation

Y — P, p e Y, (1.2.8)
the fermionic path integration measure is transformed as
(DY) — [Dyletocieractione, (129)
[Dy] = [Dyle™>.

When combined, we have
[DY][DY] — [DY][DFICHH = (D[ D] exp {2O<R> = / twF, F] . (1210

For (1.2.7) to be non-vanishing, then, we need to have O;0; - - - to contain 2C'( R)k additional ¢)’s
than 1’s.

Note that the shift (1.2.10) can be compensated by a shift of the # angle, § — 0 + 2C(R)p.
As we recalled before, the shift # — 6 + 27 does not change the physics. Therefore, the rotation
of the field 1 by exp(5 27(” )) is a genuine, unbroken symmetry.

1.2.2 General perturbative anomaly

In Sec. 1.2.1, we considered the change of the phase under the U(1) rotation (1.2.8) of the path
integral (1.2.7) of fermions charged under GG. Let us generalize the discussion.

11



The anomaly polynomial: Say we have a Weyl fermion ¢/ in a representation R of GG in even
spacetime dimension n on a spacetime manifold M/,,. Let us consider the fermion path integral
under a given G gauge field A,:

21 = [[DvDaje TP, (12.11)
We ask what is the relation between Z[A¢] and Z[A,], where

A9 =g Aug + 97 0ug. (1.2.12)

is the gauge connection transformed by a gauge transformation g : M,, — G.
It is known that, for an infinitesimal gauge transformation g = 1 + ey + O(€?), there is an
anomalous phase transformation of the form

Z[A9] = exp(2rie / Fa(y, A)Z[A (12.13)
given by the integral of a degree-n differential form Fr(x, A) depending on the gauge parameter
x and the gauge field A.

Let us provide a general formula for F'z(y, A). The formula might look scary when encountered
for the first time. To reduce the worry, we will give an explicit example shortly.

The degree-n form Fr(x, A) is given in terms of the gauge variation d,, of the Chern-Simons
term CS(A) which is a degree-(n + 1) form

dFg[x, A] = 6,CSr(A). (1.2.14)

The Chern-Simons term CSg(A) is in turn given in terms of the degree-(n+2) form Az (A) known
as the anomaly polynomial:

dCSgr(A) = Agr(A). (1.2.15)
The explicit form of Ag(A) is given by
a1 7p% - 4p2 1 pa(p,)a
A) = 1 el - ce = (Tr) 1.2.1
Ap(A) = |(L+ 5; + o+ o) trpe? (1.2.16)

(n + 2)-form part

where p; and p, are certain degree-4 and degree-8 forms composed from the spacetime curvature
called the Pontryagin classes and

1
F¢ .= —F% dx*dx” (1.2.17)

:2 o

is the a-th gauge curvature of A, expressed as a 2-form, and finally (7)p is the a-th generator
of the gauge algebra in the representation 12, which we take to be Hermitean. We often use the
anomaly polynomial Ay directly, instead of computing the actual gauge variation FF.

12



Chiral anomaly: As an explicit example, let us reproduce the chiral anomaly using this general
framework. Take G = U(1) x SU(V), and consider a 4d chiral fermion ¢) which has charge +1
under U(1) and transforms in the N-dimensional fundamental representation under SU(N). We
choose the spacetime to be flat, so that the gravitational terms p; and p» vanish. Then the anomaly
polynomial is

A(A) = [tr ez Fooy+io) = ltr[L(FU(D +Fg))’ D ELFU(l) tr(Fg)? (1.2.18)

6-form part 3! 2 2 (271')3

where in the last expression we extracted the only term relevant to the U(1)-G-G anomaly. We
then have

1 1
CSume2(4) = §WAU(1) tr(Fg)? (1.2.19)
and then 1 1
2
F(x,A) = 2 2n) Xu) tr(Fe)”. (1.2.20)

We now convert the differential form expression f tr(Fg)? to a more explicit spacetime integral
[ d*xztr F,, F,,: the coefficient turns out to be

1 -
/ tr(Fg)? = 3 / d*'zF,,F,,. (1.2.21)

Then indeed we find that under the U(1) gauge transformation by 1) — X1, we get the phase
rotation

1
Z A9 = )
[AY] f—mp(lexmﬂ2

/ d*ztr F, F,)Z[A] (1.2.22)

reproducing (1.2.10) when R is the fundamental of SU(N).

Gauge anomaly: When we consider GG as a dynamical gauge group, we need to perform the
path integral over the gauge field A. In this case, we need to require that the fermion path integral
is gauge invariant Z[AY] = Z[A]. This is guaranteed if and only if the anomaly polynomial .4
vanishes.

We remind the reader that the pure gauge part of the anomaly polynomial of a chiral fermion
in representation R of G is given by the formula

1 F
A= —trp(=—)> 1.2.23
5 rR( 27T) ( )
Since trp £ /6 = — trg F®/6, if a chiral fermion appears in a real representation, the anomaly

automatically cancels. The case of the Standard Model is more subtle. The chiral fermions con-
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tained in a single generation are given as follows’:

‘ QL ur dr  l ep
su3) | 3 3 3 1 1
SU( 1

1

2 1 1 2 (1.2.24)

U@1) |1/6 —2/3 1/3 —1/2

Let us check the U(1) part of the cancellation:
1, Fuy g 1\° 2\° 1\* 1\* 5
=-(——)'3-2-( = 3| —2 3-( = 2-(—= 1-1°)=0. (1.2.25
A 6< 2w I 6 * 3 i 3 i 2 * ) ( )

Exercise. Check the cancellation of the full anomaly polynomial of the Standard Model.

On terminologies: Before proceeding, we would like to make a remark on the terminology. Let
us fix the spacetime dimension to n = 2d. When a theory (), such as a theory of free fermions, has a
symmetry (G, we can introduce the background G-gauge field A to the system. The anomaly refers
to a controllable change in the phase of the partition function under the GG gauge transformation.
Suppose G = G x F. We can try to perform the path integral over A, . If possible, the result
is a Gy-gauge theory, where a dynamical A¢, gauge field couples to (). Whether this is possible
or not is controlled by the pure GGy anomaly of (). This part is usually called as the gauge anomaly.
The part F' often remains as the flavor symmetry of the Gy gauge theory. The F'“*! part of the
anomaly is usually called as the 't Hooft anomaly, after its use in the anomaly matching in [tH80].
If F = U(1) and the (Go)?F part of the anomaly is nonzero, the current of F is no longer
conserved. This was what happened in the original Adler-Bell-Jackiw anomaly [AdI69, BJ69]
when G = U(1) is the Maxwell field, and the effect is called as the axial anomaly. This was also
the source of the mass of the ' [tH76], for which G is a non-Abelian gauge group. The effect is
often called as the chiral anomaly.
There are indeed many names. But all these phenomena come from the same underlying mech-
anism, and are controlled by the anomaly polynomial.

1.2.3 Non-renormalization of the anomaly

Let us consider an n-dimensional quantum field theory () with flavor symmetry G. We can then
consider its partition function Zg[A] in the presence of the background G gauge field A, on the
n-dimensional manifold M,,. Its phase in general depends on the gauge choice: we have

ZglAY] = exp(27m'e/ Fo(x,A))ZglA] (1.2.26)

n

2Why did nature choose such a strange combination of gauge charges to cancel the gauge anomaly? The author’s
take is that our universe is being simulated by a PhD student trying to complete her/his thesis. Many of the more
natural looking representations were already treated in papers from the past, and therefore the student needed to come
up with a contrived spectrum to write a new paper.
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Figure 2: Left: gauge configurations A9 obtained by a f-dependent gauge transformation
g(0) from a given A; the fiber is supposed to be R™ and the gradation on it tries to depict a
gauge field. Right: the corresponding partition function Z [A90)]. The absolute value stays
constant but the phase varies.

for an infinitesimal gauge transformation g = 1 + ex + O(¢?).

The discussion in the previous subsection was for the particular case when the theory () in
question is simply a free fermion field in the representation R of G. Even for the general case,
the anomalous phase Fy)(x, A) is controlled by the Chern-Simons term CSg(A), which is then
determined by the anomaly polynomial A (A) via the descent relations

dFQ [X, A] = (SXCSQ(A), dCSQ(A) = AQ(A) (1.2.27)

We can give a more direct significance for the anomaly polynomial A, (A). Consider a one-
parameter family of gauge transformations

g(0;z) € G (1.2.28)

for § € [0,27] and x € M,,, where we require g(0;z,) = g(0; x). Since Zg[AI"] = Zy[A9?)],
the total change of the phrase of Zo[A9)] as we continuously change # from 0 to 27 is of the form
2mc for an integer c. See Fig. 2 for an illustration.

We now consider a two-parameter family of gauge fields

A(r,6;z,) (1.2.29)

where (r, §) parameterize a disk D? of radius 1, such that its value at the boundary circle at r = 1
is given by
A(r=1,0) = AY®). (1.2.30)

Note that in the interior » < 1, the gauge configuration is not usually a gauge transform of the
originally given A. This defines a gauge field on D? x M, see Fig. 3. The descent equation
(1.2.27) means that the integer c characterizing the total phase rotation is given by

c= / Ag(A). (1.2.31)
D2x M,
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Figure 3: Left: gauge configurations are now filled inside the disk. In the interior, it is not
generally a gauge transform of the originally given A. Right: the corresponding partition
function Zg[A(r, §)]. The absolute value also changes in the interior.

This geometric consideration tells us that the anomaly polynomial .4 (A) cannot be renormal-
ized, since the renormalization is a continuous process, whereas an integer cannot be continuously
changed.

This non-renormalization statement, when applied to a weakly-coupled system of fermions,
scalars and gauge fields, implies the original Adler-Bardeen theorem [AB69]. The same statement,
when applied to the ultraviolet limit and the infrared limit of a strongly-coupled system, is usually
known as the 't Hooft anomaly matching condition, originally introduced in [tH80].?

1.2.4 Global anomaly

Let us next consider Witten’s global anomaly [Wit82a]. Take a chiral fermion in the doublet of
gauge SU(2). There is no perturbative anomaly, since tr(F,0%)®> = 0 just because a cube of a
traceless 2 x 2 matrix is traceless. This means that a continuous SU(2) gauge transformation does
not change the phase of [Dt][Dv)]. What matters then is maps g : R* — SU(2) identified up
to continuous change. Mathematically, they are characterized by the homotopy group m4(SU(2)),
and it is known that

m4(SU(2)) = m4(S?) = Zy. (1.2.32)

3In passing, we note that the original argument in [tH80] using a spectator fermion to cancel the anomaly and
making the flavor symmetry weakly dynamical is not quite satisfactory for a general quantum field theory @ with
symmetry G, since there is no guarantee that there is actually a spectator fermion which can cancel the anomaly of
Q. For example, in four dimensions, the Fs-symmetric theory of Minahan and Nemeschansky [MN97] is known to
have 1/5 of the smallest possible U(1)-Fs-Fs anomaly of an Eg-charged fermion [CGK98]. In this case, we can take
five decoupled copies of Minahan-Nemeschansky’s Eg theory and apply the original argument, but there is no a priori
guarantee that this trick of considering multiple decoupled copies should work.

There is a different justification of the 't Hooft anomaly matching condition by Coleman and Grossman [CG82]
which appeared a few years after the original reference [tH80]. There, the relevant correlator of current operators was
analyzed using analyticity and unitarity, and the anomalous part was shown to be equal when compared between the
ultraviolet limit and the infrared limit.
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Let go : R* — SU(2) be the one corresponding to the nontrivial element in this Z. It is known
that under this [D1)][ D] gets a minus sign. So, one cannot have an odd number of Weyl fermions
in the doublet representation in an SU(2) gauge theory.

Exercise. Check that there are even number of SU(2) doublets in the Standard Model.

It is known that 7,(G) is nontrivial only for G = SU(2) or G = Sp(n); SU(2) is a special
case of Sp(n) when n = 1. In this case 74(G) = Z,.* A chiral fermion in the fundamental 2n
dimensional representation of Sp(n) is known to produce the minus sign under the topologically
nontrivial gauge transformation. Therefore, one cannot have an odd number of Weyl fermions in
the fundamental representation in an Sp(n) gauge theory.

Before proceeding, we note that the global anomaly we saw here can in fact be computed using
the perturbative anomaly we reviewed in Sec. 1.2.2. In the case of the doublet fermion of SU(2),
we embed it into a triplet fermion of SU(3), and use the fact that a topologically nontrivial gauge
transformation ¢ : R* — SU(2) can be continuously connected to a trivial gauge transformation
if considered as a map g : R* — SU(3) via the embedding SU(2) C SU(3). For details, see the
original paper by Elitzur and Nair [EN84].

1.3 Gauge groups vs gauge algebras

In physics literature, we often do not make a distinction between two gauge groups sharing the
same Lie algebra, such as SU(2) and SO(3) sharing su(2) = so(3) or SU(4) and SO(6) sharing
su(4) = so(6). This distinction does not matter if we only consider gauge theories formulated
on a flat R* without any line operators. But there are situations where this distinction does matter
and can be used to a great effect, allowing us to obtain more information about the systems under
consideration. For more details about this subsection, the readers are referred to [AST13, KS14].

1.3.1 The ’t Hooft magnetic flux and the Stiefel-Whitney class

Let us first consider an SO(3) gauge configuration on 7 given as follows. We start from a flat
space R? parameterized by x and y, and identity x ~ x 4+ L and y ~ y + L. When making
this identification, we perform an SO(3) gauge transformation by v = diag(—1, —1,+1) in the
z-direction and by v = diag(+1, —1, —1) € SO(3) in the y-direction. Since uv = vu, these two
identifications are compatible, and indeed define an SO(3) gauge bundle on 7.

This configuration does not lift to an SU(2) configuration, however. The element w lifts to
U=io, € SU(2)andvto V = io, € SU(2), and they do not commute: UV = —VU.

“For the computation of 74 (G), see [BS58]. The computation boils down to the fact that only for G = Sp(n) there
is a root which is a nontrivial multiple of a weight. Indeed, the long root of Sp(n) is twice a weight vector. See also
https://mathoverflow.net/questions/259487/computation-of-pi-4-of-simple-lie- groups.
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It is easy to generalize this to SU(V) and SU(N)/Zy: we take

U = cdiag(1l,w,w?,...,w™N ™), V=/( o (1.3.1)
1 0

where w = ¢>™/N and we choose the phase c and ¢’ so that U,V € SU(N). They satisfy UV =
wV U and therefore do not define a consistent SU(V) bundle on 7. They still define an SU(N) /Zy
bundle.

Such gauge configurations were first considered in the physics literature in the late 70s by
’t Hooft [tH79], and is known under the name of the 't Hooft magnetic flux. In mathematics
such bundles are said to have a non-trivial second Stiefel-Whitney class’; the work of Stiefel and
Whitney goes back to late 1930s and early 1940s.

A configuration with a nontrivial second Stiefel-Whitney class can be obtained in a different
way. Consider now a two-sphere S? surrounding a point in the space R®. We consider a U(1) Dirac
monopole background on this 52, and regard it as an SO(3) or an SU(2) configuration. The charge
of the Dirac monopole is specified by the rotation number of the U(1) gauge transformation around
the equator of S2. Suppose this U(1) rotation around the equator corresponds to a 360° rotation in
the gauge SO(3). This is a valid SO(3) monopole configuration. However, this does not lift to a
consistent SU(2) configuration, since one needs a 720° rotation in SU(2) in this normalization.

This SO(3) magnetic monopole configuration therefore has a ’t Hooft magnetic flux, or equiv-
alently has a nontrivial second Stiefel-Whitney class. We see that the smallest possible magnetic
charge of an SU(2) configuration is twice the smallest possible magnetic charge of an SO(3) con-
figuration.

1.3.2 Line operators

We define an SU(2) gauge theory to be a quantum theory obtained by the path integral over all
possible SU(2) gauge configurations. Similarly, we define an SO(3) gauge theory by considering
all possible SO(3) configurations. There can be SO(3) configurations which do not lift to SU(2).
Two distinct SU(2) configurations might descend to the same SO(3) configurations. Therefore,
they give rise to different theories.®

Even on the flat R%, an SO(3) gauge theory and an SU(2) gauge theory behave differently, once
we start considering line operators. Let us first introduce different types of line operators.

The phrase ‘the second Stiefel-Whitney class’ is, in the mathematics literature, usually restricted to the obstruc-
tions related to lifting an SO bundle to a Spin bundle. In physics the phrase is often used in a generalized sense,
associated to any group covering another.

®In the physics literature, we sometimes see a misguided statement that the choice of the charged matter fields
determines the global structure of the group, that a pure su(2) gauge theory without any charged matter will have the
gauge group SO(3), for example. Our point of view is different. Even for a pure gauge theory without charged matter
fields, we can make a choice of the gauge configurations to path integrate over.
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’t Hooft line operators: Let us first consider a 't Hooft line operator on a contour C' C R* of a
G gauge theory. This is defined e.g. by demanding that the gauge field configuration very close to
C'is given by a Dirac monopole of a U(1) subgroup of the gauge group GG. As we saw, in the unit
where the allowed "t Hooft operators of an SO(3) gauge theory have integer magnetic charges, the
allowed ’t Hooft operators of an SU(2) gauge theory have even integer charges.

We can also use a rougher classification of 't Hooft operators, by specifying the 't Hooft mag-
netic flux or equivalently the Stiefel-Whitney class of the bundle as restricted on S? around the
contour C'. Then, an SO(3) gauge theory has 't Hooft operators distinguished by its Z, quantum
number, whereas an SU(2) gauge theory does not have any topologically nontrivial ’t Hooft opera-
tor. This Z, quantum number is the modulo 2 reduction of the charge of the U(1) Dirac monopoles
embedded in SU(2) or SO(3) discussed above.

Wilson line operators: Wilson line operators might be more familiar to the readers: they are
specified by giving a contour C' C R* and providing a representation R of the gauge group. We
then insert in the path integral the path-ordered exponential P exp [ A of the gauge field A in the
representation 3.

For an SU(2) gauge theory, an irreducible representation R is specified by its maximal spin,
which can either be integer or half-integer. Among them, only those with integer spin are allowed
in an SO(3) gauge theory.

We can make a rougher classification of Wilson line operators, by specifying how the central
element —1 € SU(2) acts on them. It is well-known that this element acts as +1 on an integer-spin
representation and as —1 on a half-integer-spin representation. This provides a Z, classification of
Wilson line operators of an SU(2) gauge theory.

Dyonic line operators: We can also consider a dyonic line operator, obtained by placing a Wil-
son line operator and a 't Hooft line operator on neighboring contours C' and C’, and bringing C’
on top of C'. For a moment, let us only specify the gauge algebra to be su(2) and remain agnostic
about whether the gauge group is SO(3) or SU(2). In this case, the electric/magnetic charge of a
line operator is specified by (A¢, A,,) € Z x Z. Here, we use the normalization that ). is twice the
spin of the SU(2) representation so that it is even for an integer-spin representation and odd for a
half-integer-spin representation, and that \,, is the integer magnetic charge of the Dirac monopole
for U(1) € SO(3). A rougher Z, x Z, classification is obtained by reducing these integer charges
modulo 2.

1.3.3 Full spectrum of line operators: SU(2) vs SO(3)

As we already saw, an SU(2) theory has line operators with even A, while an ordinary SO(3)
theory has line operators with even .. For an illustration, see the entries SU(2) and SO(3) in
Fig. 4.

There is in fact another consistent choice of line operators. To see this, we note that the failure
of the Dirac quantization law between an electric line operator of charge \. and a magnetic line
operator of charge v, is given by (—1)*<¥m, Therefore, the phase inconsistency between two
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SO(3)s SO(3)_

Figure 4: The weights of line operators of gauge theories with the Lie algebra su(2). There,
the horizontal axis is for )\, and the vertical axis is for \,,. The shaded regions in the figure
give the Z, charges. The symbol ® marks the magnetic charge of the condensate in a pure
Yang-Mills theory.

line operators with charges (\., \,,) and (v, vy, ) is (—1)*<¥m~Amve Therefore, for any consistent
choice S of charges of line operators, we require

AeVim — AmVe € 27 forany (Ae, A\mn), (Ve,vm) € S. (1.3.2)
We also require that
(Me + Ve, Ay + V) €S forany (A, \n), (Ve, ) € S. (1.3.3)

For an SU(2) theory, we start with purely electric line operators, which has a charge of the
form (A, A,,) = (arbitrary, 0). It is easy to see that the only maximal set S of consistent charges
we can add is of the form ()., \,,) = (arbitrary,even). In contrast, for an SO(3) theory, we
start with purely electric line operators whose charge is given by (A, A,,,) = (even,0). Then
there are two maximal sets .S of consistent charges. We already saw one, which takes (\¢, \,,,) =
(even, arbitrary). We also find another one, which takes (A, \,,) = (even, even) or = (odd, odd).
These two choices are known as an SO(3).. gauge theories, see Fig. 4.

The distinction between SO(3), and SO(3)_ can be given in terms of the Lagrangian. To see
this, we use the Witten effect [Wit79] under the change of the theta angle 6 (1.2.2) from 0 to 2.
In our normalization, this sends a line operator with charge (., A,,,) to a line operator with charge
(Ae + A, Am) This will map an SO(3), theory to an SO(3)_ theory and vice versa:

SO(3)% = SO(3) . (1.3.4)

This also means that when G = SO(3) the true periodicity of ¢ is 47. This is due to the
fact that on spin manifolds’, the instanton number of SO(3) gauge theories is a multiple of % in
our normalization. Naively, the shift of # by 27 does not change the local physics. But since the
insertion of the line operators in R* creates a nontrivial topology, it allows us to distinguish 6 from
6 + 27 locally on R%.

70On non-spin manifolds there can be “quarter instantons” and the periodicity of 6 is 8.
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(SU(4)/Z4)o (SU(4)/Za) (SU(4)/Z4)2 (SU(4)/Z4)s

Figure 5: The weights of line operators of gauge theories with the Lie algebra su(4). The
horizontal axis is for A\, and the vertical axis is for A,,,.

1.3.4 Full spectrum of line operators: SU(4) vs SO(6) = SU(4)/Z vs SU(4)/Z4

It is not difficult to repeat the analysis for other Lie algebras and corresponding Lie groups. For
concreteness, let us discuss the case of the algebra su(4) ~ s0(6) and the corresponding Lie groups
SU(4), SO(6) = SU(4)/Zs and SU(4) /Zy4.

The center of SU(4) is {1,7, —1,—i} € SU(4), and this allows us to classify its irreducible
representation by Z,. Conversely, the homotopy group of SU(4)/7Z, is Z4, and the "t Hooft mag-
netic flux or equivalently the generalized second Stiefel-Whitney class is labeled by Z,. Therefore,
a charge of a line operator is given by (\., \;,) € Z4 X Z4, and two line operators with charges
(Ae, \mm) and (ve, v, ) are consistent with each other only when

AV — Amle = 0 mod 4. (1.3.5)

For an SU(4) theory, we demand the existence of electric line operators with charge (A, A,,) =
(arbitrary, 0); for an SO(6) = SU(4)/Z, theory, we similarly require the operators with charge
(Ae, Am) = (even, 0); finally for an SU(4)/Z, theory, there are operators with charge (A, ) =
(0,0) modulo 4. We can then ask what are the maximally allowed set of charges in each case. We
find one for SU(4), two for SO(6) = SU(4)/Z, and four for SU(4)/Z,, as shown in Fig. 5.

Again, the distinction among four choices of SU(4)/Z,4 can be understood by shifting the theta
angle. Indeed, shifting 0 to 6 + 27, we shift (\., \,) to (Ae + Ay, Ap), mapping

(SU4)/Z4)! 7% = (SU(4)/Z4)?,, (1.3.6)

where the integer label 7 is taken modulo 4. This corresponds to the fact that the instanton number
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Spin(V) SO(N), SO(N)_

Figure 6: The weights of line operators of gauge theories with the Lie algebra so(/N) for N
odd.

of an SU(N)/Zy configuration on a spin manifold is in general in (1/N)Z, and that the true
periodicity of the theta angle is 2N.

We note however that the two choices for SO(6) are not mapped by shifting the theta angle by
27. Indeed, one easily sees that SO(6) ., is mapped to SO(6) . and that the same is true for SO(6) .
Still, it is known that the distinction between SO(6)-. can be expressed as a topological term in the
Lagrangian

m’ul P(ws) (1.3.7)

2 Ju,
where wj is the second Stiefel-Whitney class of the SO(6) bundle, P : H?(—, Zy) — H*(—,Z,) is
the cohomology operation known as the Pontryagin square. On a spin manifold, P (ws) integrates
to an even number modulo 4. Then, the choice v = 0 or 1 specifies whether we have SO(6).. or

SO(6)_.

1.3.5 Full spectrum of line operators: Spin(/N) vs SO(N)

We can generalize the discussion to Spin(/V) vs SO(/N). Here we only discuss the case NV is odd.
For the more complicated case of NV even, see [AST13].

When N is odd, the spectra of the line operators look similar to SO(3), as shown in Fig. 6. The
main difference is that the smallest instanton in SO(5) is in fact smaller by a factor of 2 compared
to the smallest instanton of SO(3) embedded to SO(5) via a natural embedding. In other words,
the instanton number in SO(3) is

1 ~
= F, F*" 7 1.3.
b= o /R s F 1 € (1.3.8)
while it is 1
= F,F" c7 1.3.
3972 /R4 trn % € (1.3.9)

for SO(N) with N > 4, where F, w is an N x N anti-symmetric matrix. This makes the 27 shift
of 0 preserves SO(NN ), instead of exchanging +.
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In terms of the Lagrangian, this is explained as follows. In general, for an SO(/N) bundle, the
topological classes satisfy the relation

4/p1 = /P(w2)+2/w4 mod 4, (1.3.10)

where | P(w,) is even on a spin manifold. The difference between small N and large N is that
f p1 = 4k for N = 3 while f p1 = 2k for N > 4, where k is the instanton number in the standard
normalization. This means that k£ can be half-integral for N = 3 but not for N > 4, etc. Therefore,
the coefficient v in (1.3.7) can be traded for # = 27 in SO(3), but this cannot be done for SO(V)
with larger V.

1.3.6 Line operators and the confinement of pure Yang-Mills theory

Let us now study, at least heuristically, how the choice of SU(2) vs SO(3); vs SO(3)_ affects the
dynamics of the pure Yang-Mills theory. It is believed that on a flat R*, the system confines and
there are no finite-energy excitations charged under su(2). The standard order parameter for the
confinement is the area law of the Wilson loop operator in the doublet representation of su(2),
which has the charge (A, A\;,) = (1,0) € Z x Z in our normalization.

One way to interpret the dynamics [Man75, Man76, tH75] is that the confining vacuum has a
condensate of magnetic monopoles.® We can ask what is the magnetic charge of the condensing
monopole, in our normalization. The quantization condition of a ’t Hooft operator applies also
to the charge of dynamical monopoles. In addition, the property of dynamical monopoles should
be the same across the choice of SU(2) or SO(3).. This means that the charge of condensing
dynamical monopoles should be of the form (., \,,) = (0,even) € Z x Z, since dynamical
monopoles need to exist also in SU(2). A minimal assumption is that the condensing monopole
has charge (A, A\p,) = (0,2) € Z x Z.

This value of the charge is marked by ® in Fig. 4, and the condensate renders line operators
with odd A, to follow the area law. Other line operators follow the perimeter law. One immediate
difference between the SU(2), SO(3), and SO(3)_ cases which can be seen from Fig. 4 is that
the non-trivial line operators in SU(2) and SO(3)_ follow the area law, but that the non-trivial line
operator in SO(3) . follows the perimeter law. Therefore, in a certain sense, we cannot detect the
confinement of the SO(3) . theory using the area law of the line operator.

Another manifestation of the difference appears when we consider the confined theory on a
large spatial 7. For the SO(3).. theory, one can introduce the 't Hooft magnetic flux, which are
7Z5-valued, on each of the three faces of 7. In total, there are 23 = 8 states. Since magnetic fluxes

81n the non-supersymmetric pure Yang-Mills theory, it is difficult to make sense of an actual monopole excitation
in the confining vacuum. If we consider instead the A'=2 supersymmetric pure Yang-Mills theory with a small
supersymmetry breaking term, which is continuously connected to the non-supersymmetric pure Yang-Mills theory,
we can more directly identify the monopole excitation, following the seminal paper of [SW94]. We discuss the A'= 2
supersymmetric pure Yang-Mills with SO(3) gauge group in Sec. 6.1. In the non-supersymmetric setting, the concept
of the charge of the condensing monopole can be made more precise using the idea of 1-form symmetry and its
spontaneous breaking. We will not have time and space to develop this interesting idea; the readers will be referred to
[GKSW15].
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are screened, they will give rise to eight degenerate vacua in the limit of large 7 in the SO(3)
theory. In the SO(3)_ theory, the states with non-zero ’t Hooft magnetic flux also has non-zero
electric charge, and therefore are projected out. Therefore, on a large 7%, the SU(2) theory and the
SO(3)_ theory have a single vacuum, whereas the SO(3), theory has 23 = 8 states.

One can understand these eight states from the charge of the magnetic monopole. In the SO(3) .
theory, the charge of the condensing magnetic monopole is twice the minimal charge allowed by
the periodicity of the “magnetic U(1)” symmetry. A condensate of charge 2 will break the U(1)
gauge symmetry to Z,.” Now, given a low-energy unbroken Z, gauge field on 7*, one can choose
the Z, holonomy around three directions of 7. This will again give rise to 23 = 8 states.

What we discussed so far in this section was topological, and therefore it should apply to any
theory continuously connected to the pure non-supersymmetric Yang-Mills theory. Indeed, we
will see in the next section that the softly-broken A'=1 Yang-Mills theory will show the expected
behavior. We will also study it from the point of view of the softly-broken \'= 2 Yang-Mills theory
in Sec. 6.1.

1.4 4d N=1 superfield formalism

The coefficients here in this subsection should not be trusted; the discussion here is intended to
remind the readers of the general idea behind the construction. More details can be found in any
of the reviews cited in Sec. 0.

1.4.1 Two-component spinors

Let us first recall the two-component spinors. They arise from the isomorphism
SO(3,1), ~ SL(2,C)/{%1}, (1.4.1)

where SO(3, 1) is the subgroup of SO(3,1) connected to the identity. Let us remind ourselves
how this isomorphism arises. We consider

a b
g= (C d) € SL(2.C) (142)

which naturally acts on a two-dimensional complex vector space S ~ C2. There is a complex con-
jugate representation S on which SL(2, C) acts by g. We next consider the space V' of Hermitean
2 x 2 matrices, which we parameterize as

X:(Hz x“y)ev. (14.3)

r—1y t—=z

We note that
det X =2 — 22 — 2 — 22 (1.4.4)

This also happens in the BCS superconductivity, where the condensing Cooper pair has electric charge 2, and
therefore the electric U(1) symmetry of the Maxwell field is broken to Zs.
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is the standard norm of the Minkowski space R*!. We have a natural action of SL(2,C) on V,
given by
X — gXg'. (1.4.5)

This shows V¢ ~ S ® S as a representation. Since det(gXg") = (det g)(det X)(det ') = det X,
this determines a homomorphism SL(2,C) — SO(3,1). A more careful study shows that the
kernel is {#1} and the image is SO(3, 1)

We use the undotted index « for S, the dotted index 3 for S. Then a Hermitean X € V ~ S® S
has the index structure X ;. Given X, = (¢, ,y, ), we then have

Xo5=0"X (1.4.6)

e
. can be read off from (1.4.3).

B _
The supersymmetry algebra is obtained by adding (), ()4 to the Poincaré algebra P,, M, .

The nontrivial anticommutation relation is

{Qu, Qa} = 20", P,. (1.4.7)

where the group theory constants ag

We would like to realize a theory which has this symmetry algebra.

1.4.2 Superspace and superfields

Let us review first how we write down a theory which has the symmetry P,. We take a 4d space
R* parameterized by x,,, and let P, act on it via 0z, = €,,. We consider a function ¢ on R*" as the
basic dynamical variable. As P, acts on R, it also acts on ¢, and we obtain d¢) = —ed,,¢. From
this, we easily conclude

0L = —€"0,L (1.4.8)

for L = 0,¢00"¢, say. We now consider an action of the form S = [ d*zL, where L has the
transformation law (1.4.8). The important fact is that [ d*zd,(---) = 0. Using this, we see that

68 = / d'zdL = —€" / d'z0,L =0, (1.4.9)

and we have an action invariant under P,,.
We imitate this construction with Q, and Q4. We consider the space R** parameterized by
x,, 0% and 0%, and let the supertranslations act by

90° = €7, 60% = &, Srt = —ie*@%t, — ie*0%o! . (1.4.10)

They correspond to differential operators

N R
Qo= 355 — 100500,  Qa= Pl ich.0%0,. (1.4.11)

The satisfy
{Qa, Qa} = —207%410,. (1.4.12)
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It is useful to introduce

0 Cu A _ 0 , o
Da = % + ZO’gde 0,“ Dd = % + ZUgde 8u. (1413)
They satisfy
{Dq, Dy} = +20%,i0,,. (1.4.14)

and anticommute with Q,, Q4. The point is that R** is the group manifold of the group formed
by supertranslations and translations. Then there are both the left action and the right action of the
group on the group manifold, which naturally (anti)commute. There is an SU(2) x SU(2) action
on S ~ SU(2) from the same reason. Here, we pick the left action as the supersymmetry Q.,
Q) inherited by the superfields, and the right action as the superderivatives D,, D, used in the
construction of the supersymmetric terms in the Lagrangian.

A general superfield X is a function on R**. The integral

/ d*2d*0d*0K (X;, X;, Do X, Da X, -+ ) (1.4.15)
is supersymmetric, where /K is a function of superfields X; and their superderivatives, since

0K = —(e*Qu + Qo) K (1.4.16)

and

/d4xd29d2§Qa(- ~)=0. (1.4.17)

Note that K cannot depend on Q. X or Q, in (1.4.15), since the supertranslations @, Q4 do not
(anti)commute among themselves. D, X and D, X are allowed to appear, since they (anti)commute
with the supertranslations.

A chiral superfield @ is a function on R** satisfying

Dgy® = 0. (1.4.18)

Dy annihilates 6% and y* := x* 4 i6*0%c" .. In fact, a chiral superfield on R* is equivalent to a
function on R*? parameterized by y* and 6% without #%. The complex conjugate of ® satisfies

D, ® =0 (1.4.19)

instead, and is called anti-chiral. The term
/ drxd?OW (®;,...,) (1.4.20)

is also supersymmetric, where IV is an arbitrary chiral superfield. This is called the superpotential
term. For example, an arbitrary polynomial of chiral superfields ®; will do as the superpotential.
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1.4.3 Gauge symmetry in superspace

Let us next consider how to construct a supersymmetric gauge theory. Again, we start by reviewing
the non-supersymmetric case. Let us say we have an /N-component scalar field ¢. We would like
to have a Lagrangian which is invariant under the gauge transformation

o(z) = U(x)o(z) (1.4.21)

where U (z) is a unitary matrix defined at each point x in the spacetime. The kinetic term of the
ungauged theory 0,¢00" ¢ is not invariant under this transformation. We need to add a matrix field
A, taking values in NV x N anti-Hermitean matrices, with the transformation property

A (x) » UA (o) U +UO,U! (1.4.22)
and modify the kinetic term to D, ¢ D" ¢ where
Du¢ = a,ugb - Au¢ (1.4.23)

The kinetic term of A, is found by first finding a gauge-covariant combination constructed from
A, whichis F,, = [D,,, D,]. Wenote that F,, is gauge-invariant when the gauge group is Abelian.

Let us see how it goes in a supersymmetric theory. We take an /N-component chiral multiplet
d(y*, 6). We would like to find a Lagrangian invariant under the gauge transformation

O(y,0) — Uly,0)®(y,0), (1.4.24)

where U takes values in the space of invertible N x N matrices. Note that, due to the chiral-
ity, we cannot impose the reality condition on U. The gauge group is effectively complexified:
U(N) is replaced by GL(N). In general, this means that the chiral superfields are in a complex
representation of the symmetry group.'’

The kinetic term ®® is not invariant under this transformation. We then need to introduce a
superfield eV, taking values in the space of real invertible N x N matrices, with the transformation
law

eV s Ue"U . (1.4.25)

The kinetic term of the chiral superfield is now modified to ®e¥'®. The introduction of the su-
perfield e¥ has the added bonus that it spontaneously breaks the complexified GL(N) symmetry
down to U(/N), which is the unbroken subgroup of GL(/V) at any value of V.

Using part of the gauge invariance, we can fix " to be of the form

eV =1+ A,00"0 + - -- (1.4.26)

so that the bottom component is 1 and the 6, 0, 66 and 60 components vanish. This is called the
Wess-Zumino gauge.'!

19Tn comparison, in a non-supersymmetric theory, scalars naturally transform in a strictly real representation, and
in an A= 2 theory, hypermultiplets are naturally in a pseudoreal representation. No non-gauge multiplets are allowed
in an N'=4 theory.

"Other gauge choices are often useful, see e.g. Sec 11.3 of [Arg96], or Sec. 4.3 of [EW09].
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The kinetic term for the vector superfield V' is found by first finding a gauge-covariant combi-
nation constructed from V', which becomes gauge-invariant for Abelian gauge theories. A minimal

version is
Yoo = DoeV DyeV, (1.4.27)

with which we can write a kinetic term as
oS / 'O tr Doa X 56 e, (1.4.28)
It is more common to use a chiral superfield
Wy i= Do = D*Dye” Dye™" (1.4.29)
instead, and write the Kinetic term as

x / d*0itr W ,W* + c.c., (1.4.30)

which is proportional to (1.4.28).
For an Abelian vector multiplet V', the following term

/ d*osV (1.4.31)

is also gauge invariant, since the d*f integral kills the gauge variations A and A since they are
(anti)chiral. This term is called the Fayet-Iliopoulos term [FI74].

2 Pure super Yang-Mills

Here we assume that the reader is familiar with the AN'=1 superfield formalism. Although we have
given a brief review of the construction in Sec. 1.4, it needs to be properly learned somewhere else,
e.g. [WB92].

2.1 Lagrangian for the vector multiplets

An N'=1 vector multiplet consists of a Weyl fermion )\, and a vector field A,,, both in the adjoint
representation of the gauge group (G. We combine them into the superfield IV, with the expansion

Wo = Ao + FP05+ DOy + - -- (2.1.1)
where D is an auxiliary field, again in the adjoint of the gauge group. F? = %a“ﬁj&l’ZF,w is the

anti-self-dual part of the field strength F),, .
The kinetic term for a vector multiplet is given by

/d298;7;7 tr W, W + cc. (2.1.2)
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where - p
i

=— 4+ — 2.1.3

T = + o ( )

is a complex number combining the inverse of the coupling constant and the theta angle. We call
it the complexified coupling of the gauge multiplet. Expanding in components, we have

1 5 0 ~ o1 5 2, <
2 tr B, " + ks E,F" + 7 tr D — 7 tr AP (2.1.4)
We use the convention that tr 77" = %5“” where u,v = 1,...,dim G for the standard generators

of gauge algebras, which explain why we have the factors 1/(2¢?) in front of the gauge kinetic
term. The 6 term is a total derivative of a gauge-dependent term. Therefore, it does not affect the
perturbative computations. although it does affect non-perturbative computations.

The Lagrangian (2.1.2) as it stands defines a gauge theory consisting simply of a gauge field
and a chiral massless fermion in the adjoint representation, minimally coupled to the gauge field.
This is known as the supersymmetric pure Yang-Mills theory. Here we constructed the Lagrangian
using superfields, but note that a theory consisting of a gauge field and a massless adjoint fermion
is automatically supersymmetric, independent of how one constructs it.

Exercise. Check the supersymmetry of this Lagrangian from various viewpoints.

Answer. We already know the supersymmetry from the superfield formulation. In this answer
we check the on-shell supersymmetry of the action

tr F,, F"™ +itr ADA. (2.1.5)

From the consideration of the dimensions of the fields and the Lorentz transformation properties,
the only supersymmetry transformation one can write is

0A, x €o A+ c.c., Oy X Faﬁeﬁ (2.1.6)

where we expressed F),, using the spinor indices as F,,3. Then the supersymmetry transformation
of the on-shell action (2.1.5) has the following structure:

tr F'F tr X@)\

ﬁ\ 5)/ \%1 (2.1.7)

e Fos\° + c.c. fabc(EJM)\“)(Xba“)\c) + c.c.

The variation of the form ¢®F,,5\” can be canceled by appropriately choosing the proportionality
coefficients in (2.1.5) and (2.1.6). The variation of the form fy.(¢,A%)(A’a#\°) needs to vanish
by itself. This follows if

(

Ouac"y) =0 (2.1.8)

where the parentheses in the subscripts and the superscripts mean separate symmetrization.
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The crucial identity (2.1.8) can be checked by a brute-force computation; there is only a finite
number of components to check.'” A more conceptual derivation can be given as follows. Note
that this identity follows if p*p, = 0 for p* = vo*w for arbitrary bosonic spinors v and w. Now,
for a four-vector z* = (¢, x,y, z), we use the 2 X 2 matrix

t+2z x4+
= H =
T=1x,0 (x—z'y t—z) (2.1.9)
we already introduced in (1.4.3). We already noted there that
x“wuzdetgth—xQ—yz—ZQ. (2.1.10)

Note that p for p = vo*w has the form

p (”1“’1 “2“’1) . 2.1.11)

V1w Voo

Then we easily see
p'pu = detp =0. (2.1.12)

This is what we wanted to demonstrate.

Before proceeding, we note that this crucial identity (2.1.8) and our derivation of it underlies
the spinor helicity formalism. For more on this interesting topic, see e.g. [EH13]. We also note that
this check of the on-shell supersymmetry of the pure Yang-Mills theory in 4 = 2 + 2 dimensions
can be naturally and uniformly extendedto 3 =2 +2°, 4 =2 +21,6 =24+ 2%and 10 = 2 + 23
dimensions. An interested reader can consult Sec. 12.5.

2.2 The dynamical scale A

There is a renormalization scheme where the superpotential remains a holomorphic function of
the chiral superfields, including background fields whose vevs are the gauge and superpotential
couplings. This is the core of Seiberg’s holomorphy argument.'?

The gauge kinetic term of a supersymmetric theory is given in (2.1.2) in terms of the com-
plexified coupling 7 given in (2.1.3). The one-loop running coupling at the energy scale £’ can be

expressed as
(E) b 1 = + (2.2.1)
T =Tyv — =— lo 2.
v 2w & AUV

120ne should not shy away from such a brute-force direct computation, if it is really needed. The very first paper
on four-dimensional supergravity [FvNF76] by Freedman, van Nieuwenhuizen and Ferrara, has a note added in its
abstract, saying that the vanishing of the supersymmetry variation of the four-Fermi term was checked by a computer
while the manuscript was being refereed. The author was curious how this computation involving gamma matrices
was done in a computer in 1976 when the paper was written. The author had a chance to ask D. Z. Freedman and
P. van Nieuwenhuizen directly. They kindly told the author that it was done by writing a Fortran program which
computed every component of the product of the gamma matrices. They also told the author that they soon started
using Schoonschip [VW91] developed by M. Veltman around that time. Schoonschip is still available at [Wil09].

13Recently an obstruction to this philosophy was found for 2d A= (4, 4) theories [GKO™ 17]; but the analysis there
confirms that there is no similar problem in 4d A'= 1.
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where b is the rational number appearing on the right hand side of (1.1.7).

Note that the coupling 7 starts from 1/¢?, and therefore an n-loop diagram would have the
dependence ¢>"~1. The leading term in (2.2.1) is then a one-loop effect. In general, perturba-
tion theory is independent of the # angle, since FWFW is a total derivative, although of a gauge-
dependent quantity. Therefore an n-loop effect is a function of (Im 7)1 7",

Let us regard 7 to be an expectation value of a background chiral superfield. In this scheme, the
renormalized 7 should also be a chiral superfield, and therefore should be given by a holomorphic
expression of the original 7. We now note that (Im 7)™ is not holomorphic unless n = 1. We
conclude that the running (2.2.1) is one-loop exact in the holomorphic scheme. We find that the
combination

n =AY := Ebe?mT(E) (2.2.2)

is invariant to all orders in perturbation theory.

We call this A the complexified dynamical scale of the theory.'* Note that A is a complex
quantity, and can be considered as a vev of a background chiral superfield. We also note that the
single-valued quantity is 7 = A®, and A has an ambiguity by e2™/?.

In the case of SU(NN) pure Yang-Mills, the one-loop running of the coupling is given by

E—7(F) = —3N, (2.2.3)
and therefore we define the dynamical scale A by the relation
n= AN = 2B N (2.2.4)

For general GG, N in the expression is replaced by the dual Coxeter number C'(adj) = h¥(G).
One naturally wonders if there is any non-perturbative renormalization for this A or 7). To study
this, we need to consider the R-symmetry, to which we turn next.

2.3 R-symmetry and the number of supersymmetric vacua

In a supersymmetric theory, a global symmetry is called an R-symmetry when it acts nontrivially
on the supercharge. In particular, the R-charge of the different component of a single supermultiplet
will be different. In contrast, a global symmetry which commutes with the supercharge is called a
flavor symmetry.

Let us study the R-symmetry of the pure Yang-Mills theory with gauge group SU(N). We
assign R-charge zero to the gauge field, and R-charge 1 to the gaugino A\,. The phase rotation
Ao — €% )\, is anomalous, and needs to be compensated by § — 6 + 2N . The shift of 6 by 27
is still a symmetry, therefore the discrete rotation

Ao = €N, 0 — 60+ 21 (2.3.1)

14A redefinition of the form A — cA by a real constant c corresponds to a redefinition of the coupling of the form
1/g*> — 1/g* — ¢ where ¢ is another constant, or equivalently g? — g? + ¢’¢g* + - - - . Therefore this is a redefinition
starting at the one-loop order, keeping the leading order definition of g? fixed. In this lecture note, we do not track
such finite renormalization of the coupling very carefully.
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is a symmetry generating Z,x. We already saw this at the end of Sec. 1.2.1 in a non-supersymmetric
context.

Another way to state this anomalous breaking of U(1)r symmetry to Zyy is the following.
Note 7 defined in (2.2.4) contains 27i7 in the exponent. Therefore, under the U(1)z symmetry
acting on the gaugino, it has charge 2N. The subgroup of U(1)z which keeps 7 invariant is then
the unbroken Z, R-symmetry. Note that under the unbroken Z,y R-symmetry, 7 is invariant but
A has the transformation

A — /BN, (2.3.2)

Under the continuous U(1) z symmetry, A has charge 2/3.

Now we can answer what will be a possible nonperturbative correction to n or A. We suppose
that there is a regularization scheme which is holomorphic in Seiberg’s sense and furthermore
preserves the U(1)g action on the background fields 1 and A. There is only a single single-valued
holomorphic expression which has charge 3NV, which is just 7 itself and nothing else. This means
that there is no further nonperturbative correction either.'”

The pure super Yang-Mills theory is believed to confine, with nonzero gaugino condensate
(AaAY). What would be the value of this condensate? This should be of mass dimension 3 and of
R-charge 2. The only candidate is

(Ao A®) = cA? (2.3.3)

for some constant c. The symmetry (2.3.2) acts in the same way on both sides by the multiplication
by e2™/N . Assuming that the numerical constant c is non-zero, this Z, is spontaneously broken
to Zs, generating N distinct solutions

(AaA) = ce?m N A3 (2.3.4)

where { = 0,1,..., N — 1. Unbroken Z, acts on the fermions by A, — —\,, which is a 360°
rotation. This Z, symmetry is hard to break.
It is now generally believed that this theory has these N supersymmetric vacua and not more.'°

15The perturbative non-renormalization of 7 is a general result in supersymmetric theories, but the non-perturbative
non-renormalization of A needs the fact that the R-charge of A is nonzero. For a theory for which A is neutral under the
U(1) R-symmetry, which happens when the gauge theory has zero beta function and is semiclassically superconformal,
there can be and indeed are non-perturbative corrections to A. This fact was first noted in [DKM97] in the case of mass-
deformed N'=4 SU(2) super Yang-Mills theory. It is also known that the choice of the non-perturbative regularization
schemes, such as whether one treats the SU(2) instanton using the SU(2) ADHM construction or Sp(1) ADHM
construction, affects these non-perturbative corrections [HKS11]. For a short summary, see Sec. 4.2 of the author’s
other review [Tac16a].

16In the mid 1990s, there was a proposal [KS97] by Kovner and Shifman suggesting that there is an additional
vacuum with (A\) = 0. This was suggested partly to reconcile incompatible results coming from two microscopic
methods to compute (M), known as the strongly-coupled instanton computation and the weakly-coupled instanton
computation, and partly to reconcile the then-discrepancy in the number of vacua of pure SO(N) gauge theory,
again computed in two different methods. On the first point, later developments in the instanton computation such
as [HKLMO0O0] showed that the Kovner-Shifman vacuum failed to resolve this particular issue; it is know believed that
the strongly-coupled instanton computation cannot be trusted since it leads to results violating the cluster decompo-
sition principle. In general, an instanton computation is reliable only when the infrared limit of the theory is weakly
coupled. On the second point, the discrepancy was resolved in a paper [Wit98], which we outline in Sec. 2.4.4. All
things combined, the author does not think there is any more need to consider the proposal by Kovner and Shifman.
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For other gauge groups, the analysis proceeds in the same manner, by replacing N by the dual
Coxeter number C'(adj) = hY(G) of the gauge group under consideration.

2.4 The theory in a box

Let us perform a check of the number of supersymmetric vacua we just obtained. We put the N'= 1
super Yang-Mills theory with gauge group G in a spatial box of size L x L x L with the periodic
boundary condition in each direction. We keep the time direction as R. We then study the system
both in the limit L > A~! and L < A™!, where A is the dynamical scale of the theory. As we
will review soon, in the supersymmetric case, we can argue that the number of vacua in both limits
should agree. Now, the system in the limit L. << A~ is weakly-coupled, and therefore an honest
counting of the vacua should be possible.

For G = SU(NN) and = Sp(/V), this analysis was performed originally in [Wit82b]. In the
same paper, a problem was noticed when G = Spin(/V), which was later resolved in [Wit98]
by the same author. Soon this analysis was generalized to arbitrary connected gauge groups in
[KS99, BEMO02, Wit02, Tac15]. Here we will see some representative examples.

2.4.1 Independence of the Witten index on the size of the box

As we said, we consider the pure super Yang-Mills on 73, with a periodic boundary condition. This
system preserves the translations P* and the supertranslations (), and QL unbroken. We only need
to use, among the supertranslations, a single linear combination Q of Q,, and Q!, satisfying

H=P ={Q Q. (2.4.1)
We also make use of the fermion number operator (—1) such that
{(-=D" Q=0 (2.4.2)
Consider eigenstates of the Hamiltonian /7, given by
H|E) = E|E). (2.4.3)
In general, the multiplet structure under the algebra of Q, O, H and (—1)F is of the form

o QNE) & (Q'Q-QQN)E)

B) & Q|F) « (2.4.4)

involving four states. When Q|E) = 0 or Q'|E) = 0, the multiplet only has two states. If
Q|E) = Q'|E) = 0, the multiplet has only one state, and F is automatically zero due to the
equality

E(E|E) = (E|H|E) = (B|(QQ" + Q'Q)|E) = [Q|E)]* + |Q'|E)|*. (2.4.5)
We see that a bosonic state is always paired with a fermionic state unless £ = 0.
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This guarantees that the Witten index
Z:=tre (-1 =tr|,_ (-1 (2.4.6)

is a robust quantity independent of the change in the size L of the box: when a perturbation makes
a number of zero-energy states to non-zero energy £ # 0, the states involved are necessarily

composed of pairs of a fermionic state and a bosonic state. Thus it cannot change tr(—1)F.

242 SU(N)

Let us take G = SU(N). In the large size limit L > A~!, we expect that there is a single vacuum
for each value of (A, A®) = cexp?™ /N A3, giving N zero energy states in total. As they are all
related by the Z R-symmetry, these N states all have the same value of (—1)". We therefore see
that |[Witten index| = NNV in the large L limit.

Next, let us consider the Witten index in the limit where the box size L is far smaller than the
scale A~! set by the dynamics. The system is weakly coupled, and we can use perturbative analysis.
To have almost zero energy, we need to set ', = 0 for m,n = 1,2, 3, since nonzero magnetic
fields contribute to the energy. Then the only low-energy degrees of freedom in the system are the
holonomies

U,,U,, U, € SUN), (2.4.7)

which commute with each other. A standard linear algebra says that they can be simultaneously
diagonalized by a U(/N) matrix. In fact it is not difficult to see that we can use an SU(/N') matrix
to diagonalize them. Therefore, any three commuting holonomies U, ,, . can be conjugated to the
form

U, = diag(e™, ..., "), (2.4.8)
U, = diag(e®7, ..., e'n), (2.4.9)
U, = diag(ei, ... e"v). (2.4.10)
Gaugino zero modes are then
P ID D o N (2.4.11)

with the condition that they are traceless,
PSUEDSUED SIETND SPTEED DEUSE A OOty

The wavefunction of this truncated quantum system is given by a linear combination of states of
the form
MDA - AL(075075.07) (2.4.13)

171

which is invariant under the permutation acting on the index ¢ = 1, ... V. To have zero energy, the
wavefunction cannot have dependence on ;¥ anyway, since the derivatives with respect to them
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are the components of the electric field, and they contribute to the energy. Thus the only possible
zero energy states are just invariant polynomials of As. We find NV states with the wavefunctions
given by

1,8, 8% ..., 8! (2.4.14)
where S = >, A= A\?=2. They all have the same Grassmann parity, and contribute to the Witten
index with the same sign. Thus we found |Z(L)| = N in the limit of small box, L < A, too.

243 SO(3)

In the computation for SU(N) presented above, we used the fact that three commuting holonomies
Usy.» € G can be simultaneously conjugated into the Cartan subgroup when G = SU(XV). This is
not true in general; SU(N) is very special. The simplest counterexample is in fact SO(3), where
we take

U, = diag(+ — —), U, =diag(—+—), U, =diag(——+). (2.4.15)

These three matrices are diagonalized in SO(3), but the diagonal matrices do not form the Cartan
subgroup for SO(3).

Now we refer the reader to the discussion in Sec. 1.3.1: this SO(3) configuration has a nontrivial
Stiefel-Whitney class, or equivalently nontrivial ’t Hooft magnetic fluxes. Indeed, lifting from
SO(3) to SU(2), we find that the holonomies U » 3 lift to Pauli matrices io 5 3. Note that U, Uy =
U,U, but 0109 = —o907. This extra minus sign measures the second Stiefel-Whitney class w-
of the SO(3) bundle: when evaluated on the face C'5 of the T3, it gives —1.!7 Here and in the
following, C;; is the T? formed by the edges in the i-th and the j-th directions of 7. We can
similarly compute ws(Ca3) and ws(C3;); we have (wy(Cas), we(Cs1), wa(Ch2)) = (=1, =1, —1).

In general, the possible choices of wy are (+1, 41, +1). The commuting triples in the class
(+1,+1,+1) are the ones that can be simultaneously conjugated to the Cartan torus 7' C SO(3)
discussed above. They behave basically the same as the SU(2) case, and therefore they give 2
states, by setting N = 2 in the discussion of the last subsection.

For each of the other seven choices of w,, there is one isolated commuting triple, that gives
one zero-energy state. In total, we find

Zso@ (L) =2+7=9 (LA < 1). (2.4.16)

Therefore, we should find the same when L is very, very big. To reproduce this, we need to
study the vacua of SO(3) theory in more detail. There are still two vacua, with (tr A\) = +A3.
As we know, they are exchanged by shifting § by 27. This does not charge the SU(2) theory, but
it exchanges SO(3).,. theory and SO(3)_ theory, as we saw in (1.3.4). We also saw in Sec. 1.3.6
that the SO(3) . theory has magnetic Z, gauge symmetry and produces 2% = 8 states on 7, while
SO(3)_ theory only has one state. In total, we find"®

| Zso@) (L) =22 +1=9 (LA > 1). (2.4.17)

This is again consistent with the computation in the opposite regime (2.4.16).

7This is the wy of the gauge bundle, and not to be confused with the w; of the spacetime.
18Here and in (2.4.16), we need to argue that all these states have the same ( —l)F . For details, see [Tac15].
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2.4.4 Spin(N) vs SO(N)
Here we consider the subtle distinction of pure Spin(/NV) gauge theory and SO(N) gauge theory.
We assume N > 7.

Spin(N): Let us first recall the situation when G = Spin(/V), first studied in the Appendix I
of [Wit98]. The dual Coxeter number is N — 2, and therefore, there are N — 2 vacua in the far
infrared, distinguished by the gaugino condensate

raX) = A3 wA3, L WA (2.4.18)
where w = exp(27i/(N — 2)). Therefore when the size L of T is very big, we find
| Zspin(ny(L)| = N — 2, (LA >1). (2.4.19)

It is known that the commuting holonomies (g, g2, g3) can be put into either of the two follow-
ing standard forms.

e The first possibility is the usual one. Namely, we have
ga € T C Spin(V) (2.4.20)
where T is the Cartan torus of Spin(/NV).
e The second possibility is the one missed until [Wit98]:
Jo = 9554 2.4.21)

where 9873 is a lift to Spin(7) of the following SO(7) matrices

diag(+1,+1,+1, -1, —1,—1, —1),
diag(+1, =1, —1,+1,+1, -1, —1), (2.4.22)
dlag(_L +17 _17 +17 _17 +17 _1)7

and s, € T' where T" is the Cartan torus of Spin(N — 7) C Spin(/N) commuting with g§72)3

The former component gives 1 4+ rank 7' zero-energy states, and the latter component gives
1 4 rank T” zero-energy states. In total, we find

| Zspin(v) (L)| = (L%J +1)+ (L?J +1)=N -2, (LA < 1). (2.4.23)
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SO(N): Now, we move on to the case G = SO(N). In this case, there are two choices of the
discrete theta angle, so there are two theories SO(V).. We explained this in the case of N = 6
when SO(N) ~ SU(6)/Zs in Sec. 1.3, and the general case is similar.

As in the SO(3) theory, the vacua of SO(N), theory have unbroken Z, gauge symmetry,
while the vacua of the SO(V)_ theory do not. The difference from the SO(3) case is that the shift
0 — 0 + 2w maps SO(N ), to SO(N), and SO(N)_ to SO(N)_. From this consideration, in the
infrared, we simply find

Zsow. | = 8(N —2), (LA > 1) (2.4.24)

and
[ Zsov)_| = (N =2), (LA >1). (2.4.25)

Let us confirm this result in a computation in the ultraviolet, LA < 1. The topological type of
the bundle is given by the Stiefel-Whitney class evaluated on the faces, (193, m31, m12) € {£1}3.

When (mas3, mg1, mi2) = (+1,+1,41), all the commuting holonomies are obtained by pro-
jecting the Spin(/N') commuting holonomies down to SO(NN). Then, these give (1 + rank7") +
(1 +rankT") = N — 2 zero-energy states as before.

For seven other choices (mas, ms1, mia) # (+1,+1,+1), we can always apply SL(3,Z) to
have (mag, ms1, mig) = (—1,+1,+1). In [BFMO02] it was proved that the commuting holonomies
are either of the following two forms:

e The first possibility is
Go = 05754 (2.4.26)

where gf’ig is the following SO(3) matrices

diag(+1,+1,+1), diag(—1,—1,+1), diag(—1,+1,—1), (2.4.27)

and s, € T" where T" is the Cartan torus of SO(N — 3) C SO(/N) commuting with 9532)3

e The second possibility is
9o =954 (2.4.28)

where gﬁg’g is the following SO(4) matrices
diag(—1,—1,—-1,—-1), diag(—1,—1,+1,+1), diag(—1,+1,—1,+1), (2.4.29)
and s, € 7" where T" is the Cartan torus of SO(N — 4) C SO(/V) commuting with 95273.
Quantization of the zero modes then give

(1+rankT") + (1 + rank7") = N — 2 (2.4.30)

states for each of the seven choices (ma3, m31, M) # (+1,+1, +1). In the SO(N), theory they
are all kept, but in the SO(N)_ theory, they have a nontrivial induced discrete electric charge
e = (ma3, m31, m12) due to the non-zero theta angle. This causes these states to be projected out.
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Figure 7: Energy of two vacua for softly broken N'=1 SU(2) SYM.

In total, we find
| Zsovy, | =8(N —2), (LA<1) (2.4.31)

and
|Zsony_| = (N —2), (LA<1) (2.4.32)

in the ultraviolet computation, agreeing with the infrared computations.

2.5 Non-supersymmetric deformation

We end this section on the pure super Yang-Mills by briefly discussing the non-supersymmetric
deformation. We add a gluino mass m,, to the N = 1 supersymmetric theory discussed above. For
simplicity, we consider the case when G = SU(2) or SO(3).

Consider first the case |m,| < |A]. Since we have a mass gap, the dynamics in each vacuum
is essentially the same as above, Indeed, the soft mass term for the gaugino is just

0L = mgAX + c.c. (2.5.1)
and we have the condensate (A\\) ~ +A3. So, their vacuum energy is [EHS97, Kon97]
~ £ Re(myA?%). (2.5.2)

In particular, at § = 7, two branches are exchanged and the CP is spontaneously broken; there is
a first order phase transition there, realizing Dashen’s idea [Das71] explicitly. See Fig. 7 for an
illustration.

We now consider the case of G = SO(3). As we already discussed in Sec. 2.4.3, b Before
the non-supersymmetric deformation, one of the two vacua has the perimeter law for its nontrivial
line operator, with an unbroken Z, gauge symmetry, while the other has the area law, without
any unbroken gauge symmetry. These properties are inherited by the two branches exchanged at
¢ = m after a small non-supersymmetric deformation |m,| < |A|. This change in the topological
behavior of the vacuum at § = 7 almost forces something nontrivial there, even when |m,| > |A].
To study it in detail, we need to study the CP anomaly of the system more carefully [GKKS17].
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3 Preliminaries on theories with Matters

3.1 Lagrangian for the chiral multiplets

An N'=1 chiral multiplet ) consists of a complex scalar () and a Weyl fermion v, both in the same
representation of the gauge group. It is represented by a chiral superfield satisfying D;Q = 0, and
schematically has the expansion

Qy) = Q,_, + Ya(¥)0* + F(y)0a0" (3.1.1)

where I is auxiliary. The complex conjugate of () is antichiral and satisfies D,Q" = 0.
The (effective) action has the general form

/ dOK(Q', Q) + / d*0W (Q) + cc. (3.1.2)

where K is the Kéhler potential and IV is the superpotential.

Expanding in components, we find that the kinetic term contains o< FiFi g;; where g;; =
&-%K , and the superpotential term contains o F0;JW. Eliminating F', we have Fi gi; < W,
and the potential is .

V ~ gl oW oW (3.1.3)

The potential is automatically positive. The zeroes of the potential given by
oW =0 (3.1.4)

are the supersymmetric vacua.

3.2 Renormalization of the chiral multiplets
3.2.1 Wess-Zumino model

As an interacting UV Lagrangian, let us consider the Wess-Zumino model [WZ74]:

/ d*0DTd + / d?0g®> + cc. (3.2.1)
How does it renormalize? Promote ¢ to a background chiral superfield Y:

/ d*0oTd + / d*0Y & + cc. (3.2.2)

Assign R-charge +2to Y, zero to ®. Due to the R-charge conservation and the choice of holomor-
phic gauge, all-loop computations can only give

/ d*OK (T, ®) + / d*0Y f(®) + cc. (3.2.3)
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When Y is small, the perturbation theory is applicable, and this means that there is only the tree
term in the superpotential. So we conclude f(®) = ®3. This is called the non-renormalization
theorem.

What happens to K? To see this, it is useful to note that ®T® is not only the kinetic term
but also the superfield version of the U(1)g current associated to ¢ — ¢?®. Indeed, the Oo+0
component of ®'® contains j* = ¢'0,¢ — (9,¢"). In our Lagrangian, the term ®3 breaks U(1)
to Zs. Accordingly, there is a source term in the (non)conservation equation:

D?*(®'®) = 393 (3.2.4)

This is obtained by taking the variation of ® — ¢X® where X is an arbitrary chiral superfield;
we just have to repeat the standard procedure to obtain the Noether currents in a supersymmetric
manner.

It turns out that the non-conservation equation (3.2.4) is the basic ingredient which determines
the running of the coupling g. For this purpose, we recast this equation in terms of the OPE. The
coefficient 3 on the right hand side of (3.2.4) simply says that the operator ®* has charge 3 under
U(1)g. The same coefficient appears in the OPE of the current J = ®® and the operator O = 3

charged under it:
1

' 42|z |?
where we remind the reader that the massless complex-scalar two-point function in d dimension
is (¢(2)p(0)) = (d — 2)71S; x|~@=2) where S, is the surface area of the unit sphere in R?. In
our case S; = 27%; the denominator we see in the equation above is (d — 1)S; = 47

Using (®3(2)®3(0)") = 6- (47%|x|?)~3, we rewrite the OPE above into the three-point function

3-6

(BTD)(2)P3(0) ~ 3 P3(0) + - - (3.2.5)

P (2) D13 (y) (D = 3.2.6
()P () () () = (326
which then implies that the next-leading term in the OPE of ®* and ®* has the form
O3 (2)dT3(0) ~ 6, 3.0 (®T®)(0) + - . (3.2.7)
(4m?)3z]®  (4m?)?[]*
This is exactly what is needed to compute the leading perturbation in gg:
_ 3:6- (27
/d4$d26’g®3(x) /dQQgTq)T?’(O) ~ /d46)ggT$(log 1) ®Td(0) (3.2.8)
s
So, if we write the renormalized kinetic term as f d*0ZdTd, we see
0 3-6-(27?) i
— 7 = ———="99g". 329
"o @y 99 (3.2.9)
Or equivalently, if you slightly lower the cutoff from p’ to p,
3-6-(272)
6K = ————2gg" - log(p/ /) @' ®. 3.2.10
e % og(u'/ 1) ( )
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This corresponds to the scaling dimension 1 + v of the operator ¢ given by

= _——————"99' = —g9". 3.2.11
7= 3 (dr2)? 99" = 3299 ( )
So far we used the holomorphic scheme. To keep K fixed to have canonical kinetic term, we

use the (non)conservation equation (3.2.4) again:

/ d*00K = —% / d*0D*6 K + c.c. (3.2.12)
1. 3-6-(2n° -,
= —539[#99710@# m) /d20q>3 + ce. (3.2.13)

Therefore we see that

0 1. 3-6-(27?) t 27 4
W9 = 53955991 = 259
o 2 (472) 87
to the leading order. This means that g renormalizes to zero in the infrared.
Of course the computation we just performed can also be done in the standard perturbation

theory.'”

391 (3.2.14)

Exercise. Carry out the perturbative computation in a standard manner.

3.2.2 A reformulation

The computation of the renormalization of g (3.2.14) here is chosen since the manipulation we used
here can be readily generalized to perturbations around a strongly-coupled fixed point as follows
[GKST10]. Let us consider a perturbation of the form

/ d*O\O + ce. (3.2.15)
by a dimension-3 operator O whose two-point function has the normalization
No
O(z)0N0)) = 5% 32.16
(©@)0'0) = i (32.16)
Suppose that there is a broken U(1) current .J satisfying
D*J = q)O. (3.2.17)

so that the charge of the operator O under J is gq. For the computation we also need to know the
normalization of .J, which we write as

Ny

(J(x)J(0)) = T2l

(3.2.18)

19The two-, three- and four-loop computations were done in [TYN79, AG80, SS81], respectively.

41



The equation (3.2.17) is translated to the OPE which says

J(2)00) = —L _O(0) + - (3.2.19)

472 |x|?
which determines the three-point function to have the form

qNo

Ox)O(y)J(2)) = 3.2.20
< (I) (y) (Z)> (47T)4|$ — y|4|l’ — Z’Q‘y _ 2’2 ( )
from which the OPE of O with O can be read off as
No gNo 1
O(z2)OT(0) = J(O) 4 --- 3.2.21
DO = Gzppap Ny a0 220
which then leads to N
qNo
OK = N, M log(p/ /)J (3.2.22)
which can be converted via (3.2.12) to
05— _®No_ i (3.2.23)

=
M@,u 1672N;

Plugging in Np = 6, Ny = 1 and ¢ = 3, we indeed reproduce (3.2.14).

As a strongly-coupled example, we take the /g symmetric theory of Minahan and Nemeschan-
sky [MNO96]. This theory has N'= 2 supersymmetry. As an N'=1 theory, it has U(1) x FEj as the
flavor symmetry. This theory has a chiral operator v of dimension 3, which is charged under the
U(1) flavor symmetry. We can try to deform the theory by adding a superpotential term

W=g / d*0u + c.c. (3.2.24)

The computation as above shows that g renormalizes to zero in the infrared.

3.3 Renormalization of the gauge multiplets
3.3.1 Lagrangian of the SQCD

Now we couple N chiral fields to the SU(V) vector multiplet. We recall that a vector multiplet V'
has a component expansion schematically of the form

V = A,00"0 + \,0°0* + DO*0>. (3.3.1)

Here we want to gauge with SU(V), so V' is assumed to be traceless.
When there are N chiral multiplets @, in the fundamental representation, (Q,)Qy is the U(N)
current, as we saw. So, to the leading order, the term

/ d'OV®(Qa) Qs (3.3.2)
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is the coupling to the vector multiplet; the all-order version is

/ d*0(Q.)"(e")™Qy. (3.3.3)

With only NV chiral fields in the fundamental representation, the gauge symmetry is anomalous
due to the perturbative triangle anomaly for NV > 3, and due to the global anomaly for N = 2. So
we add Q" in the anti-fundamental representation to cancel the anomaly.

In fact we can add N pairs (Q°, Qf) fora=1,...,Nandj = 1,..., N;. The kinetic term of
the gauge field is given by (2.1.2). The resulting theory is known as the Supersymmetric Quantum
ChromoDynamics (SQCD). We would like to know what happens to this theory in the infrared.

For the moment we keep the discussion general: we have the gauge group G and N pairs of
chiral multiplets (), Q in the representation R and R. The general formulas (1.1.2), (1.1.7) reduce
in the N'=1 case to

d g .
E-rg=- a7 [3C(adj) — 2N;C(R) ] (3.3.4)
and to p ,
? .

where we remind the reader that 7 = % + %. Then

n = A3C(’ddj)*2NfC(R) — E3C(adj)72NfC(R)62ﬂ"iT(E) (336)

is RG-invariant in the holomorphic scheme, and can be regarded as a background chiral superfield.
Note that 1 contains e in the exponent, and represents the one-instanton contribution. We can
argue one-loop and non-perturbative exactness of 17 and A in the holomorphic scheme, just as in
our discussion of the pure super Yang-Mills in Sec. 2.2.

3.3.2 Anomalous dimensions

When G = SU(N) and the matter fields are in the fundamental representation, 3C'(adj) — C'(R)
is 3N — Ny. Soitis IR free when Ny > 3NV , it is conformal to this order when N; = 3N, and
Ny < 3N the coupling starts to grow. We will soon see that Ny = 3N case is also IR free.

Let us first analyze the region where (3N — N;) < Ny. The one-loop renormalization of the
chiral multiplets can be found by a standard one-loop computation and yields

g* 2C(R)dim G

OK = —cog— - log('/) )_(QlQ: +Q"Q") (337)

(2

where

e the factor C’(R) := C(R) dim G/ dim R arises when one computes (T%)%(T%)% = C'(R)d%;
compare with (1.1.3). Here, u,v = 1,...,dim G are the indices for the adjoint representa-
tionand a,b = 1,...,dim R are the indices for the representation R,
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e the factor g*/(87?) is the standard one-loop factor,

e and the only factor which needs an explicit computation in this approach is the overall nu-
merical factor ¢ independent of GG and R.

The numerical factor c turns out to be just ¢ = 1 from a direct computation. We keep it as an
unknown, and instead fixes it by a different means below.

The wave-function renormalization (3.3.7) corresponds to the anomalous dimension 1 + ~y for
(; which is ,

vo, = —¢ L CH)dmG (3.3.8)
8r2  dim R

Note that this is negative, where as the anomalous dimension from the superpotential interaction
(3.2.11) was positive.

3.3.3 Konishi anomaly

We can now demand that the kinetic terms of the chiral multiplets are kept in their canonical
normalization. This can be achieved by using the non-conservation law

D*(Qi'Qi) = 2C(R)

o VW, (33.9)
™

where we sum over the gauge indices but not over the index i = 1, ..., Ny. This equation, known as
the Konishi anomaly [Kon84, KS85]%’, is a supersymmetric version of the standard chiral anomaly

"Poobg = 2C(R) ot FF. (3.3.10)
e

We can now use the equation (3.2.12), which was [ d*00K = —(1/2) [d*0D?K + c.c, to
rewrite the change (3.3.7) as a change in 7: We find

a T 1 .
Bpsri 167 (3C(adj) — 2C(R)Ny)—

¢* 20(R) dim G 1

1
IN; = - 2
157 ¢sm  amr ¢ G

)4+ (33.11)

to this order.?'

20Due to this reason the operator ®'® in the N'= 4 super Yang-Mills theory is often called the Konishi operator in
the literature of the integrability of A'=4 super Yang-Mills.

2I'This is a beta function in the scheme where the chiral multiplets are fixed to have canonically-normalized kinetic
terms and the gauge multiplets are fixed to have a constant coupling in the covariant derivative. In particular, the
coefficient 7 in front of the gauge kinetic term changes. When we further go to the scheme where the coefficient of
the gauge kinetic term is fixed and the running coupling is placed within the covariant derivative, we find the so-called
Novikov-Shifman-Vainshtein-Zakharov (NSVZ) beta function [NSVZ83, SV86, SVI1]. For an expository account on
these matters, see the articles by Arkani-Hamed and Murayama [AHM98, AHMO00].
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Exercise. Confirm this in the standard perturbation theory. This is a two-loop effect. Where
in the above computation was the two-loop computation carried out?

3.3.4 Banks-Zaks fixed point
We find the zero of (3.3.11) at
g* 3C(adj) — 2N;C(R) dim R

372 N, c2C(R)PdmG T (3.3.12)

We find a conformal fixed point in a parametrically weak coupling region just below the threshold
3N ~ Ny when [3N — N f| < Ny. This conformal fixed point is usually known as the Banks-Zaks
fixed point [BZ82].%

At this conformal point, we find that the anomalous dimension v (3.3.8) takes the value

_g3C’(adJ)—2NfC’(R)+ ——C?)N_Nf—l—
2 2N;C(R) T 2N

Vo = (3.3.13)
We will soon see that the undetermined coefficient ¢ = 1, and moreover the result is exact, i.e. the
- simply vanishes.

4 SQCD and Seiberg duality

4.1 Constraint of the superconformal symmetry

At the zero of the beta function, the system is invariant under the scaling transformation D. It
is expected that the theory is not only invariant under scale symmetry, but also under conformal
symmetry.” The conformal algebra contains the special conformal generators K, in addition to
translation generators P,. In the supersymmetric case, we get an additional supercharge S, from
the commutator of the ordinary supercharge (), and K.

The anti-commutator of () and .S plays an important role:

{Qa, S5} = €ap(2iD + 3R) + M, (4.1.1)

where R is the generator of the superconformal R-symmetry. The commutation relation (4.1.1)
implies that a chiral scalar operator, annihilated by @), satisfies A = (3/2) R. Here A is th scaling
dimension and R is the R-charge. For example, in a free theory, ® has dimension A = 1 and
R-charge R = 2/3.

Recall that any U(1) symmetry that rotates ) with charge +1 is called an R-symmetry. Our
convention is that the supercoordinate #* has the R-charge +1. The superconformal symmetry

22This fixed point was originally noticed by Caswell in [Cas74]. Banks and Zaks [BZ82] pointed out that there is a
controllable limit |[3N — N;| <« Ny. These works were done without supersymmetry.

B¥or the important distinction between scale invariance and conformal invariance, we refer the reader to the excel-
lent review article [Nak15] by Nakayama.
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contains a particular R-symmetry, which needs to be conserved. In favorable cases, this fact can
be used to fix the scaling dimension of the operators.

So, let us consider SU(N) with Ny flavors again. Let us determine the anomaly-free R-
symmetry. We are forced to assign R-charge 1 to the gaugino ), since

Wa = Ao + Fopt® 4 - - (4.1.2)

and the gauge field strength F, 4 has zero R-charge. To make the R-gauge-gauge anomaly vanish,

the R-charge r = R(¢)) = R(3) of the fermion components 1/, ¢ of @, () should satisfy
1
Nr2.2 Np=0 (4.1.3)

meaning that r = —N/N;. Since the chiral superfield has the expansion

Qy,0) = Qy) + Ya(y)0* + -, (4.1.4)
we see that N
RQ) =R(Q) =r+1=1-—. 4.1.5)
Ny
We find therefore that 5 N
A@Q) =35~ o, (4.1.6)
and that AN N
VS
=0 4.1.7
7 N, 4.1.7)

This reproduces the perturbative computation in (3.3.13). Furthermore, we found that the unde-
termined coeflicient c there is in fact given by ¢ = 1. Not only that, we learned that the anomalous
dimension (4.1.7) at the superconformal point is exact. This fact was first noticed in [Sei94].

When Ny is very close to 3NV, we have a weakly-coupled conformal fixed point. What happens
when we gradually lower N;? Consider the gauge invariant operator QQ, which has dimension
3(1 — N/Ny). The unitarity bound which we recall very soon demands that the scaling dimension
of any scalar operator to be > 1.** Therefore, we need Ny > 3N/2 to have a conformal point.

4.2 Aside: unitarity bound

In general, the dimension A of a scalar operator needs to satisfy A > 1, due to the unitarity of the
theory. This is the simplest example of unitarity bounds. Let us review how this bound is derived.
Here we explain a lesser-known version of the argument in [GIR08].>> Consider a scalar operator
O of dimension A. Then its Euclidean two-point function behaves as

C

(O(2)0(0)) = T2 (4.2.1)

24The unitarity bound need not apply to gauge-dependent operators, since the Hilbert space of gauge theory is only
positive-definite after imposing the gauge (=BRST) invariance.
23The author thanks K. Yonekura for the information.
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The constant C'is guaranteed to be positive: Consider smearing the operators around = and 0 with
compact support. Then it should be the norm of a wave function, which should be positive.

A slightly more detailed use of unitarity leads to the condition A > 1. To see this, we first
Fourier-transform the two-point function and write

2 _ 4 ,
C (2m)°T'(2 — A) / (d k4eka|]€|2(A_2)- (4.2.2)

Z2A T T 4A-ID(A) 2)

Wick rotating back to Minkowski signature, we find the spectral density at 4-momentum &, which
is given by
(27)’T(2 — A)
45-1T(A)

(27)°0(2 — A)
45-TT(A)

_ (27)*m(A — 1) 2(A—2)
=C JATIT(A)? k| . “4.2.4)

Im(—k? —ie)* 2 =C sin(m(2 — A) k2272 (4.2.3)

This requires A > 1.

Exercise. The derivation given above was somewhat imprecise, because of the divergence of
['(2— A) at positive integer A > 2 canceling against sin(7(2 — A)) which appeared only later
in the computation. Make this more precise.

4.3 Seiberg duality
4.3.1 Statement

Long before N hits the lower bound 3/N/2 coming from the unitarity bound applied to the operator
QQ, the anomalous dimension is of order 1 and we lose perturbative control. Is there any way out?
Here comes Seiberg duality to the rescue [Sei95]. We simply make the statement here, and perform
numerous consistency checks in the rest of the lecture.

The following two gauge theories are dual when N + N’ = Ny and N, N' > 2:

e an SU(N) gauge theory with N; pairs of @’ in the fundamental and Q; in the anti-
fundamental, and with zero superpotential /' = 0.

e an SU(N’) with N pairs of g; in the fundamental and ¢" in the anti-fundamental, a set
of gauge-singlet scalars M?, and with the superpotential W = ¢;¢’ M. ]3

We call the first theory and the second theory as the original theory and the dual theory, respectively.
Two preliminary remarks are in order here. First, when NV or N’ is = 1 or 0, similar statements
can be made with a small modification.
Second, the word dual needs to be treated with some care. We assume N; < 3N so that
the original theory is asymptotically free. From N + N’ = Ny, it is easy to see that the dual
theory is asymptotically free when Ny > (3/2)N and that it is infrared free when N; < (3/2)N.
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In the former case Ny > (3/2)N, the word dual means that the two theories flow to the same
superconformal theory in the infrared:

UV: the original SU(V) theory UV: the dual SU(N') theory
with Q, Qand W =0 with ¢, ¢, M and W = qqM

~. o

IR: some superconformal theory.

In the latter case Ny < (3/2)N, the word dual needs to be interpreted in the sense that the dual
theory is the infrared limit of the original theory:

UV: the original SU(N) theory with Q, Q and W = 0
h (4.3.2)

IR: the dual SU(N’) theory with ¢, ¢, M and W = ¢gM.

Note that this means that a non-Abelian SU(N') gauge field can emerge from a strong dynamics
in the infrared, and also that an asymptotically non-free SU(/N’) gauge theory can have a sensible
ultraviolet completion.

4.3.2 Check: structure of continuous symmetries

Let us now start our checks of this duality. First, we see the same type of conserved continuous
symmetries on both sides: we can count, among them,

e aconserved U(1) R-symmetry,
e an SU(Vy)uniidea Symmetry acting on the indices i, j,
e another SU(Ny)yqea Symmetry acting on the indices 7, 7,

e and a non-R U(1)p symmetry called the U(1) baryon symmetry, which rotates Q and Q
oppositely, and similarly ¢ and g oppositely.

4.3.3 Check: gauge-invariant chiral operators

Next, we can list gauge-invariant chiral operators with the same SU(NNy) x SU(Ny) charges:

original theory dual theory
i i) i
Bil ,,,,, IN ]_wjal,_g]v@qll TN N b Mj al an’ (4'3'3)
=€ al e ayn <~ T1genes iNt T 6(11 ..... aNIQil e iN/
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where B <+ band B < b are to be related by the ¢ symbol for SU(N;), e.g.

B’le“'ﬂN X bjl," E“ ----- INJ1yeees JN/. (434)

. 7jN/
Note also that M; f := ¢;¢’ on the dual theory side is killed by the superpotential:

oW
oM

oc M. (4.3.5)

The derivatives of the superpotential are zero on the supersymmetric vacua, and therefore the
gauge-invariant combinations M f are zero on the supersymmetric vacua.

The R-charges of these operators do also match. On the original theory side, the conserved
R-charge assigns R(Q) = R(Q) = 1 — N/Ny, as we already saw. The story is similar on the dual
theory side: the gauge-singlet fields M do not contribute to the R-gauge-gauge anomaly anyway,
and therefore R(q) = R(G) = 1 — N'/Ny = N/Ny. Since R(W) = 2, we have R(M) = 2 —
2N/Ny. This establishes that R(QQ) = R(M). We can similarly check that R(b) = NN'/N; =
R(B). We will perform a more extensive check of the agreement of operators in Sec. 7.

4.3.4 Check: anomaly polynomials

Our next check is about the anomaly polynomial .A for the continuous conserved symmetry U(1) g ¥
U(1) g x SU(N)untitdea X SU(N)iigea- As we argued in Sec. 1.2.3, the anomaly polynomial is not
renormalized. Therefore, two dual theories have to share exactly the same anomaly polynomial.

Let us first consider the SU(N;)3 4.q- The anomaly polynomial is written in terms of the
background gauge field F;, where u = 1,...,dim SU(Ny) for the SU(N;) flavor symmetry. On
the original theory side, we simply have

1 F
6N ter(%)?’ (4.3.6)

where F' = %F o,/ dx"dx” and T are the generators of SU(Ny) in the fundamental N-dimensional
representation. On the dual theory side, we have

1 1
6(N’ try, F* + Nytry, F?) = E(Nf — N')try, F? (4.3.7)

where the first contribution comes from ¢ and the second comes from M try, is the trace in the
anti-fundamental representation. They agree, thanks to the equality N + N’ = N;.

Let us also consider the R-SU (N )untitdea-SU (V7 )uniiigea part of the anomaly. We introduce
the background gauge field F, for the U(1)z symmetry. Since R(Q)) = 1 — N/Ny, the fermion
component 1) has the R-charge R(¢q) = R(Q)) — 1 = —N/Ny. Therefore, on the original side,
we have

—)? (4.3.8)

where the factor N comes from the fact that () has N components under SU (V) gauge symmetry
and the factor —N/N is the R-charge of 7). On the dual side, we similarly have
1 N N' Fgr F 2N Fgr F

— N —try (=—)? + Np(1 — =)= try, (=—)?

4.3.
2m Ny (4.3.9)
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where the first term is from ¢ and the second is from M. Again the two expressions, thanks to
N+ N' = Ny.

Exercise. Check the agreement of other parts of the anomaly polynomial, such as R-R-R.

4.3.5 Check: decoupling a flavor

Let us next check that the duality is compatible with decoupling a flavor. Consider giving to the
original theory a non-zero mass to the last flavor ¢ = 7 = Ny,

W = mQ"=N Qi . (4.3.10)

new

In the scale far below m, we get N/"" = N; — 1, keeping the gauge group [V fixed.
What happens on the dual theory side? The superpotential is now

W =qMg+mM_y’, (4.3.11)

where we added to the original superpotential g ¢ the part mMZ::]J\\,[; obtained by translating

(4.3.10) using the correspondence of operators (4.3.3). Setting OW/ E)MZ:]]\\,C{ = 0, we have
Gy, qa A+ m =0, (4.3.12)
This gives a vev to ¢"=" and ¢;—y, , breaking SU(N") to SU(N’—1). Seiberg duality is compatible
with this, since N"*V = N/" — N = N’ — 1.
4.3.6 Check: re-dualization
Finally, let us consider re-dualizing the dual theory. The dual theory has the following structure:
1. An SU(N’) theory with N pairs ¢;, .
2. Then add N7} singlets M} and add the coupling 6W = M¢;{’.
Let us dualize the first part. Then we have
1. an SU(N) theory with N pairs Q¢, Q; with N7 singlets M with the coupling W = M/Q'Q;,
2. then add N7 singlets M} and add the coupling 0W = M ]’MZ )

The total coupling is now o ]
Wiota = MJQ'Q; + MIM. (4.3.13)

Taking the variation with M. I we see Mf is now massive, and taking the variation with Mf , wWe

have 3
M; =-9'Q; (4.3.14)
and can eliminate M. ; We end up eliminating both M. ; and M{ , and we simply have

1. an SU(N) theory with N; pairs Q°, Q;.

We thus re-obtain the original theory.
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4.4 Behavior of SQCD

Assuming now the validity of Seiberg duality, let us try to understand the behavior of SQCD for
various values of V;. We give the summary at the end with a Table 1.

44.1 When N < N; < 3N: gauge theory duals

When N/N is close to 1/3, the original theory flows to a weakly-coupled superconformal theory,
as we already saw. The dual theory has N’/N; slightly above 2/3. Therefore the dual theory
as defined in the ultraviolet has a large one-loop beta function for SU(/N’) gauge coupling. The
statement of the duality is that it ends up in a weakly-coupled conformal theory of SU(/N) gauge
bosons and quarks.

We raise N/N; gradually, making the original theory more and more strongly coupled. The
dual theory’s N'/N; decreases accordingly, making it more and more weakly coupled. When
N/N; becomes 2/3, we hit the unitarity bound of M = QQ. The dual theory’s N’ /N hits 1/3,
which is very weakly coupled. This region where (3/2)N < N; < 3N is known as the conformal
window.

Now, we can raise N/N; even further. Since the operator M = QQ violates the unitarity
bound, we can no longer expect superconformal symmetry in the infrared. But note that the check
of Seiberg duality performed above only cared about having a conserved R-symmetry, not that this
conserved R-symmetry is in the superconformal symmetry. So we can continue: the dual theory
has N'/N below 1/3. The dual theory is infrared free from the start; recall that the one-loop beta
function coefficient is 3N' — Ny < 0. There is a logarithmic running of the coupling toward zero
in the infrared, and indeed this is not superconformal.

How far can we go? Of course we can only have N’ > 0. What happens when N’ is very low
can be understood by being more careful about the decoupling.

4.4.2 When N; = N + 1: weakly interacting mesons and baryons

Let us start from SU(N') with N flavors, and decouple N’ — k flavors by giving mass
W = m{M; = m]Q'Q;, (4.4.1)

where the sum over indices go over the last N’ — k of 1,..., N;. Integrating out the quarks, we
have SU(NV) with N + k flavors.
On the dual side, we have SU(N’) with N flavors, and the superpotential is

W = qMq + m{M:, (4.4.2)

where again the sum in the second term is over the last N’ — k of 1,..., N;. As before, this
gives vevs to ¢; and ¢’ for the last N — k flavors, breaking SU(N’) with N, flavors to SU(k) with
N + k flavors. Assume that the resulting SU(k) theory after decoupling flavors is in the infrared
free region. Then everything is weakly coupled in the infrared. This means that the instanton
computation in the dual SU(N’) gauge theory is reliable.
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i gﬁ(;,{\)[f , which contains
the factor €. Here the subscript SU(N') emphasizes that this is the instanton factor in the dual

SU(N’) theory. Under the U(1); rotation ¢; — ¢;¢'¢ fixing other ¢ and ¢, this factor Agg&j,\)]f is

Recall from (3.3.6) that one-instanton effects come with the factor A

also of charge 1. We note that mf has charge +1 under this U(1);, and M. ; has charge —1 under
this U(1);.

The form of a one-instanton contribution to the superpotential can be found by demanding that
it is invariant under U(1);, under SU(N + k) x SU(N' — k) apparent in the superpotential (4.4.2),
and their counterparts acting on fields with tildes. We find that it is given by

ABN =N det M(nyxyx(N+k)
SU(N') det m(N/_k) x(N'—k)

(4.4.3)

where My 1)x(N+k) is the submatrix of M ]’ whose indices are restricted to the first NV + k from

1,..., Ny, and mn'_g)x(n'—k) is the mass matrix mz we introduced in (4.4.1), (4.4.2), which we
took to be an (N’ — k) x (N’ — k) matrix. This has R-charge

2N’ 2N
N _ =
Nf( +F) Ny

(N — k) = 2k. (4.4.4)

Therefore, if and only if £ = 1, one-instanton configurations can produce this superpotential, since
the superpotential has to have R-charge 2.

Let us take £ = 1, and we assume that the one-instanton computation does generate this super-
potential with nonzero coefficient. From the point of view of the low energy SU(1) theory with
N —+ 1 flavors, A‘;JJ&J,? / det m is just a numerical factor. This means that only in this edge case
k = 1, the superpotential on the dual SU(1) side is modified to be

W = qMg — det M. (4.4.5)

Note also that in this case ¢; o< b, = €, iy B~ and similarly for the tilded variables.
Therefore we conclude:

The infrared limit of the SU(XV) theory with Ny = N + 1 flavors are described by an almost
free theory of the mesons M ; and baryons B;, B’ with the superpotential

1

W = ABN—(N+1) (

BiM}B’ — det M) (4.4.6)
where everything is written in the variables of the original theory, and the powers of A is
introduced to match the mass dimension.

Those who know supersymmetric instanton calculus might worry: this looks like a (—1)-instanton
effect in the original theory, while in any instanton computation only a positive-instanton contri-
bution generates the superpotential. It is fine, since the instanton computation is only applicable in
the weakly-coupled theories, whereas this is an extremely strongly coupled situation in the original
variables. See also the footnote 16.
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The appearance of det M can be also checked by considering the dual of SU(2) with Ny = 3.
In this case, Q.~"%** and Q{_, , 5 both transform in the doublet representation of SU(2), so can be

77777

and can be combined with M7 to form
M = Q7 QY €u.- (4.4.7)
Then the superpotential (4.4.6) can be written as
W = EIJKLMNM[JMKLMMN. (448)

Without det M, the superpotential would not be SU(6) invariant as it should be.

443 When N; = N: deformed moduli space

The behavior with less flavors can be understood by decoupling the flavors further. Before pro-
ceeding, it is useful to understand how the instanton factors are related, when N is lowered by one
by the decoupling. We compare SU(N) with Ny flavors and SU(N) with N3 = N; — 1 flavors.

Let us add mQ*="rQ;_y ; to decouple one flavor to get the latter from the former.

. . 3N-N 3N—(Ny—1
The one-instanton factors are respectively 7y, = A Ny 7 and nn,—1=A Nf_§ =V The only

relation between them we can write is, by considering their transformation properties under the
symmetries,

nN,—1 = mny,, equivalently ANf3N_Nf = mANf_13N_(Nf_1), (4.4.9)

up to a dimensionless proportionality coefficient. This is also natural because
A, 2NN = 3NNy i, (B), (4.4.10)
4.4.11)

BN—(Ny—1) _ E3N—(Ny-1) 2mitn ;-1 (E)

ANf—l ’

and the running coupling 7(F) needs to match around £ = m, see Fig. 8.
Now, let us add m M= to (4.4.8). Taking the variation with respect to M=y 1], we get

det Mywy — Bien41 B~V = mAy,_ 2NV (4.4.12)
Translating to the notation for N; = /N, we have the following statement:
The SU(XV) theory with Ny = N flavors has the moduli space of vacua given by
det M — BB = A*V. (4.4.13)
This is a constraint rather than a superpotential, generated by an instanton effect.

Note that classically, B = detQ’, B = det Q% and M = QZ@? Therefore det M =
det Qdet Q = BB. We found that this relation is deformed by the one-instanton effect. This
deformation can be checked directly by an instanton computation [BWO05].

33



1/g2

m energy scale

Figure 8: Running coupling under the decoupling. The dynamical scales Ay, A Ny are where
a naive continuation of the graph gives a divergent coupling, and the slope of the running
becomes steeper when the energy scale is lowered across the mass scale m.

444 When 0 < Ny < N: ADS superpotential

Let us decouple another flavor. To do this, implement the constraint above by a Lagrange multiplier
X and add mQ"="r=NQs_y,—n :

W = X(det M — BB — A*™) + mM:=Y. (4.4.14)

Eliminating X and M={, we get

mA _ 2N

= il (4.4.15)
det M(n_1yx(n-1)

where M(n_1)x (1) is the submatrix of M. ; where the indices run only over 1,..., N — 1. In the

variables appropriate for N; = N — 1, we have

Aoy 3N-(V=1)

W= 4.4.16

det M ( )

This has the one-instanton form, correctly invariant under the rotation Q* — (Q%¢!¥, with the correct
R-charge. This result was originally obtained by Affleck, Dine and Seiberg [ADS83], and therefore
this is called the Affleck-Dine-Seiberg superpotential. It is known that this can be reproduced from
an honest instanton computation. A generic vev to @ and Q breaks SU(NV) to SU(1), and therefore
it is reliable.

Note that the potential computed from this potential is nonzero as long as M is nonzero and
finite, and decreases toward infinity. This behavior is called the runaway.

We can equally decouple £ flavors from Ny = N. Then we have the following statement:
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The SU (V) theory with Ny = N —k flavors generates the Affleck-Dine-Seiberg superpotential

AN . k3N—(N—k) ik
F=N—

det M

W=k (4.4.17)

on its supersymmetric moduli space of vacua.

This might look more puzzling when k > 1: it looks like a 1/k-instanton effect. Again this is fine.
When we give a generic vev to M, the gauge group SU(V) is broken to SU(k) with zero massless
flavors, which becomes strongly coupled and the instanton computation is unreliable. Having k
branches in (4.4.17) is also natural from this point of view, since we learned in Sec. 2.3 that the
pure SU(k) theory has k distinct supersymmetric vacua.

If we decouple all N flavors, we get

W = N(ANYN, (4.4.18)

This reproduces N vacua of the pure SU(NN) theory we saw earlier. Indeed, as UV Lagrangian is
[ d*07yy tr W, we have

0

aTUV

<tl" WW> = Wefrective ¢ (A3N)1/N- (4.4.19)

with N branches.

4.4.5 Summary

We end our discussion of SU(N) SQCD with a big Table 1 summarizing the behavior of this
class of theories with various values of N;. In the Table, the column ‘unbroken’ gives the generic
unbroken gauge group when a vev for M = QQ is given, and the column ‘dual’ lists the gauge
group of the Seiberg dual theory.

4.5 Kutasov duality

As the last topic in this section on SU SQCD, let us briefly consider a slightly different model
originally considered by Kutasov and collaborators [Kut95, KS95, KSS96].

4.5.1 Statement of the duality

The model is an SU(V) gauge theory with N, pairs of fundamental chiral multiplets Q", Q: (i =
1,..., Ny) together with another chiral multiplet ® in the adjoint, and the superpotential W =
tr PR+ 26

26When k > 3, the superpotential generates non-renormalizable interactions. In those cases, this superpotential
needs to be understood more precisely as follows. We first consider a model with the same set of fields but without the
superpotential. For a suitable choice of IV and Ny, this model with zero superpotential goes to an infrared supercon-
formal field theory, in which the operator tr ®**! is relevant. Then we deform this infrared superconformal theory by
this relevant operator. The model without the superpotential will be treated briefly in Sec. 8.3.
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Ny H unbroken ‘ dual ‘ behavior
3N - SU(2N)
3N -1 - SU(2N — 1) | superconformal
2N - SU(N) superconformal, selfdual
(3/2)N - SU(N/2) | superconformal
(3/2)N —1 — SU(N/2 —1) | IR free with W = ggM
N +2 — SU(2) IR free with W = qqgM
N+1 — SU(1) W = BMB + det M
N - — det M — BB = A*Y
N -1 SU(1) — ADS superpotential, computable
N -2 SU(2) - ADS superpotential, 2 branches
1 SU(N —1) — ADS superpotential, N — 1 branches
0 SU(N) - N vacua

Table 1: Behavior of SU SQCD.
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When k = 1, the field ® is massive and can be integrated out. Assuming that the mass is vey
large, we come back to the standard SU SQCD below the mass scale, and in this sense this model
is a natural generalization of the standard SU SQCD. For general k, the conserved U(1) R-charge
can be fixed as follows. First, tr ®**! needs to have R-charge 2. This fixes

2
R(®) = ——. 45.1
(®) = 5 @5.1)
Then the condition that the U(1)z SU(NN)? anomaly vanishes fixes
~ 2 N
R =R =1—-——— 4.5.2
@=R@=1- 373 @452)
As gauge-invariant operators, we can consider generalized mesons
MO = Q,0'Q)", (t=0,1,...,k—1), (4.5.3)

baryons, and generalizations.

As the dual of this theory, the above cited papers proposed an SU(N’) theory with N pairs
of fundamental chiral multiplets ¢; and §*, an adjoint chiral multiplet ¢, together with a number of
gauge-singlet fields M (4)2 as above, and the superpotential involving them:

k—1
W= troft 4> MOigiet -ty (4.5.4)
/=0

By matching the anomaly-free U(1) R-charges of M (Z);'» on the original theory and on the dual
theory, we find
N+ N'=EkNy. (4.5.5)

It is a good exercise to check that the original theory and the dual theory have the same anomaly
polynomial.

Exercise. Carry this out.

4.5.2 Unitarity bound and the decoupling

Let us study the implication of the unitarity bound. The R-charge of the operator M (©) is twice the
value of (4.5.2), and falls below the unitarity bound when

N k+1
—_ > — . 4.5.6
N3 (4.5.6)
This translates in terms of N’, the number of colors of the dual theory, to the expression
N 2k—-1
—_ < —. 4.5.7
N <3 (4.5.7)
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This relation (4.5.7), for the standard case of Seiberg duality £ = 1, corresponds to the fact
that the dual gauge theory is now infrared free. as we saw in Sec. 4.4.1. As an infrared-free gauge
theory has a logarithmic running, it is not superconformal. This removes the contradiction with
unitarity.

However, starting with £ = 2, the condition (4.5.7) no longer corresponds to the dual gauge
theory becoming infrared free; the dual theory still looks interacting. To see what is going on, let
us take k = 2 for definiteness.

The dual theory has the superpotential

W = tr¢® + MO (Gpq) + MY (gq), (4.5.8)

where M and M) are now gauge-singlet chiral superfields. From the point of view of the
dual theory, the R-charge of M is fixed only because we demand that the superpotential term
MO (Gpq) has R-charge two, or equivalently that this term is marginal. This assumption leads to
the violation of the unitarity bound, when the condition (4.5.6) or equivalently (4.5.7) is satisfied.
A simple way out is to assume that M (*) has R-charge 2/3 and scaling dimension 1 and becomes
free. The superpotential term M () (Gpq) now has R-charge more than 2 and scaling dimension
more than 3, making it an irrelevant interaction. Our interpretation when the operator M () appears
to go below the unitarity bound can then be schematically given as follows:

The original SU(N) theory The dual SU(N’) theory,
with @, Q and ® with ¢, ¢, ¢, M(® and M@
with W = 0 with W = tr ¢* + MO (gpq) + MM (qq)

\ / 4.5.9)

a superconformal theory X + free M ().

It would be useful to have a Lagrangian description of the infrared theory X itself. This can
be done [BG17a] by introducing an additional set of gauge singlet field M (%’ and introduce a

_—1

superpotential interaction 0W = M (O)ZM (0); to the system, either to the original Lagrangian or to

the dual Lagrangian. On the original side, this interaction is 0W = M (O)zQin, whereas on the

dual side, this interaction introduces a mass term coupling gauge singlet fields M (O)Z and M (O)j-
and effectively removing them. We then have the following situation:

The originfll SU(N) theory The dual SU(N’) theory,
with Q, Q), ® and M with ¢, ¢, ¢, and MV
with W = M©?QiQ), with W = tr ¢ + MY (gq)

(4.5.10)
\ /

a superconformal theory X,

again assuming that we are in the region where the R-charge of M = Q@ drops below the
unitarity bound. There is no problem associated to the unitarity bound any more, since the fact
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that
ow

makes the problematic operator QQ from the set of superconformal primary operators.

4.5.3 Flipping of operators

This technique of
e picking a gauge-invariant operator O,
e adding a corresponding gauge-singlet operator O,
e and introducing a superpotential interaction 0W = QO

is now called the flipping of the operator O of a theory.”’” Note that flipping an operator O by
introducing O, and then re-flipping the introduced operator O by further introducing the operator
O, we get back the theory we started with, since the combined superpotential interaction

W=00+00+--- (4.5.12)
allows us to identify O = —QO since
ow
—=0+0. 4.5.13
a0 ~ 2 + ( )
This operation also removes O since
8—W =0 (4.5.14)
720 =< S.

In other words, the flipping is a reversible operation.

The technique of flipping looks innocuous, but has become one of the essential tools in modern
study of A'=1 supersymmetric theories. This might not be too surprising in the end: the Seiberg
dual of the SU(N') SQCD is itself the SU(N’) SQCD with the gauge-invariant operator ¢q flipped
by the gauge-singlet M.

4.6 Other dualities

After Seiberg’s original discovery [Sei95], many other dualities have been found. We just treated
Kutasov’s duality [Kut95, KS95, KSS96]. Here we simply mention some other notable dualities
about which we do not have time to treat in detail.

We will discuss the Sp version [IP95] and SO version [IS95] of the Seiberg duality in some
detail in Sec. 5 and in Sec. 6, respectively. There are also Sp and SO versions of Kutasov duality
[Int95, LS95a].

27 As far as the author knows, this terminology was first introduced in [DG12].
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The G5 version of the SQCD was first considered in [GP95], and the analogue of Seiberg
duality was found in [Pou95]; the dual gauge group isSU(N; — 3) and it has .S in the symmetric
tensor representation and Q in the anti-fundamental representation. The analysis of SQCD with
other exceptional gauge groups was carried out in [DK97, Kar97].

The main content of [Pou95] was the analysis of Spin(7) gauge theory with a matter in the
spinor representation. This was then extended to Spin(8) in [PS96a], to Spin(10) in [PS96b,
Kaw96], and to Spin(11) in [Cho97a]. Spin(/N) gauge theories with multiple chiral fields in the
spinor representation was considered in [CSST97, Cho97b, BCKS97, Str98].

In a slightly different direction, the Kutasov duality was generalized to SU(/V) theories with
two adjoints and Ny flavors in [Bro96, Bro96] There, the superpotential ®F is considered as the
Ay singularity, and the two-adjoint models correspond to simple singularities of type D,, and
FEg75. More classic usage of simple singularities in 2d A'= (2, 2) models will be discussed in
Sec. 9.3 below.

S Behavior of Sp SQCD with N, flavors

You think you understood the behavior of SU(N) SQCD? Let us try to check if you really under-
stand, by considering other groups and other matters.”® The simplest generalization turns out to
be to consider Sp(/N).?’ The analysis was originally done in [IP95].

5.1 What is the group Sp(N)?

C has the absolute value function that satisfies |z||w| = |zw|. Writing z = a + bi and w = s + ti
for a,b, s, t € R, one finds the formula

(a® +b*)(s* + %) = (as — bt)* + (at + bs)*. (5.1.1)

This comes from regarding C as a two-dimensional real vector space and considering its product
as a function (a, b) o (s,t) = (as — bt, at + bs).
It is natural to wonder if it is possible to introduce a bilinear product on R" of the form

R">a,s =— aos=:zecR" (5.1.2)
such that

mr =Y clas; (5.1.3)

i3

28In Japanese physics community there is a term called ${#k 3 #&, which can be translated as copper-iron-ism. This
means that any finding concerning a metal needs to be re-examined for any other metal, such as copper and iron. Such
a secondary research might not be totally original, but in the process one might have a new discovery. At least one
learns the details and intricacies of the original research by one’s own hand. Here the author is trying to justify the
Sp-SO-ism in the study of gauge theory.

2The group is also often denoted as USp(2V). Unfortunately there are sometimes also papers which denote by
Sp(2N) what we denote by Sp(N).
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and to have a formula

Z a;’ + Z $;2 = Z(Z cgaisj)Q. (5.1.4)
i,J

k

A deep mathematical theorem says that it is possible only forn = 1,2, 4, 8. For a readable account,
see e.g. Part B of [EEH90].

The cases n = 1 and n = 2 are the familiar R and C. The n = 4 case is known as the quaternion
H and the n = 8 case is known as the octonion Q. The product

o:R"xR" - R" (5.1.5)

defined by cjcj loses commutativity for n = 4, and associativity for n = 8.
It is standard to use the basis 1, ¢, 7, k over R for H. The multiplications are

iZ =% =k = —1, ij =—ji=k (5.1.6)
and cyclic permutations.
A general element is
qg=a+bi+cj+ dk, a,b,c,d € R. (5.1.7)
The conjugate is defined as
Gg=a—bi—cj—dk (5.1.8)
and we define
g = g4 = a® + V> + & + > (5.1.9)

We can check |q¢'| = |q||d|.

Consider H", consisting of column vectors with n elements of H. This is a H-linear space,
where the scalar multiplication is from the right. A H-linear transformation is then the matrix
multiplication from the left

i — mlg;. (5.1.10)

This commutes with the scalar multiplication thanks to the associativity
m](gjc) = (mig;)c. (5.1.11)

Even this type of linearity fails over O since it is non-associative. This makes is hard to perform
linear algebra over (. Also, already for H, it is difficult to define the determinant of a matrix, due
to noncommutativity.

Now, R™, C™ and H" have a natural norm

o> = |, (5.1.12)
=1

R-, C-, H- linear transformations which preserve the norm are respectively called O(n), U(n),
Sp(n). Note that
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e For the first two, we can demand that the determinant is 1, which defines the subgroups
SO(n) and SU(n).

e When n = 1, they respectively become O(1) = Z,, U(1), Sp(1) = SU(2).

Another way to represent Sp(n) is as follows. H" = C?", and therefore Sp(n) C U(2n). An
element g € U(2n) is in Sp(n) when g commutes with the left multiplication by j on H" = C?".

This translates to the condition that g preserves J;;, 4,7 = 1,...,2n given by
0 -1 0 —1 0 —1
(0N (0 Dee () G113
nc?);ies

In particular, Sp(1) = SU(2).

5.2 Sp(N) with N, flavors

Consider /= 1 supersymmetric Sp(/V) gauge theory with chiral multiplets Q}, wherea = 1,...,2N.
To avoid Witten’s global anomaly, we need to have I = 1,...,2N;. The one-instanton factor is

n = A3SNFO=Ny (5.2.1)

Under the anomaly-free R-symmetry, R(Q) =1 — (N +1)/Ny.
The continuous conserved symmetries are the conserved R-symmetry U(1)g and the flavor
symmetry SU(2Ny). The basic gauge invariant chiral scalar operators are mesons

My = QIQ% )4 (5.2.2)

which is automatically antisymmetric under 7 <+ j. There are no independent baryon operator,
since the epsilon tensor can be written as a polynomial in J:

€ivigiany O Jivindizis +* Jinn_rion]s (5.2.3)

where J is the invariant antisymmetric tensor of the Sp group given in (5.1.13). This property
makes the structure of gauge invariant operators of an Sp gauge theory particularly simple, since
baryons can be decomposed as a polynomial of mesons.

When Ny > N +2: When Ny is close to the upper bound 3(/NV + 1), it is in the weakly-coupled
conformal phase. We analyze what happens when we lower [V, we need to invoke the duality:

The following two gauge theories are dual when (N + 1) + (N’ + 1) = Ny:

e an Sp(/V) gauge theory with 2N, chiral multiplets Q; in the fundamental representation,
and with zero superpotential W = 0.

e an Sp(N’) with 2N, chiral multiplets q’ in the fundamental representation, a set of
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gauge-singlet scalars M(;;), and with the superpotential W = q’q’ Mz

The operators match rather obviously. The matching of the R-charge of the operator M;; = Q4QY
fixes the relation (N +1)+(N'+1) = Ny. The anomaly polynomials then also match. Deforming
both sides by mM;_ox 1—1,j=2N;, We can check the consistency under the decoupling.

Exercise. Confirm these statements.

When N; = N +2: Decoupling N; — (N + 2) flavors, as before, we see that the superpotential
W o Pf M can be generated on the dual side by an instanton effect, where Pf denotes the Pfaffian:

PEM = "N My - (5.2.4)

o MI2Nf71[2Nf .

In terms of the variables of the original theory, this means that Sp(/N) with N + 2 flavors in the
infrared becomes almost free theories of mesons M(;; with the superpotential

PftM

W= B e (:23)

which has the correct R-charge and mass dimension.

When Ny = N + 1:  Decoupling another, one finds the constraint

PfM = ASN+D=(N+1) (5.2.6)

When N; < N: When Ny = N, we find
AB(N+1)—-N

which is produced by one instanton. Decoupling further, one finds

3(N+1)—N; 7 1/ (N+1-Ny)
W=(N+1—Ny) | ———— 5.2.8
(¥ 1 Np) [ 5:28)
and in the extreme Ny = 0, one just finds
W = (N + 1) (A3 (NV+D), (5.2.9)

Summary: Let us summarize the discussions so far in a big Table 2. As before, the column
‘unbroken’ shows the generic unbroken subgroup when M is given a vev, and the column ‘dual’
shows the dual gauge group, if available.
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Ny H unbroken \ dual \ behavior
3(N +1) — Sp(2N +1)
3N +2 — Sp(2N) superconformal
2N +2 - Sp(V) superconformal, selfdual

(3/2)(V + 1)

Sp((N + 1)/2)

superconformal

B/2)(N+1) -1

N +3

Sp((N+1)/2—-1)

IR free with W = qqM

IR free with W = qqM

N +2 — — W =PtM

N+1 — Pf M = A2VHD)
N = = ADS superpotential, computable

N-—-1 Sp(1) — ADS superpotential, 2 branches
1 Sp(N —1) — ADS superpotential, N branches
0 Sp(V) — N + 1 vacua

Table 2: Behavior of Sp SQCD.
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53 SU(2) ~ Sp(1) revisited

This has been totally un-surprising so far, but there is a small surprise when one recalls Sp(2) o~
Sp(1). Then, the same theory can be analyzed both as an SU(2) theory with N pairs %, Q¢ or an
Sp(1) theory with 2N chiral multiplets Q. The moral of this short section will be the following:

e Seiberg duality tells us that there can be two different Lagrangians which describe the same
theory in the infrared.

e In fact there can be more than two different Lagrangians which describe the same theory in
the infrared.

e This also suggests that there might be no Lagrangian theory that describe a given theory in
the infrared.

531 N;=0,1,2,3
When Ny = 0, it is just the pure theory. When N; = 1, there is only one meson M and

A671

W = 7 (5.3.1)

In these cases SU(2) and Sp(1) behave completely in the same way.

When Ny = 2, as an SU(2) theory, the gauge invariant variables are B, M ]’ and B. We have
1+2%+1 = 6 operators here. As an Sp(1) theory, they are combined into M(; ), having (4-3) /2 = 6
operators in total. The constraint can be written in two ways as

det M — BB = PfM = A572, (5.3.2)
The case Ny = 3 we get

_ detM — B;MiB? PfM

= T = 55 (53.3)

We already mentioned this in Sec. 4.4.2.

In the casesN; = 0, 1,2,3 we just studied, the results obtained either as SU(2) or as Sp(1)
agreed on the nose, without further ado. This is as it should be, since we were supposed to be
describing the system in the infrared using the variables adapted for the infrared. As we will see,
the situation will be different for N; = 4 and 5, where we have two dual theories with different
variables, which flow to a single theory in the infrared.

532 N;—4

Now consider the case N; = 4. As SU(2) with 4 flavors, the dual SU(4 — 2) = SU(2) theory has
the fundamentals ¢; , ¢* and the 4 x 4 singlets M ; with the superpotential

Wi = q:¢' M. (5.3.4)
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As Sp(1) with 4 flavors, the dual theory is again Sp(1), has fundamentals q” and a gauge-singlet
antisymmetric M7 ;; which has six (8 - 7) /2 = 28 components, with the superpotential

Wo = q'q’M. (5.3.5)

They are clearly different as Lagrangian theories. In particular, only SU(4)? x U(1) flavor sym-
metry is manifest in the former, while the full SU(8) flavor symmetry is manifest in the latter.
There are two important lessens to be learned here. One is that the flavor symmetry in the
infrared limit can be enhanced compared with the symmetry manifest in the ultraviolet definition.
In the example above, the Seiberg dual of SU(2) with Ny = 4 only had SU(4)* x U(1)p in the
ultraviolet Lagrangian, but this should enhance to SO(8) in the infrared, for the consistency of the
whole framework. The importance of this enhancement was first emphasized in [LS97], and this
type of symmetry enhancement is ubiquitous in the modern study of supersymmetric theories.
Another important point here is that we have found two distinct duals of a single theory. We
can produce more, in fact. In the SU(2) variables, we can rewrite the superpotential W, for the
Sp(1) dual as
Wy = ¢:G' M, + (qiq;) B + (¢'7) By (5.3.6)

Now, this theory has the structure
1. We have the SU(2) with four flavors ¢;, §'.
2. Add M ;f, Bl E[ij] and add the coupling
OW = q:q M} + (qiq;) B™ + (§'¢’) Byyj)- (5.3.7)
Now, let us dualize the first entry as SU(2) with four flavors. We get
1. We have the SU(2) with four flavors Q7, Q;, and 4 x 4 singlets M?, and the coupling
W = Q'Q,M/. (5.3.8)
2. Add M}, B, By;;; and the coupling
OW = MIM! + €;54(Q4Q") B + €7#(Q,.Q;) By (5.3.9)
Adding the superpotential, we can eliminate M ]’ and J\/[f , we obtain the third dual [CSST97]: it is
again SU(2) with four flavors Q’, Q;, and gauge singlets B], By, with the superpotential
W = e;(Q"QN B! 1 €9%(Q, Q,) By (5.3.10)

In the language of Sec. 4.5.3, we can say that this theory is obtained by flipping the baryon operators
Blil and By of the SU(2) theory with N; = 4 flavors.

----------

duals one can consider, the entire web of which is controlled by the Weyl group of E7, as shown
in [DG12]. We will come back to this story in Sec. 7.6.
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533 N;=5

We will end this section by briefly mentioning the case N; = 5. The dual as SU(2) is an SU(3)
gauge theory with five flavors in the fundamental 3 and the anti-fundamental 3, whereas the dual
as Sp(1) theory is an Sp(2) ~ Spin(5) gauge theory with five flavors in the fundamental 4. So the
two duals clearly have different Lagrangians.

6 Behavior of SO SQCD with N/ flavors

We have so far studied the behaviors of SU and Sp SQCD. Let us now consider SO(/N) SQCD
with Ny flavors ();, ¢ = 1,..., Ny in the vector representation. There are a lot of surprises in this
case.

6.1 SO(3) with one flavor

The simplest nontrivial example is SO(3) with N; = 1 flavor (). The Lagrangian of this system in
fact automatically has an enhanced N'= 2 supersymmetry. The study from this point of view was
first done in [SW94]. For a leisurely and somewhat modern review, readers are referred to Chapter
4 of the author’s N'= 2 review [Tac13]. Here we analyze the system from the A'= 1 point of view.
This analysis alone will require a few pages.

6.1.1 Setup

We normalize the gauge kinetic term as follows:

™ ™

/ 420 _;TUV try W,V = / dze_;;“ trg W, IV 6.1.1)

where W, on the left hand side are considered as 2 x 2 matrices for su(2) and W, on the right
hand side are 3 x 3 matrices for s0(3). This makes 7yy to have the periodicity Tyy ~ myy + 1 on
the flat R%.

Let us give a vev to ). This breaks SO(3) to SO(2), and therefore the low energy theory con-
tains a massless Abelian gauge field WW,,. It also has massive W-bosons and the 't Hooft-Polyakov
monopoles.

The coupling of the low-energy Abelian gauge field depends on the vev of (). The gauge-
independent combination of the vev is u := @ - ). The low-energy Lagrangian would have the
form

x /dQHTU(l)(u)WaWO‘ + cc. (6.1.2)

We would like to determine 71y (u) as a locally holomorphic function of .
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6.1.2 Normalization of electric and magnetic U(1) charges

For this end, we need to discuss the normalization of the low-energy U(1) field. Recall that the
Maxwell theory has an SL(2, Z) duality symmetry acting on the electric charge and the magnetic
charge (A, \n) € Z x Z of particles.”’ Here we normalize the charges so that massive W-bosons
have (A, An) = (£2,0) and 't Hooft-Polyakov monopoles have (A, A,,) = (0, £2). This is the
convention we used in Sec. 1.3.3 of this note. A nice feature of this choice for our purpose is that
the charges of the dynamical particles are always even.

If the gauge group is SU(2), we can introduce an external electric source in the fundamental
representation of SU(2), which has (A, \,;,) = (1,0). If the gauge group is SO(3), we can instead
introduce an external magnetic source whose charge is half that of a "t Hooft-Polyakov monopole,
again as discussed in Sec. 1.3.3. This magnetic source has (A, \,;,) = (0, 1). Note that one cannot
introduce a static electric source of charge 1 and a static magnetic source of charge 1 at the same
time, since the pair violates the Dirac quantization condition.

We normalize 7y q) so that the change 7y(1) — Tu(1)+1 induces the Witten effect Ae — Ao+ Ay.
It is known that a 't Hooft-Polyakov monopole of charge (A., A,,) = (0,2) becomes a dyon of
charge (Ae, Am) = (2,2) under 7yy — Tyv+ 1. Therefore we should have 71y = Tyy classically.”’

Now that we fixed the normalization, we can compute 7y(1)(u) when |u| is large. The gauge
coupling runs logarithmically from the ultraviolet to the scale set by the vev u, at which SO(3)
is Higgsed to U(1). At that scale, the charged fields all become massive, and the coupling stays
constant below that. With this consideration, we find

1 u?

7'U(l)(u) = o log N + - (6.1.3)

where A* is the one-instanton factor.

Exercise. Check this logarithmic running.

When |u| is small enough, the system is strongly coupled. The leading term of (6.1.3) would
have negative imaginary part. If this were the sole term determining 7i1)(u), this would mean that
9%(1) is negative. This is strange, and something needs to happen there. We are going to invoke
the Abelian duality.

6.1.3 The duality group I'(2) C SL(2,7Z)

Our infrared Abelian theory is embedded in a bigger SO(3) theory. In our normalization, odd
charges can only come from external sources, and all dynamical excitations have even electric and
magnetic charges (A, \,;,). Therefore, the action of the dynamical duality transformation fixes

30For a brief and leisurely introduction for this important duality symmetry, see e.g. Chapter 1 of [Tac13].

31This is different from the normalization used in Chapter 4 of the author’s A'= 2 review [Tac13], where the con-
vention Tg‘ff) = 27yy was used instead. Our choice here leads to the form of the Seiberg-Witten curve originally found
in [SW94], which the author stupidly wrote to be ‘not very well motivated’ in [Tac13]. But as we will see below it is
well motivated and useful.

68



Figure 9: The quotient of a torus 2 ~ 2 + 1 ~ 2 + 7 by 2 — —z is a sphere with four branch
points.

(Ae, Amp) modulo 2. In other words, we can restrict the duality transformation of the Abelian theory
from the full SL(2, Z) to the subgroup

1(2) = {(i Z) € SL(2,Z) | (Z Z) = (é (1)) (mod 2)}. (6.1.4)

I'(2) is the kernel of the natural projection from SL(2, Z) to SL(2,Z5) = Ss.

The coupling 7 modulo the action of I'(2) has a nice geometrical representation. Take a torus
T? obtained by identifying z ~ z + 1 ~ z + 7 of the complex plane. The group SL(2,Z) is the
group of the change of the basis of the torus. The subgroup I'(2) is the group that fixes the four
points P, (), R and S on the torus invariant under z — —z. Now, take the quotient of the torus
T? by 2z — —2z. There are four points fixed by this action of z — —z, namely at z = (n + m7)/2
with n,m = 0, 1. We call them P, (), R and S; we choose to put P at z = 0.

This makes the torus a double cover of a sphere, whose coordinate we call z, together with four
branch points P, (), R and S. Without loss of generality we canput Patx =0, Q atxz = 1, R at
x = oo on the sphere. Then the position z = A of S is the only remaining freedom. The original
torus is given by the double cover

y' =x(x —1)(z — ). (6.1.5)

See Fig. 9 for an illustration.

The action of SL(2, Z) keeps P fixed, and permutes (), R and S. This realizes the homomor-
phism SL(2,Z) — SL(2,Zy) = Ss. Therefore I'(2) is the subgroup of SL(2, Z) which fixes P, @,
R and S pointwise. From the construction we see that

A <25 7 up to the action of ['(2). (6.1.6)

In other words, the information of 7 which is invariant under the duality group I'(2) is contained
in the parameter .
When the coupling is very weak, an explicit computation shows that

A\~ e, (6.1.7)

69



When A is very small, one can redefine the coordinate on the sphere as ' = 1/x. Then the torus
becomes

y? = (2 — 1) (2’ —1/)\). (6.1.8)
Note that this change of variables is not in I'(2) and in fact corresponds to the S transformation
0 1
S = 1 0)E€ SL(2,7Z). (6.1.9)
Correspondingly, we have
Ao TS, (6.1.10)

Similarly, when A — 1, we can change the coordinate system, and we have another dual coupling
TST-

We see that our aim is to fix 7(u) up to I'(2), or equivalently to fix A(u), as a meromorphic
function. The leading behavior is

, U
M) ~ ™~ 13 (6.1.11)

which is just a funny way of expressing the one-loop running. The full solution would be given by
adding correction terms.

6.1.4 Mass deformation

We need another step before we complete the analysis. Consider the anomalous U(1) symmetry
rotating ) — ¢*?(Q. This shifts § by 4¢. Equivalently the instanton factor = A* has charge 4.
Then the Z, subgroup remains a conserved symmetry. There is also a corresponding anomalous
conservation law, the Konishi anomaly, which we already studied in Sec. 3.3:

_ 1
D?>QTQ =4
Q'Q T

2

tro WIW. (6.1.12)

Now, let us add the mass term mQ? to the original chiral multiplet (). The Konishi anomaly
equation is modified by the presence of the explicit U(1), breaking term, and becomes

D2QTQ =4 tr WW 4 2mQ?>. (6.1.13)
1672
Taking the vev on a supersymmetric vacuum, we find
1 1
t = —-m(Q?). 1.14

We can analyze the effect of this mass term for () in another way. When we integrate out ()
first, we find the pure N'=1 SO(3) theory. We learned in Sec. 2.3 that this theory has two possible
values +A3 . of the gaugino condensate (A)\). We also have the matching A}, = mA?. This
matching condition can be derived as in Sec. 4.4.3, where we studied the relation between the
dynamical scales before and after decoupling a fundamental flavor.

Combining with (6.1.14), we find an important constraint. Namely, only two points (u) oc £A?
survives the deformation of the theory by the mass term m@Q(). We have not been careful about

the normalizations of u and A?; we here demand that the normalizations are such that (u) = +A2.
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6.1.5 The Seiberg-Witten curve

After these preparations, we can finally determine the full form of A\(u). As long as A(u) is neither
0, 1 nor oo, we just have an Abelian gauge multiplet and that is it. Let us now add the mass term
m@? to the system. This is a term mu in the infrared description. This is linear in u, and therefore,
generic choices of u do not survive as supersymmetric vacua.

The only values of u which survive are where A(u) is either 0, 1, or co. Let us say A(u) = 0 at
U = Uy. Write A(u) = c(u — u,) + - - -. From (6.1.10), we see that

1
Ts(u) = +— log c(u — wy). (6.1.15)

This is an infrared free logarithmic running of the Abelian coupling, which can be reproduced
assuming that there is a charged particle of mass proportional to |u — u,|. Since this is the dual
coupling, this particle is a monopole. The charge can be fixed by carefully following the conven-
tions; we find that this is due to a charge-2 monopole. Let us denote by ¢ these monopole chiral
multiplets. Then we have the superpotential

W~ (u— uy)qyq-. (6.1.16)
Let us add mQ () = mu again. The total superpotential is
W~ mu+ (u— uy)qyq-. (6.1.17)

Taking the variations, one find that ¢+ gets a vev and u = wu,. Since the magnetic particles con-
dense, this is the dual Higgs mechanism and the original electric charge is confined. From the
Konishi equation (6.1.14) we see

(AN) >~ mu,. (6.1.18)

The same analysis can be carried out when A\(u) = 1 or A(u) = oo at u = u,. In each case, we
find that a dyon of charge 2 or a electric particle of charge 2 has a mass proportional to |u — ..
Adding m@Q? to the superpotential, there is either the oblique confinement or the Higgs mechanism,
and the relation (6.1.18) holds.

Therefore, only points where A(u) = 0, 1 or oo survive the mass deformation. We already know
from a different analysis in Sec. 6.1.4 that only two points u oc +A? survive the mass deformation.
This implies that there are exactly two finite values u = +A? such that A\(u) = 0, 1 or cc.

We also know from (6.1.11) that A(u) is linear in u/A? when |u| is large. Now we have sufficient
information to fix A(u): it has the form

U 1
=— 4= d.1
A(u) A2 + 5 (6.1.19)
with the torus given by
9 u 1

y —x(x—l)(ﬁ—w—ﬁ). (6.1.20)

By a slight change of the variables we can also write
7 = (2% = AY(@ —u). (6.1.21)
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This is called the Seiberg-Witten curve of the system.

Note that, during the derivation, we did not use AN'=2 supersymmetry which this system se-
cretly has. In general, for any N'= 1 theory which has Abelian gauge fields on the generic points of
the supersymmetric moduli space, finding the Seiberg-Witten curve would be a major step in the
analysis of the theory. We will see below in Sec. 6.4.3 that the SO(/V) theory with Ny = N — 2
flavors has a similar Seiberg-Witten curve.

The A= 1 Seiberg-Witten curves have not been studied very extensively. Here we provide an
almost complete list of references up to 2010 [Kap97, KTY97, GPR97, CEFS97, Gre98, LPT98,
GP98, dBHOO98, BAIMMQ98, CS98, Hai03a, Hai03b].

6.2 Seiberg duality for SO SQCD

Consider an SO(N) gauge theory with N; chiral fields Q' in the vector representation, where
a=1,...,Nand i =1,..., Ny. The theory is asymptotically free when N; < 3(N — 2). The
one-instanton factor is

n = A3SN=2=Ny (6.2.1)

We have an anomaly-free U(1) R-symmetry, together with the flavor symmetry SU (V) acting on
the index 7 of the chiral multiplets Q°.
We have the SO version of the Seiberg duality:

The following two gauge theories are dual when (N — 2) + (N’ — 2) = Ny:

e an SO(N) gauge theory with N; chiral multiplets ) in the vector representation, and
with zero superpotential ' = 0.

e an SO(NV) with N chiral multiplets g; in the vector representation, a set of gauge-singlet
scalars M (), and with the superpotential W = g;q; M 7).

Let us perform some checks of the duality. We identify the gauge-invariant operator M* =
Q') of the original theory and the gauge-singlet chiral field M/ of the dual theory. Both transform
in the two-index symmetric tensor of the SU (V) flavor symmetry.

The R-charge of () and ¢ can be easily found to be R(Q)) =1 — (N —2)/Nyand R(q) =1 —
(N’ —2)/Ny, respectively, from the anomaly-free condition. We require that 2R(q) + R(M) = 2,
which leads to the important condition (N —2)+ ([N’ —2) = N;. We can then check the agreement
of the anomaly polynomials of the original theory and of the dual theory.

Exercise. Carry this out.

Let us next try to match the baryonic operators on both sides. The standard baryonic operators
on both sides are:

N .__ _aiaz-a A 7

eENQ = eMETINQU QN (6.2.2)
N’ .— al an’

EN'q — €a1a2--~aN/qZ'1 o qiN, . (623)

72



Their quantum numbers do not match. What saves the day is the existence of another pair of
operators

enWoWoQN ™ i= e VW, 0, JWik, QUL - - QN (6.2.4)
en W WY ™ = €qyayay, W2 W% O‘q“ ~~-ijfvv,’74. (6.2.5)

where the reader should recall that the gauge multiplets IV, are in the adjoint, i.e. the two-index
antisymmetric representation of SO. Now we see that the quantum numbers do match under the

mapping
enQN —— en W WGV 4, (6.2.6)
en W WoQN ™ — envg, (6.2.7)

once one uses the epsilon symbols for the SU(N) flavor symmetry.

6.3 Aside: generalized Konishi anomaly

But this begs the question: why did not we have to consider such chiral scalar operators involving
W,Wein SU(N) and Sp(N') SQCD, to match the spectrum of the chiral operators on both sides?
After all, we should have listed all gauge-invariant scalar chiral operators, without restricting that
they are composed of scalar chiral operators alone.*” For example, what happens to

en(W W Q)QN 1 i= e av (T,

Qaq

W QRMQ?2 --- Q!N (6.3.1)

anN

in the SU(N) SQCD?
The simplest case to consider is tr W, W itself. For this, we already know the answer. As we
saw in Sec. 3.3, the Konishi anomaly, the anomalous transformation law under Q — €*°(), says

— 1
D*(Q'Q) = Q—Q + 20(R) 75— tr WV, (6.3.2)
Therefore, tr W, W is essentially Q2% in supersymmetric vacua, and does not have to be treated

independently.

This relation can be generalized even further [CDSWO02], by considering the infinitesimal vari-
ation 6Q* = ef(Q)“ for an arbitrary holomorphic function f(Q). Let us say that () is in the repre-
sentation R of the gauge group GG, and we regard the partial derivative 0 f((Q))/0Q also as a matrix
acting on the representation space of R:

0f(Q)

5f(Q)" = ( )20Q". (6.3.3)

Then the corresponding equation is

ow 1 «91(Q)
%)a + (W W 8@

32The content of this section is based on an unpublished discussion with Futoshi Yagi in 2007, following the joint
paper [KOTY06] with Ookouchi, Kawano and the lecturer and [KY07] by Kawano and Yagi.

D*Q".f(Q)" = f(Q)( —30 ) (6.3.4)
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This relation allows us to eliminate € NW WeQ)QN! in SU(N) SQCD by considering the
variation for () given by

5@;1 _ Q?Q?EGGZ%WGNQZ .. ZJX; (6.3.5)

Note that the transformation on @ is used to eliminate an operator which does not contain Q

Similarly, we can eliminate the operator ey W, WeQN~* in an Spin(V) theory with Q in the
vector representation, if there is a chiral field W in the chiral spinor representation. Indeed, we can
consider the variation

50 =N, (6.3.6)
where () = (Q,7*. The corresponding generalized Konishi identity has the form
p g8 y
DQ\I]TqJ ~ tTchiral spinor @N_4FabW$)FCdch7a ~ ENWOcWaQN_4' (637)

This resolves a puzzle mentioned in the footnote 1 of [KY 10], which is about the case N = 10.
This fact for N = 8 was already noticed in [PS96a] using more indirect means, see the discussions
around (1.5) there.

6.4 SO(N) with N/ flavors
6.4.1 When Ny > N

Let us now study the infrared behavior of the SO SQCD with various number of flavors N¢. Close
to the maximum Ny ~ 3(NN — 2), the theory is in the weakly-coupled conformal phase. As before,
let us consider lowering N, gradually. The system becomes more and more strongly coupled,
and eventually the gauge-invariant operator (Q°()’ his the unitarity bound, and the dual description
becomes infrared free. Nothing of note happens up to and including Ny = N, for which the dual
is SO(N' = 4), with the superpotential

W = qiq;M" 6.4.1)
as always.

642 When Ny =N —1

Decoupling one flavor, we get to Ny = N — 1 for which we have N’ = 3. It is straightforward to
see that a new term can be generated by the one-instanton configuration in the broken gauge group
on the dual side much as in Sec. 4.4.2, and we get

W = qiq; M7 + A*20V=D det M, (6.4.2)

where A is the instanton factor of the dual theory.
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6.4.3 When Ny = N —2

We now add the term 6W = mMY~5¥=1 10 decouple one more flavor. Close to the origin of
M, we see that it gives a vev to qy_1, breaking SO(3) to SO(2). The remaining superpotential
is W = q;q; M where the indices i, j now run over 1,..., N — 2. Note that ¢; here are in the
two-dimensional representation of SO(2), in addition to being in the fundamental of the SU (V)
flavor symmetry. As field charged under U(1), it can be written as™

W = gfq; MY, (6.4.3)

There is another region where something happens. To see this, we imitate our analysis of SO(3)
with one flavor, which was already given in detail in Sec. 6.1. Note that for the rest of the analysis
of Ny = N — 2, we directly work in the original description.

The one-instanton factor is**

n= ABIN=2)=(N=2) _ A2(N-2) (6.4.4)

The field () is neutral under the anomaly-free R-charge. We can instead consider the U(1) flavor
symmetry acting on (). This is anomalous due to the U(1)-SO(NN)? anomaly, and the unbroken
subgroup is Zy(n_2).

Giving generic vevs to M, we get an SO(2) gauge field in the infrared. We need to determine
its coupling as a function of M*. The flavor symmetry says that the coupling can only depend on
U = det M, on which the unbroken Zyy_o) acts trivially.

Just as in the case of SO(3) with Ny = 1, we know that the dynamical duality group is I'(2) C
SL(2,7Z), and the coupling can be usefully represented in terms of A(U), or equivalently in terms
of the equation of the torus. We can in fact give big vevs to ()2, n_1, then the Higgsed theory is
SO(3) with Ny = 1. Using this, we can find the large U behavior of A\(U) to be

U

(6.4.5)
We already know from the decoupling argument from N; = N — 1 that at U = 0 we have
N — 2 pairs of fields qz?t of charge 1, making the coupling at U = 0 to go to zero. Therefore,
AU =0)=0.

We have not been careful about the normalization of U; here we choose it so that we exactly
have

U
In other words, the Seiberg-Witten curve is given by
y? = x(x — 1) (z — U/A*N=2), (6.4.7)

3There can be a complicated instanton correction f(det M /A% =2)) multiplying the whole expression, with
£(0) # 0. We neglect these issues below.

34Note that this is valid only for N > 4. For N = 3, the one-instanton factor is A*. This is due to the fact that
the one-instanton configuration of SO(3) embedded into SO(4) in the standard manner has instanton number 2. We
encountered the same issue before in Sec. 1.3.5.
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We already discussed the physics when U — oo and U — 0. There is another singular locus
where U = A2(N=2)_ The fact that A\ — 1 there means that there is a light dyon E., with the

superpotential term
W~ (det M — N*N2)E E_. (6.4.8)

6.44 When N; = N —3

Now we add 6W = mQY2QN~2 = mMY~2N=2 and decouple one flavor. This term forces the
vacua to be either on det M = 0 or det M = A2 ™=2)_ In the former branch, ¢3;_, condenses,
while ¢; and M withi,j = 1,..., N — 3 remain massless, with the superpotential

W ~ qiq; M". (6.4.9)
This g; is naturally identified with the operator on the dual side as follows:
G = en;=N—3eN W W QN (6.4.10)

In the latter branch, £+ condenses. We find that we have the Affleck-Dine-Seiberg superpotential

A3(N—2)—(N-3)

~—— 6.4.11
W det M ( )

645 When N; =N —4

Let us add 6W = mQN3QVN =2 = mM~Y~3N=3 and decouple another flavor. From the former
branch, we just condense qn_3 = i\/ﬁ, eliminating M “N=3 and the rest of ¢;. We obtain two
branches of vacua, parameterized by M%¥ with i,5 = 1,..., N — 4, with zero superpotential
W =0.

From the latter branch, we get a behavior familiar from the analysis of SU(/N) and Sp(N): we
just get the ADS superpotential

AB(N=2)—(N—4)71/2
—] ; (6.4.12)

W=+
[ det M

which again has two branches.

In the end we found four branches. They can also be understood as follows: giving a generic
vev to ), SO(N) is broken to pure SO(4) ~ SU(2); x SU(2), gauge theory, and the one-instanton
factor of both is A’ = A3WN=2=(N=4) /det M. Each of SU(2) can have W = ¢ 5A’® where
€12 = £1, with the total superpotential

A3(N=2)—(N—4) 1/2
—} (6.4.13)

W = (61 + 62)Al3 = (61 + 62) |: det M

Therefore, we find two branches with zero superpotential, and two branches with non-zero ADS
superpotential.

76



6.4.6 When N; < N —4

Let us add 6W = mQN Q"N ~* = mMY~*N~4 and decouple another flavor. The branch with
W = 0 is eliminated, while from the branch with W # 0 we get the standard ADS superpotential

AB(N=2)—(N—5) 1/3
—} ; (6.4.14)

W =3
[ det M

with three branches.
From this point on, the structure regularize, and we just have the ADS superpotential

AB(N=2)—N; I/ (N=Ny=2)
—} (6.4.15)

W:(N—Nf—Q)[ "

up to and including Ny = 1. When Ny = 0 we have the pure SO(/N) Yang-Mills.

6.4.7 Summary

Let us summarize the behavior of SO QCD with N, flavors in a big Table 3. As always, the
column ‘unbroken’ shows the generic unbroken subgroup when M is given a vev, and the column
‘dual’ gives the dual gauge group, when available. A comparison of the SO table with the SU
version, Table 1, and the Sp version, Table 2, shows that the behavior here is significantly more
complicated. Furthermore, we see here that the unbroken gauge group and the dual gauge group
can both be nontrivial when Ny = N — 2, in contrast to the SU and Sp cases. In this particular
case of Ny = N — 2, the unbroken SO(2) and the dual SO(2) are electromagnetic dual to each
other. In this sense, the Seiberg duality is a generalization of the standard electromagnetic duality
of Maxwell theory.

6.5 Spin(N), SO(N)+ and SO(N)_

So far in this section we did not distinguish the three possible choices of the gauge group, Spin(V),
SO(N)y and SO(N)_, which we reviewed in Sec. 1.3.5. In this last part we see how they are
mapped under the Seiberg duality [AST13].

For this, it is useful to start by considering pure so(4) theory with the common coupling
AS = AS =: A®. The representation of s0(4) = su(2) x su(2) can be classified by Zy x Z,. To
compare with the SO(N) theory with matters in the vector representation, we consider a rougher
classification of so(4) representations, by considering Z, X Z, modulo the vector representation
of so(4), which corresponds to (1,1) € Zy x Z,. We also use a similar classification scheme for
magnetic charges.

The Spin(4) theory has the spinor Wilson line operator, SO(4), theory has the 't Hooft line
operator, and the SO(4)_ theory has the dyonic line operator. We have four vacua, distinguished
by the superpotential

W = (e + €)A® (6.5.1)
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Ny H unbroken \ dual \ behavior
3(N —2) — SO(2N —2)
3N -7 — SO(2N — 3) | superconformal
2N —4 — SO(N) superconformal, selfdual
$(N —5) — SO(¥-%) | superconformal
S(N-5)-1 — SO(#5~ — 1) | IR free with W = gqM
N — SO(4) IR free with W = qqM
N -1 SO(1) SO(3) IR free with W = qqM + det M
N -2 SO(2) SO(2) Coulomb phase, y* = z(z — A2N=2)(z — U)
N-3 SO(3) SO(1) one branch with W' = ¢qM, another with ADS
N -4 SO(4) — two branches with W = 0, two more with ADS
N-5 SO(5) — ADS with three branches
N—-6 SO(6) — ADS with four branches
1 SO(N —1) — ADS superpotential, N — 3 branches
0 SO(N) — N — 2 vacua

Table 3: Behavior of SO SQCD.
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where €, 5 = +1. For each su(2); factor, there is a monopole condensation if ¢, = +1 and a dyon
condensation if ¢, = —1. In terms of our rougher classification of charges as described above,
monopoles of s0(/V) condense in the vacua where €; = €5, whereas dyons of s0(/V) condense in
the vacua where W = (. Therefore, in the vacua where W = 0, the ’t Hooft line has the perimeter
law but the dyonic line is confined. Meanwhile, in the vacua where W = 0, the ’t Hooft line has
the area law while the dyonic line is unconfined. The spinor Wilson line is always confined.
Now, consider so(/N) with N flavors (), whose dual is so(/N’) with N flavors ¢ where N’ =
Ny — N — 4, together with mesons M. Give a large vev to M. On the original side, we have
completely Higgsed vacua. Therefore, the three types of line operators have the following behavior:

Wilson | ’t Hooft ‘ dyonic
perimeter\ area \ area

(6.5.2)

On the dual side, the vev to M gives masses to N out of Ny of g, breaking so(N') to so(4).
The branch with €; + €5 # 0 has a runaway superpotential, and the supersymmetric vacua come
from the branch with ¢; 4+ ¢ = 0. Therefore,

Wilson | 't Hooft‘ dyonic
area \ area \perimeter'

(6.5.3)

Comparing the behavior of the line operators on the original side and on the dual side, we see that
the spinor Wilson line operator of the original theory is mapped to the dyonic line operator of the
dual theory. This means that we have

Spin(N) +» SO(N')_ (6.5.4)
under the Seiberg duality, and then by exhaustion, we see that

SO(N)4 » SO(N'),. (6.5.5)

7 Supersymmetric index on S x S!

Let us perform more detailed checks of Seiberg duality, by considering the supersymmetric index
of the system on S%.*° The idea is analogous to the analysis performed for the pure super Yang-
Mills in Sec. 2.4 on T°, but the analysis of SQCD on 77 is afflicted with many technical pitfalls
due to various zero modes, and has not been successfully carried out. In contrast, the system on
53 is better behaved and is easier to analyze. This analysis was originally done in two papers by
Romelsberger [ROm0S, RomO07].

3This quantity is often called the superconformal index and abbreviated as SCI in the literature. However, only
the existence of a conserved U(1)z symmetry is necessary in the construction, and therefore we prefer not to use this
terminology.
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7.1 Supersymmetry on S° x R

We first need to study the supersymmetry on S® x R, and S x S!. Since this spacetime is curved,
we cannot just use the flat-space result. The full systematic treatment was performed in [FS11].
We will just sketch the argument.

The bosonic part of the symmetry algebra on S® x R; consists of J;, J¢ for the SO(4) =~
SU(2), x SU(2), acting on S3, together with a time translation, which we temporarily denote by
P. Let us further assume that we have a supercharge ), and its complex conjugate Q°. We take
the convention that they are doublets under SU(2), but are neutral under SU(2),.. A consistent set
of commutation relations is

{Qa,Q°} =20°P P + %agﬂJ;‘, {Qa,Qs} =0, {Q~,Q°} =0, (7.1.1)
[P> Qa] = %Qom [Pa QB] = _%QB' (712)

Here we took J to be dimensionless, P to have dimension 1, () to have dimension 1/2, and intro-
duced a parameter p with dimension —1 proportional to the radius of S3. The symmetry algebra
is now SU(2[1), x SU(2),..

The relations (7.1.2) mean that the supercharge rotates under the time translation. Therefore, if
we compactify the time direction as ¢ ~ ¢ 4 3 with generic (3 to consider the partition function, no
supersymmetry will be preserved. To have a supersymmetric partition function, we assume that
we have an additional U(1) g-symmetry generator R such that

[R,Qa]l = —Qu,  [R,Q°]=+Q° (7.1.3)
and use ]
H=P+;R (7.1.4)

as the Hamiltonian of the system, so that the supercharges are preserved by H.
We can now consider the supersymmetric partition function

Zgswst (B, fry pi) = tr(—l)Fe_ﬁHﬂ‘”JngE‘”‘]" (7.1.5)

where 1, is the chemical potential for the SU(2), spatial rotation and y; are the chemical poten-
tials for the other global symmetry generators .J;. These chemical potentials are often called the
fugacities in the literature. By the standard argument using the commutation relation (7.1.1), the
only states contributing to this partition function are those with P = (2/p).J3. In the following we
set p = 1 for brevity.

We can write Lagrangians with the symmetries discussed above, and use them to perform
supersymmetric localization. The A= 4 supersymmetric case was carried out in detail in [Naw11].
In this lecture note we just have to assume that there are such Lagrangians. The computation itself
can be done without actually using the Lagrangian, since the partition function is a generalized
version of the Witten index and does not depend on the details of the theory.
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7.2 Indices of chiral multiplets

Let us compute the S® index of a chiral multiplet ® of R-charge R. This multiplet contains a
complex scalar ¢ and a Weyl fermion v of R-charge ? and R — 1, respectively. We need to find
their Hilbert space on S3. This can be done entirely analogously to the analysis of free fields on
R3, which everybody should have learned in their first textbook on quantum field theory. There,
one expands the fields by the Fourier modes, convert them to quantum operators, and then build
the Fock space.

On S3, the starting point is to find the eigenmodes of ¢ and ¢) on S3. This can be done by
studying the theory of scalar and spinor spherical harmonics on general-dimensional spheres. Es-
sentially equivalently, the result can be found by using the theory of induced representations.*® In
the end, we find that, under SU(2), x SU(2),., the one-particle Hilbert spaces of ¢ and v and their
complex conjugates have the following decompositions under SU(2), x SU(2),:

6,0 V;@Vi, Vi@ Vs, i Viap oV, (7.2.1)

where V; is the spin-j representation of SU(2) and j runs over 0,1/2,1, .. ..

We now want to organize them into representations of the supersymmetry SU(2|1), x SU(2),.
This can be easily done by noticing that two SU(2), representations V; and V;_; , form an irre-
ducible representation of SU(2|1),. Here the P eigenvalues on two subspaces V; and V;_; /, are 2j
and 25 + 1, respectively. The quantum numbers are given as follows:

P 8U@2), SU@2), UM)r P SU(2), SU2), U()r
o:| 2j V; Vi R |¢:|2j+2 V V; —R (7.2.2)
|27 +1 Vi V; R—1|yM:|2j+1 Visi1/2 Vi —R+1

where two representations of SU(2), forming a representation of SU(2|1), are shaded. Before
proceeding, we note that from the table above we see P = Dyy — (3/2) Ryy, where Dyy and Ryy
are the scaling dimension and the R-charge in the ultraviolet.

Inside the supersymmetric index, within a supermultiplet V; & V;_; /2, only the top component
of V; survives. This means that the only one-particle states contributing to the index are those

3Briefly, it goes as follows. Given a group G, its subgroup H, and a representation p of H, we can consider
the space G/H and a vector bundle on G/H such that each fiber at a point on p € G/H transforms as p under
the symmetry H preserving p. The space of sections of this vector bundle forms a representation of G' denoted by
Indg p, called the representation of G induced from p of H. The reverse procedure would be more familiar: take a
representation p’ of G, and regard it as a representation of H. This is known as the restriction of a representation and
is denoted by Res%; p/.

These two constructions are adjoint of each other, in the sense that (p/, Ind% p) = (Res% p/, p) where the paren-
thesis denotes the standard inner product of the characters of two representations. This in particular implies that the
number of times that an irreducible representation p’ of G appears in Indg p for an irreducible representation p of
H is equal to the number of times the irreducible representation p appears in the decomposition of the irreducible
representation p’ of G under H.

The case we need is G = SU(2) x SU(2), H = SU(2)giagonal 50 that G/H = S3. The scalar wavefunction is when
p is trivial and the spinor wavefunction is when p is the doublet of SU(2).
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depicted in the following schematic diagram:

\3

(7.2.3)

@)
o

//mo
¢: o) wT
\n?

o
N
o

(@)
Vi,=o Vi=1/2 Vi=1 Vi.=o Vi=1/2 V=1

tensored with the top component of the supermultiplet for SU(2|1),. Here, the horizontal axis
labels the subscript of V; for the SU(2), representation and the vertical axis is for the weights
under SU(2),; It is customary to label the states contained by two integers m,n =0, 1,. . ..

We then need to build up the Fock space from these one-particle states. Assigning the U(1)
charge +1 to the entire multiplet, the supersymmetric partition function is then?’

Zchiral - | |

m,n>0

1— tm+n—R+2ym—n/z

ST (7.2.4)

where we introduced ¢ := e~ #/7, Yy i=elr, z = elv),
Somewhat surprisingly, this is exactly what the mathematicians call the elliptic gamma func-
tion, defined as an infinite product of the form

1_ Z—l m—+1,n+1

p q
Fpa(2) = ][ —— T (7.2.5)
Using this, we simply have
Zchiral = 1—‘ty,z‘,/y(tRZ)- (726)

It is instructive to expand this to the first few orders, by taking the standard value R = 2/3:
Zchiral =1+ t22/3 + (22 - Z_l)t4/3 + (y + y_l)Zts/g + - (727)

The first few terms come from the vacuum, the constant mode of ¢, the square of the constant mode
of ¢, the lowest mode of W, and then the second mode of ¢, and so on.

7.3 Indices of gauge theories

Let us now move on to the index of gauge theories. For brevity we only consider the gauge group
U(N) and SU(N). The index contribution from the vector multiplets can be worked out as in the
case of the chiral multiplets. A vector multiplet contains a vector field A and the gaugino A. We
then also need to include the contributions from the ghosts used in gauge fixing. Now, the constant

3Here and in the following we neglect a possibly-nontrivial vacuum energy, called the supersymmetric Casimir
energy. It needs to be taken in account in a more proper analysis.
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mode of the gauge field A needs to be treated with care. This mode corresponds to the holonomy
of A around S! of S3 x S'. We call the coordinate around S* as the Euclidean time and denote by
t. We can take a gauge in which A" = diag(A®, AL, ..., A%;) and keep it time-independent. In the
end we need to integrate over A’, projecting the spectrum to the gauge-invariant states, but for the
moment we keep them to a fixed value.

Then the contribution from the U(/V) vector multiplet to the index can be computed to be

Zvecror 1= tr(—1)F e PH=B La AudectinJ? (7.3.1)
N 00 ! 4 _
_ H H 1_tm nym nza/zb (732)
o b mar=0 1— tm+n+2ym—n2a/zb .

where .J, is the gauge charge at the a-th diagonal entry, and we defined z, := e ~#4¢. The prime
" on the product symbol [] is to remind ourselves that the factors in the numerator of the a = b,
m = n = (0 terms need to be omitted in the last expression. The omitted modes come from the
constant modes and need to be integrated later.

Using the elliptic gamma function, we write the expression above as

1 1
Z) = . (733)
t ng,t/y(l)N asth Liytry(2a/2)

We clearly see the contributions from the diagonal components and the off-diagonal components
of gauge fields. For SU(N), we have

1 1
Zpoth) — . (73.4)
t F;y t/y(l)N_1 g Ftyyt/y(za/zb)

where we removed one contribution from the diagonal component and zy needs to be eliminated
via the relation z1z9 - - - 2y = 1.

To compute the index of a gauge theory, we need to extract the gauge-invariant part of the
combined contributions from the vector multiplet and the chiral multiplets. For this purpose, we

use the relation y
7{ SIS . (7.3.5)

2miz

The final result is that

dza
ZSU( N) gauge theory — N' H% 27_”2 Vector H chiral* (736)

Note that the Vandermonde factor is already included in the m = n = 0 term of the numerator of
(7.3.2), and that the factor 1/N! in front takes into account the remaining Weyl symmetry.
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7.4 Case study: SU(N) with N, flavors

Let us now write down the index of SU(N) theory with N flavors Q, ). Recall that the R-charge
of Q and Q is 1 — N/N;. There is an SU(N;) x SU(N;) symmetry acting on Q and Q. We
introduce the corresponding fugacities

(,U/l)"'a,uNf)a (ﬁlw“aﬁNf)? (741)

with [ pt; = [] fis = 1. We also have U(1) baryonic symmetry under which @ has charge 1 and Q
has charge —1. We introduce the fugacity v for it. Finally, we use (21, ...,2y) wWith z; -+ 2y = 1
for the fugacity of SU(V) gauge group. Then the index is

dz, 1
Z
SU@LNy = N H %27”2 ()N IHi ab ['(2a/2)
) [T 2N zgpar) [ TN 2 ™) (7.4.2)

+,i,a +,i,a

where we abbreviated the elliptic gamma function I'y, ;/,(x) simply as I'(z). This is a horrific
expression, but with a help of symbolic computer algebra system it is easy to expand it in series of
t, to any given order.

Take in partlcular SU(2) with Ny = 3. We discussed before that the low-energy limit is a

theory of M;; = Q;Q;, B¥ = Q,Q;¢"*, B¥ = Q,Q;¢7*:

UV: SU(2) with 3 flavors

(7.4.3)
IR: Theory of M, B and B
Then we should have the equality
1 j{ dz 1
- ‘ F(tl/gzilpiv) F(tl/gzilﬂz/y)
2] 2miz F’(l) [T T(2*?) g g
from SU(2) fro;:Q fro:r:@
= [[r@Pu ) [P0 v ) T[T i) - (7.4.4)
i i .3
fr(?ran fr(?rrTB from M

It is a fun exercise to confirm the equality in an explicit expansion in ¢.

Exercise. Carry out this computation.

Next, consider the SU(2) theory with N; = 4 flavors @ and Q. We saw above that the infrared
limit is a nontrivial superconformal theory, and there is a Seiberg dual description, which is again
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an SU(2) theory with N; = 4 flavors ¢, ¢, together with meson fields M, with a superpotential
W = Mqq:

UV;: SU(2) with UV,: SU(2) with
4 flavors @), () 4 flavors q, ¢, mesons M and W = Mqq

~. o

IR: a superconformal theory

We can write down the indices of two SU(2) gauge theories; they should be equal. Explicitly,
the SU(2) theory with four flavors has the index

1 dz 1/2 +1 1/2 i1~
ZSU(z),Nf:4=§7{2mZF,< DL T HFt/z iV HFt/z /v) (7.4.6)

=: I(pv; 1/ v). (7.4.7)

Then the dual theory has the index

Z3U(2),Ny=4,dual = I vyt v) H L (tpsfiy). (7.4.8)

i’j

Therefore, we should have the equality

(v i Jv) = I(u vy =t Jv) HF tpifi;)- (7.4.9)
ij

Exercise. Check this to your satisfaction.

Exactly in the same way, we can write down the S? indices of a Seiberg-dual pair of gauge
theories. They should be equal, if the Seiberg duality is true. We will obtain in this way a com-
plicated equality of multiple integrals of products of elliptic gamma functions. Surprisingly, the
equality expressing the Seiberg duality of SU (V) with N, flavors was proved by a mathematician
Eric M. Rains in 2003 [Rail0], completely independently of our physics context, where the first
study of the supersymmetric index on S* x S* was done in 2005 [R6m05].%® The relation of these
two works were first noticed in [DO09] in 2009.

We note that other N'= 1 dualities, some of which we mentioned in Sec. 4.6, lead to many other
identities among the integrals of products of elliptic gamma functions. Some of them were proved,
but many of them were still not proved. For an extensive discussion on this point, see [SV11]. It
is also conceivable that some of the claimed duality would be wrong, which can be shown by the
mismatch of the supersymmetric indices. We will see one example soon.

31t is very mysterious that the closely related facts were found independently in mathematics and in physics around
the same time.
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7.5 Case study: the fate of SU(2) with matter in the spin 3/2 representation

The S? index can be used to decide the behavior of a confusing supersymmetric gauge theory.
Consider the SU(2) theory with one chiral superfield @) in 4, i.e. the 3-index symmetric traceless
tensor, or equivalently the spin 3/2 representation. The global anomaly is absent, so it is OK to
consider this theory. The one-loop beta function is the same as Ny = 5 flavors of doublets. So this
is asymptotically free. Under the anomaly-free R-symmetry, R(Q) = 3/5.

The basic gauge-invariant chiral superfield is U := Q* with all indices contracted; there is
essentially one way to do so. The R-charge is R(U) = 12/5. One can entertain two possibilities
for the IR behavior of the theory at this point:

1. Itis given just by U as a chiral scalar.
2. It is a nontrivial superconformal theory.

We now know the answer is the second. But historically, this conclusion was reached in a compli-
cated process [[SS95, BCI98, Int05, Varll1].

As a support for the first possibility, the authors of [ISS95] computed the 't Hooft anomaly
for the anomaly-free U(1)r symmetry, and compared the values in the IR and in the UV. They
magically agreed. That did not prove the description 1, but at least was a piece of support.

Gradually, it was noticed that the description 2 is more plausible [BCI98, Int05]. The definitive
argument in favor of the latter came after the supersymmetric index was introduced. In [Varll]
the supersymmetric index in the UV gauge description and that in the proposed IR free description
were computed. They were clearly different, therefore the choice 1 was ruled out.

7.6 Case study: the E; surprise

Let us describe another physics we can glean from the S® index, following Dimofte and Gaiotto
[DG12]. We start from the equality (7.4.9) expressing the Seiberg duality of SU(2) with N; = 4.
The contribution of the mesons can be rewritten as follows

~ (tuiillaiilhy t/y
Loty (tpifiy) = - ’ (7.6.1)
1;[ ot 1;[ (taift) eyt /y
where
(@)pg = H(l —ap™q") (7.6.2)

is the (p, ¢)-Pochhammer symbol. This allows us to express (7.4.9) in a slightly more symmetric
manner:

J(pavs i Jv) = J (i vs it v) (7.6.3)
where we defined

1

1, 1
tm; = m; )ty,t/y

J(my, -+ ,mg) = 1I(my,...,my;ms, - ,mg)H< (7.6.4)

1<j
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Here and in the following we assume [[ m; = 1.
We now recall the discussion of Sec. 5.3.2: the Seiberg duality gives a different dual when we
regard SU(2) as Sp(1). The corresponding equality of the S® index is

I(my,...,ms) = I(my ™', ms™) T[T (tmimy). (7.6.5)

i<j
This can again be written in terms of .J:
J(my, -+ mg) = J(mi™t, ... mg™h). (7.6.6)
Thus we found that the function J has the following properties:
1. J(my,...,mg) is invariant under the permutation of m;.
2. J(pv; i /v) = J(pi~'v; ;= /v), from the duality as an SU(2) gauge theory.
3. J(my,- -+ ,mg) = J(m; 7', ..., mg™"), from the duality as an Sp(1) gauge theory.

The first transformation is simply the Weyl group of the SU(8) flavor symmetry of the chiral mul-
tiplets Q! for I = 1,...,8, coming from the fact that the doublet and the anti-doublet of SU(2)
gauge group are the same. The second and the third transformations extend this to the Weyl group
of the 7 symmetry, as already noticed by Rains [Rail0] and mentioned in [SV10].

What is the physical significance of this /7 enhancement? The function .J is not quite the gauge
theory index, since we introduced an additional factor

1
11 o™ (7.6.7)

1
m;
i<j J )ty,t/y

in its definition (7.6.4). Dimofte and Gaiotto noticed the following [DG12].

We have been considering a four-dimensional gauge theory on S% x S'. We can add to it a
five-dimensional bulk of the form D* x S!, where D* is a four-dimensional hemisphere, whose
boundary is S3. As the boundary has 4d N'= 1 supersymmetry, it is natural to consider 5d N'=1
supersymmetry in the bulk.* In the five-dimensional bulk we consider a theory of free hypermul-
tiplets. Consider then a five-dimensional hypermultiplet in a representation R of a symmetry G.
If we restrict it to the boundary, it consists of a 4d chiral multiplet X in the representation R and
another 4d chiral multiplet Y in the conjugate representation .

There is a half-supersymmetric boundary condition of the form

Wboundary =X 07 Ylboundary =0 (768)

where O is an operator on the boundary in the representation 12 and W is the boundary superpo-
tential coupling between the bulk field X and the boundary operator O. When O = 0, this puts the
Neumann condition on X and the Dirichlet condition on Y. A nontrivial O deforms this boundary
condition.

3'We refer the reader to Sec. 12 for an exposition of supersymmetry in various dimensions.
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The contribution from the bulk hypermultiplet to the index can be computed. When G' = U(1)
and there is a single hypermultiplet of charge 1, it turns out to be given by

1
(t2)ty.t/y
where z is the fugacity of the U(1) flavor symmetry.
We can then identify the factor (7.6.7) to be the contribution to the index of a hypermultiplet

(X17Y7;) in the bulk five-dimensional space, in the two-index antisymmetric tensor of SU(8)
flavor symmetry, with the boundary condition

Wboundary - XIJQIQJa }/}J|boundary = QIQJ~ (76 10)

Then the function .J can be identified with the index of the total system of this bulk hypermultiplet,
coupled to the boundary SU(2) theory with four flavors, and the invariance of .J under the £; Weyl
group strongly suggests that the SU(8) symmetry of this coupled system enhances to E7, at least
at some special value of the coefficient of the boundary superpotential.

There are various other pieces of evidence and consistency checks of this enhancement to Fr
given in the original paper [DG12]. A simple check is that the bulk hypermultiplet transforms
nicely under F7 as a half-hypermultiplet of 56, which is possible since 56 is a pseudoreal repre-
sentation.

Another check® is about the anomaly polynomial. A four-dimensional theory cannot have an
(E;)? term in the anomaly polynomial, because the gauge group E; simply does not have such a
degree-3 invariant. Therefore, by restricting to the SU(8) C E7 symmetry, we see that an SU(8)
symmetry which can enhance to F; should not have the SU(8)? term in the anomaly polynomial.

Let us confirm this in our setup. The fields Q! contains two fundamentals in SU(8), and there-
fore contributes to the anomaly polynomial by

1 F
Z'Etrs(%) . (7.6.11)
This is clearly nonzero, and we need something which cancel this.

The cancelling contribution in fact comes from the boundary condition of the five-dimensional
bulk theory. Consider a 5d massless fermion in the representation R of G, put on R* x [0, L].
We place chiral boundary conditions on two ends of [0, L], so that there is a single zero mode
of 4d Weyl fermion in the representation 2 of G. By taking L — 0, we simply isolate this 4d
massless fermion, decoupling all the Kalzua-Klein modes. This system has the anomaly polyno-
mial (1/6) trg(F/2m)3. Interpreted from the 5d point of view, they should come from two equal

contributions from the two boundaries. We conclude that a single boundary has the anomaly*!

11 - F

_— . — I' —

2 6 "or
40This is based on an unpublished work with Ken Kikuchi.

4 This fact that the chiral boundary condition of a massless fermion in an odd-dimensional spacetime has half the
anomaly of a Weyl fermion in the one-dimension-lower even-dimensional spacetime has been known for some time.
For example, the fact that the half-supersymmetric boundary of the 11d supergravity has half the anomaly of a 10d
N'=1 supergravity multiplet was an essential part of the deduction of the Eg gauge symmetry on this boundary in the
seminal paper by Hofava and Witten [HW95, HW96].

(7.6.9)

)3 (7.6.12)
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In our case, we have R = 28 of SU(8), which is the antisymmetric two-index tensor con-
structed from the anti-fundamental representation 8. For SU(N ), such an antisymmetric two-index
tensor has the contribution of 4 — N times the anomaly of the fundamental. We therefore have

F 1 F
trﬁ(%)?’ = [2 + §(4 - 8)] trg(g)g =0. (7.6.13)

8 The a-maximization

In our analysis of the infrared dynamics of supersymmetric gauge theories so far, conserved U(1)
R-symmetries played many important roles. In particular, when the low-energy limit is super-
conformal, the R-symmetry in the superconformal algebra is tautologically a conserved U(1) R-
symmetry.

In the gauge theories considered so far, there is always a unique such conserved U(1) R-
symmetry. However, more complicated gauge theories often have a continuous family of such
conserved U(1) R-symmetries. Then, it is of fundamental importance to decide exactly which
U(1) R-symmetry is the superconformal R symmetry in the superconformal algebra. The tool to
determine it is the a-maximization introduced in [IW03].*> The aim of this section is to explain
this technique. But we first need to introduce the quantity a itself.

8.1 The central charges a and c

For two-dimensional conformal field theories, the central charge c is defined to be the leading
coeflicient for the operator product expansion (OPE) of the energy momentum tensor with itself

c 2 1
T(2)T0) ~ — +=T(0)+-0T(0) + - - - . 8.1.1
(T(0) ~ 55+ ST(0) + ~OT(0) + 811
c is positive for unitary theories, adds up if we combine two decoupled CFTs, and is 1 for the
free CFT with one bosonic scalar field. Thus ¢ can be said to ‘count’ the number of degrees of
freedom in CFT. It can also be measured by the trace anomaly caused by the coupling to the external

gravitational field, i.e.
(1)) = —%R (8.1.2)

o

where R is the scalar curvature of the metric.

The central charge c is known to decrease under the renormalization group flow. This statement
is known as Zamolodchikov’s ¢ theorem.[Zam86]. This is in accord with the intuition that the
number of degrees of freedom should decrease by coarse-graining.

In four-dimensional conformal field theory, there are two central charges ¢ and a defined as the
coefficients appearing in the equation

c

40ne of the authors of [[W03] is now better known as Ninja Brian of the comedy songwriting pair, Ninja Sex Party:
https://www.youtube.com/user/NinjaSexParty. the author is proud that he wrote many papers with Ninja Brian.

a

——F .
1672~ W (8.1.3)
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where W, .~ is the Weyl tensor and

1
By = Semvaveennpoz p

4 H1v1p101 Ruzuzpzaz (8.1.4)
is the Euler density in four dimensions. For details, see e.g. [DS93, Des96]. Cardy conjectured
that the central charge a decreases along the renormalization group flow in 1988 [Car88], which
was convincingly demonstrated only in 2011 by Komargodski and Schwimmer [KS11].

Here we are only concerned with A'=1 supersymmetric cases. Now the energy-momentum
tensor is combined with the superconformal R-symmetry current and the supersymmetry current
to form the supercurrent R, whose lowest component is the R-current itself. The anomaly for
the R-currents by the external fields can be summarized by the equation [AFGJ98, AEFJ98]

D%Ros = (W? — a=) (8.1.5)

2472

where W, = are the superfields which contain the Weyl tensor and the Euler density in the appro-
priate places. The same problem was studied from the component formalism in [Osb99] in which
the three-point correlator of the supercurrent

(Ru(z1,61,01) R, (22,02, 0:)R,(x3,05,63)) (8.1.6)

was found to be expressible in a linear combination of two superconformal invariants.

The discussion above implies that the central charges a and c for a superconformal theory is a
linear combination of U(1)% and U(1)z-gravity-gravity anomalies. The coefficients can be fixed
by considering the CFT consisting of free chiral and vector multiplets, with the result

3 1
= —(BtrR*—trR =—
¢= (3tr rR), c= 5

Here tr R? and tr R are certain coefficients in the anomaly polynomial of the theory so that

(9tr R* — 5tr R). (8.1.7)

tr R3 (FU(l)R)Q n trR(FU(l)R)
6 2 24 2

When the theory under consideration has a Lagrangian description, then tr is the summation over
the labels of the left-handed Weyl fermions.
For example, a free chiral multiplet ® has A(®) = 1 and therefore R(®) = 2/3. Then the

A=

D1 (8.1.8)

fermion component has R(1¢) = —1/3. Plugging in to the formula above, one finds
1 1
ree chiral — \ 75y 5,/ L.
(@ €)tree chirat (48 24) (8.1.9)
Similarly, for a free vector multiplet, R(\) = +1, and we have
31
ree vector — \ T4y o /* A1

We can also compute the central charges of the SU(/N) SQCD with N, flavors, assuming
that the theory is in the superconformal window. The superconformal R-symmetry is the unique
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1 — N/N; and therefore

anomaly-free U(1) R-symmetry, and therefore we have R(Q) = R(Q) =
= 1, we see that

(
R(Yq) = R(13) = —N/Ny. Together with the gauginos with R(\)
9N* 3N? 3 9N* TN? 1

B I A A T A 8.1.11
682 T8 167 1687 16 3 @110

(CL, C)SU SQCD = ( -
We obtain the same central charges when we use the Seiberg dual description. This is guaranteed
from the matching of the anomaly polynomials across the duality, since the central charges are
simply determined in terms of the anomaly polynomial.

Before proceeding, we mention some known universal bounds on a and ¢ from the conformal
symmetry and unitarity. Hofman and Maldacena showed the following upper and lower bounds
for the ratio a/c:

| N=0 N=1 N=2 N=4
upper bound | 31/18 3/2  5/4 1 (8.1.12)
lowerbound | 1/3 1/2 1/2 1

where the upper bound corresponds to free vector fields or vector multiplets, and the lower bound
corresponds to a free scalar; a free chiral multiplet; a free hypermultiplet, respectively. The original
derivation was innovative but indirect; a much more direct derivation was given later in [HLM ™ 16].
With A= 2 supersymmetry, more bounds are known, such as

11
c> 30 (8.1.13)

derived by [LRS16].

We already mentioned above that a/c = 1 for N'=4 theories. This holds in particular in the
large N limit of N'=4 SU(N)) super Yang-Mills, which has the AdSs x S® dual. In general, for a
4d conformal theory with a weakly-curved holographic dual on AdSs, we can show that a/c ~ 1.
In this regime, one can further show [KP09, BMS09] that

1 1
n_la,

s 4rmec (ﬁ)
where 7/ s is the ratio of the shear viscosity to the entropy density. The value 1/(47) was originally
found in [KSSO03], which was the lowest value of shear viscosity in any known medium at that
time. This led to a conjecture that this might actually be a universal lower bound, which aroused
the interest in the possible value of a/c in 4d (super)conformal field theories.

It turns out that most of the known large N N'= 1 superconformal theories at that time had a/c
slightly below 1, thus disproving the conjecture. This was the main point of [KP09, BMS09]. A
few years later, a large class of large N N'=2 superconformal theories with a/c slightly above 1
was constructed by Gaiotto and Maldacena [GMO09]. For more details on the relation of 1/s and
a/c, see [Crell].

(8.1.14)

8.2 The a-maximization

In more general cases, it often happens that there is a whole family of anomaly-free U(1) R-
symmetry. As a main example, we take the SU(V) adjoint SQCD, i.e. the SU(/N) gauge theory
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with a chiral multiplet ® in the adjoint representation together with N pairs of fundamental chiral
multiplets Q°, Q;, (i = 1,..., Ny). The anomaly-free condition says that

N¢R(1bg) + NR(tbg) + NR(A) = 0 (8.2.1)

where R(A\) = 1. This allows us to express R(Q)) = 1 — sN/N; where s = R(P), but we cannot
eliminate s. Exactly which s gives the superconformal R-symmetry in the infrared?

The important insight of Intriligator and Wecht [IW03] is that, for any flavor symmetry G, the
G - U(1)%. anomaly is proportional, by a universal constant, to the G - gravity” anomaly, where
U(1)sc is the superconformal R symmetry. This is because that the background gauge field for
the superconformal R symmetry and the background metric are in a single supermultiplet 1V we
already saw in (8.1.5), and both anomalies are encoded in a single supersymmetric equation

DQJ_ k 2

= 2.2
38472 822)

where J is the Konishi current for the flavor symmetry GG and £ is a numerical coefficient.
Assuming these general properties, the proportionality coefficient between the G - U(1)%-
anomaly and the G - gravity? anomaly can be fixed using a free SCFT. The result is

9tr QRSCRSC = tr Q (823)

where () is the charge of the flavor symmetry and Rgc is the superconformal R-charge, and the
trace is as always over the labels of the left-handed Weyl fermions. Another requirement is the
negative definiteness

tr QQRsc < 0 (8.2.4)

which comes from the positivity of the two point function of currents (J(x1)J(x2)).

Now suppose we have a continuous family R(s) of U(1)z symmetries, and introduce the trial
a-function by the formula

3
a(s) = 3—2(3 tr R(s)® — tr R(s)), (8.2.5)

generalizing the case of the superconformal R-symmetry (8.1.7). The two conditions (8.2.3),
(8.2.4) mean that the superconformal R-symmetry R(sq) corresponds to the value of the parameter
so where a(s) has a local maximum. This is why the method is called the a-maximization.*’

“The a-maximization in A'= 1 superconformal theory involves a solution of a coupled set of quadratic equations
whose coeflicients are determined in terms of the anomaly polynomial, whose coefficients are in turn quantized from
topological reasons. Therefore, the resulting superconformal R-charge is always an algebraic number, i.e. a solution
to a polynomial equation with rational coefficients. Then, the scaling dimensions of chiral operators are also algebraic
numbers.

We note that one can derive, under more or less plausible assumptions, that the scaling dimensions of chiral operators
of N'= 2 theories are rational [AM 18, CC18]. Finally, all known N = 4 superconformal theories are super Yang-Mills
theories for some gauge group G, and the scaling dimensions of chiral operators are integers. We can summarize the
situation in the following table:

N=0| N=1 | N=2 | N=4

7 ‘ algebraic ‘ rational ‘ integral

92



8.3 Case study: the adjoint SQCD

Let us apply this method to the SU adjoint SQCD, briefly introduced at the beginning of the last
subsection. This analysis was first carried out in [KPS03].
Calling the unknown s = R(®), the trial a function is

a(s) = (N* — 1)a(1) + (N* — 1)a(s — 1) + 2N;Na(—sN/Ny) (8.3.1)
fr(;r; A fror:lr (UEY from;;, wé
where
a(r) = (3/32)(3r* — 1) (8.3.2)

is the contribution from a single fermion of charge r. There is one local maximum and one local
minimum. For simplicity, we analyze the theory in the limit NV, Ny — oo with the ratio z = N/N;
fixed. Let us also introduce ¢ = N/N; — 1/2. The theory is asymptotically free when ¢ > 0.
Furthermore, the theory is in a very weakly coupled, Banks-Zaks regime when |e| < 1. Explicitly,
we find

10 1 9 9
_ 10 _2_ 2 L o2 8.3.3
3 3rvao—1 3 3 70¢) (8.3.3)

at the local maximum of a(s).
Let us confirm this value of s to the first order by the perturbation theory. We know from (3.3.8)
that
¢> N2 -1 2

1Q) = —g 355 T Ol (@) = —#N +O(gY). (8.3.4)

Converting them into the running of 7 as in (3.3.11) and we see that the beta function is zero when

2N — Ny + 2Npy(Q) + 2N7(®) = 0, (8.3.5)

which fixes
I _ € Lo 8.3.6
2 N + O(e%). (8.3.6)

This means
D(®)=1+v(®) =1—¢€+O(e), (8.3.7)

which reproduces (8.3.3) since D(®) = (3/2)R(P) = (3/2)s.

As we increase x, the scaling dimensions of various operators decrease. Eventually, at x =
3 + /7, the gauge-invariant operator M := QQ hits the unitarity bound. Above x > 3 + /7,
we interpret that this operator becomes free and decouple from the system, leaving an interacting

This leads to the following natural question: can we place any restriction on the scaling dimensions of operators of
isolated non-supersymmetric conformal field theories in four dimensions (or in other dimensions). The author only
expects countably many such theories, and therefore such scaling dimensions will be in a countable subset of real
numbers. Are they computable numbers, in the sense of computing science, i.e. is there a program which computes
the N-th digit given IV as the input? Are they periods in the sense of Kontsevich and Zagier [KZ01], which are known
to include all coefficients of perturbative quantum field theory computations using Feynman diagrams?
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theory, as we discussed in the case of the adjoint SQCD with the superpotential W = tr ®3 in
Sec. 4.5.2. The interacting theory without the free decoupled field can be obtained by flipping
the operator M, as we discussed in Sec. 4.5.3. This was the operation to introduce an additional
gauge-singlet field M f and the accompanying superpotential W = M- f M ; to the system.
The trial a-function is now
a(s) = (N* —1)a(1) + (N? — 1)a(s — 1) + 2Ny Na(—sN/Ny) + Nja(2sN/N; — 1). (8.3.8)

J

vV VT TV NV
from \ from Y g from v, 1/1@ from M
whose local maximum is now at

_ V/20x! — 4843 + 8722 — 162 — 152
B 3(22% — 822 — 1) '

s (8.3.9)

As we further increase z, the operator M) := Q®() hits the unitarity bound next, and decouples.
To continue the analysis, we add a flipping operator M/ (") and the accompanying superpotential
W = MWM® to isolate the interacting part in the infrared. This process can be continued
indefinitely. For details, see the original article [KPS03].**

8.4 Case study: Lagrangians for Argyres-Douglas theories

Let us consider next the simplest of the adjoint SQCD theory, by taking N = 2 and Ny = 1. In
this case it is convenient to combine () and Q into a single object Q! with I = 1,2 for the flavor
SU(2) and a = 1, 2 for the gauge SU(2), as we did in Sec. 5.3. As basic gauge-invariant operators
we can find M := ¢;;,6?QLQ/, XU := QLD Q/, and U := tr 2, among others.

By performing the a-maximization, we find that s = (1/1009 — 9)/87 ~ 0.26. At this value
the operator U would violate the unitarity bound. This requires us to introduce a flipper U and the
superpotential W = UU. Redoing the a-maximization, we find that s = (/601 + 3)/111 ~ 0.25.
This gives rise to a superconformal field theory in the infrared, without any unitarity violating
operator.

This does not stop us to include a flipper M to the operator M, although this is not necessary
from the point of view of the unitarity bound violation. This still leads to an interesting result, as
we will see soon.

The model is now an SU(2) gauge theory with one flavor Q’='? and an adjoint ®, together
with gauge-singlets U and M, and the superpotential

W =Utr®® +M(QQ). (8.4.1)

The a-maximization gives s = 2/9, a rational number. The resulting central charges are

11 1

a,c) = (=, %

(@) (24’ 2

4The original article [KPS03] did not introduce the flipping fields; the flipping fields in the analysis of this class

of models were introduced much later in [BG17a]. In the original article [KPS03], the would-be contribution from

the decoupled gauge-invariant composite operators was subtracted by hand. Either way, one ends up with exactly the
same computation.

)- (8.4.2)
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Various gauge-invariant operators have the scaling dimensions
AM) ==, AU) =5, AKXy =2 (8.4.3)

These are exactly the central charges and the operator spectrum of a particular A'= 2 superconfor-
mal theory in the class of theories known as the Argyres-Douglas theories. This particular theory
is known under various names: the H; Argyres-Douglas theory, or the (A, A3) Argyres-Douglas
theory, or the Argyres-Douglas point of the N'=2 SU(2) with two flavors, or the Argyres-Douglas
point of the N'=2 pure SU(4) theory, all of which refers to the same theory.

A slight variant [Mar18] is to consider the SU(2) gauge theory with Q=2 and an adjoint ®,
together with singlets U and X4, so that the superpotential is

W=Utr® + X;;(Q'eQ") + Q*2Q*. (8.4.4)

By a-maximization, we find the superconformal theory with

43 11
(a,c) = <ﬁ’ %) (8.4.5)
and 6 "
A(Xy) = = AQ'Q?) = = (8.4.6)

These data match with those of another Argyres-Douglas theory, again known under various names:
the Hy Argyres-Douglas theory, or the (A, As) Argyres-Douglas theory, or the Argyres-Douglas
point of the A'=2 SU(2) with one flavor, or the Argyres-Douglas point of the N'=2 pure SU(3)
theory. This theory saturates the lower bound of the ¢ central charge of N'=2 theories, which we
already mentioned above in (8.1.13), originally derived in [LRS16].

Originally, the Argyres-Douglas theories were found by tuning Coulomb branch vacuum ex-
pectation values of N'=2 gauge theories so that electric and magnetic particles become simulta-
neously massless [AD95, ARPSW96]. The U(1) R-symmetry of these theories can be identified
directly in the infrared thanks to the A'= 2 supersymmetry. For a gentle introduction to Argyres-
Douglas theories from the N'=2 point of view, the readers are referred to e.g. Chapter 10 of the
author’s review [Tac13].

The superconformal U(1) R-symmetry of the Argyres-Douglas theories emerges only in the in-
frared in the manifestly N'= 2 supersymmetric formulation, and cannot be directly identified in the
ultraviolet Lagrangian description of the theory. This made it hard to compute the central charges,
which was only later found in [ATO8, ST08] using non-Lagrangian techniques. The Lagrangian
description we presented here, originally found in [MS17a] and greatly simplified in [BG17a], does
not manifest the full N'= 2 supersymmetry in the ultraviolet. Instead it makes the superconformal
U(1) R-symmetry available at the ultraviolet, and allows us to compute the supersymmetric index
of S3 x S!, which again required a non-Lagrangian technique if one uses the /= 2 description of
the theory. N'=1 supersymmetric Lagrangian descriptions of A'=2 Argyres-Douglas theories are
being studied further ine.g. [MS17b, AMS16, BG17b, ASS17, BG17¢c, Gial8b, MNS18, Gial8a].
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Figure 10: Left: the matter content of the gauge theory with the symbols we use for their
R-charges; Right: the structure of the superpotential

8.5 Case study: an AdS/CFT correspondence

Our last example is about the AdS/CFT correspondence. The prototypical example [Mal99] comes
from considering N D3-branes in the flat space R!3 x RS in the large N limit. This gives rise to
the N'=4 SU(N) super Yang-Mills theory on the field theory side and the spacetime AdS; x S°
on the gravity side.

To generalize, we note that RS has the metric of the form

dsie = dr* + r’ds%s (8.5.1)

where ds%g, is the metric of the unit sphere, which is an Einstein manifold with R, = 4¢,,. We
then replace ds%5 by another Einstein manifold X with the same normalization R, = 4g,,,:

dsgx) = dr® +rds%. (8.5.2)

This space is called the cone over X. We consider N D3-branes on R x C(X). On the gravity
side we have the AdS spacetime of the form AdS; x X, and we have a field theory determined by the
geometry of X on the field theory side. One standard consequence of the AdS/CFT correspondence
is that

N273
T Avol X
It is easy to check that the N'=4 SU(N) super Yang-Mills theory and X = S° satisfy this relation.

The setup preserves an A= 1 supersymmetry if X is a Sasaki-Einstein manifold.*> There is a
particular Sasaki manifold called the Y?! space. The cone over it, C(Y*!), is also known as the
complex cone over d P, and the corresponding field theory was constructed in [FHHO1] in 2000,
whose structure is summarized in Fig. 10.

(8.5.3)

a~c

45 A manifold X is Sasaki-Einstein if the cone C(X) is Calabi-Yau. A manifold X is Sasaki if the cone C'(X) is
Kihler.
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The figure is read as follows. Each node ¢ corresponds to an SU(/V); gauge group. An arrow
from SU(NV); to SU(NNV); corresponds to a chiral multiplet X;; in the fundamental of SU(NV),
times the anti-fundamental of SU(/V);, and if the arrow is double-headed, the chiral multiplet
comes in a doublet under an SU(2) flavor symmetry, which we denote by X7 where o = 1,2.
For (i,7) = (3,4), we have both X34 and X, corresponding to the single-headed arrow and the
double-headed arrow. We then introduce a superpotential term for each closed path given in the
figure, with a carefully chosen coefficient:

W = eaptr | X$XD X153 — X Xpo X0y + X3y XO X120 X05 | (8.5.4)

Can we test the AdS/CFT prediction (8.5.3)? This was not possible when the gauge theory
was first constructed in 2000, since the volume of Y'*! was not known on the gravity side, and the
method to compute the central charge a for such a complicated gauge theory was not known on
the field theory side either. Things changed a few years later, since in 2003 the a-maximization
was devised in [IW03], and the Einstein metric on Y>! was constructed in [GMSWO04] in 2004,
where the authors constructed a first-ever example of an irregular Sasaki-Einstein manifold, which
was sometimes conjectured not to exist in the literature before that.*® With these developments,
the AdS/CFT prediction (8.5.3) can now be tested [BBC04].

On the gravity side, we just quote the value of the volume:

1 1

Let us perform the a-maximization on the field theory side. We first need to determine the con-
served U(1) R-symmetries. The symmetry of Fig. 10 implies that it can be parameterized by at
most five variables

T = R(Xlg) = R(X42), Yy = R(Xfl) = R(ng), (856)
2= R(X12), v:=R(XS), w:=R(Xs), (8.5.7)

see Fig. 10 for the assignment of symbols.
We demand that all superpotential terms have R-charge two:

2+ z+w=x+y+ov=2. (8.5.8)
We also demand that the SU(N);U(1)% anomaly vanishes:
z4+ x4 2y =2, r+2y+2v+w=4 (8.5.9)

where the first condition comes from SU(V); » and the second from SU(N )3 4. We can use them
to eliminate z, v, w in favor of x and y:

z2=2—-x-2y, v=2—x—Y, wW=1I. (8.5.10)

461t is very mysterious that the closely related facts were found independently in mathematics and in physics around
the same time. See also footnote 38.
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The trial a function is given by, in the large N limit,
a(r,y) = N*[2a(z — 1) +4a(ly — 1) +a(z —1) +2a(v — 1) + a(w — 1) +4(1)], (8.5.11)

where 2, v, w are eliminated using (8.5.10). We maximize it with respect to x and v, and find

=13 -3, y:§(4—\/1_3) (8.5.12)
at which
a(z,y) = (13v/13 — 46) N*. (8.5.13)

We see that the geometric result (8.5.5) and the field theory result (8.5.13) satisfy the AdS/CFT
prediction (8.5.3).

Here we treated only one example, Y*!. There are natural generalizations called the Y?4
metrics and corresponding quiver gauge theories, for which the same analysis can be repeated and
the a-maximization reproduces the inverse of the volume of the manifold [BFH™05, FHM06].
The geometric dual of the a-maximization process have also been identified [MSY06, MSY08].
For more on this fascinating subject, the readers are referred e.g. to Chapter 5 of Yamazaki’s review
on brane tilings [ YamO8], or Chapters 6 and 7 of the author’s PhD thesis [Tac06].
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Part 2: A glimpse into 2d A'=(2,2) and N'= (0, 2) dynamics

In this Part 2, which is significantly shorter than the Part 1, we will have a brief look at 2d super-
symmetric dynamics, with N'=(2,2) and N'= (0, 2) supersymmetry. In 2d, we can have strong
dynamics without gauge fields, whereas in 4d, it was necessary to have non-Abelian gauge fields
for strong dynamics. This makes the study in 2d somewhat simpler. At the same time, in 2d,
the low energy conformal theory is controlled by the Virasoro symmetry, which is infinite dimen-
sional, while in 4d, the superconformal algebra is finite dimensional. This allows us to analyze the
infrared dynamics in 2d in much more detail.

Furthermore, many of the techniques we learned to analyze 4d N'=1 theories have direct ana-
logues, as we will see. We note that our presentation is somewhat ahistorical, since these techniques
were often first developed in 2d, which was later extended to 4d. Our discussion in this Part will
hopefully exemplify that it is fruitful to study supersymmetric dynamics in various dimensions at
the same time.

9 Landau-Ginzburg and minimal models

9.1 2d N=(2,2) superfields

We will start by quickly reviewing the structure of the superfields of 2d N'= (2, 2) theories. For
more details, we refer the reader e.g. to the influential article [Wit93] or to the extensive review
[HKP*03].

A 2d N'= (2, 2) theory has four supercharges, which is the same with a 4d /=1 theory. In par-
ticular, the dimensional reduction from 4d N'=1 on 7% will give a 2d N'= (2, 2) theory. Therefore,
many aspects of 2d AN'= (2, 2) theories, such as the superspace, the superfields and the supermul-
tiplets, can be studied by the dimensional reduction.

One starts from the 4d A'= 1 superspace, with coordinates

gh=0123  ga=12 ge=12 9.1.1)

To obtain the coordinates of 2d N'= (2, 2) superspace, one simply discards z? and z°:
=% et 6T, 6T, 6. (9.1.2)

Here we used the lightcone combinations =+ for the spinor indices, so that #* and #~ are complex

Weyl spinors of positive and negative chirality, respectively. Note that we have #+ = 6 and
0-=0".
A chiral superfield D.® = 0 has the expansion schematically of the form

d=¢+0T ), +0 ¢ +0T0F (9.1.3)

We refer to 07 and ¢, as left-moving and 6~ and +/_ as right-moving."’ We assign right-moving
R-charge +1 to 6 and left-moving R-charge +1 to 6.

#TIn other words, we always put the superscripts to the supercoordinates and the subscripts to the fermions. Then
the plus sign is declared to be right-moving and the minus sign to be left-moving.
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Since the smallest spinor in 2d is a real object, a complex left-moving Weyl spinor §* counts
as N'= (0, 2) and the right-moving 6~ counts as N'= (2, 0). In total we have N'= (2, 2) supersym-
metry.

There are three basic supersymmetric integrals. The first two are familiar from 4d N'=1,
namely the Kéhler potential term

/ d*0d*@(arbitrary superfield) (9.1.4)
and the superpotential term
/ d?0(arbitrary chiral superfield) + c.c. (9.1.5)

where a chiral superfield ® satisfies B
Di® =0. (9.1.6)

A supersymmetric Lagrangian can then be formed from a single chiral superfield ® just as in 4d:
/ d*0d*0K (P, @) + / d*OW (®) + c.c. 9.1.7)

The superpotential W (®) has left-moving R-charge 1 and right-moving R-charge 1.
In two dimensions one can also have the twisted superpotential term, which is given by

/ df" dO~ (arbitrary twisted chiral superfield) + c.c. (9.1.8)

where a twisted chiral superfield X satisfies
DY =D_% =0. (9.1.9)

A gauge field Lagrangian looks differently from the one in 4d, due to the following reason. We
start from the vector superfield ' which transforms under the gauge transformation as

eV o efeVeh 9.1.10)

where A is a chiral superfield. The basic gauge-covariant combination in 4d is the chiral superfield
containing three superderivatives:

W, = DsDoe”V DPeV. (9.1.11)
In 2d, the combination with two superderivatives is already a gauge-covariant scalar,
S =D_eVD.e. (9.1.12)
compare (1.4.28) in the 4d case. This is twisted chiral and has the expansion
S~o—0" A —0 A +0T0(D—iFp)+---. (9.1.13)
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Here, D is the D auxiliary field, F),, is the field strength, and o is a complex scalar, all in the
adjoint of the gauge group. The appearance of the complex scalar o can be understood from 4d as
follows: we start from a 4d vector multiplet which contains the vector potential A ; » 5. We reduce
it down to 2d. Then the components A, ; remain as a 2d gauge field, and A, s is re-interpreted as
two real 2d scalars, which combine to form a complex adjoint scalar.

The kinetic term of a gauge field is given in terms of X by

1 _ _
~ / 20420 tr T5. 9.1.14)

For U(1) fields, X itself is gauge invariant and one can introduce

/d@*dé"tZ + c.c. (9.1.15)
where p
t =1+ — (9.1.16)
27
is a complex number. Expanding into components, one finds that
— 0
s

meaning that ¢ is the Fayet-Iliopoulos term and € is the 2d theta angle.

Consider now a U(1) gauge theory with chiral multiplets ®; of U(1) charge @);. Let W be the
superpotential and & be the coefficient of the Fayet-Iliopoulos term. The classical potential is then
roughly of the form

VSRR + D+ oY Qo) 9.1.18)

where

F,=0Ww/o%,  D=()_ Qo) —¢ (9.1.19)

One can determine the one-loop running of the Fayet-Iliopoulos term £ from this potential. From

the coupling Q?|c|?|¢;|?, we see that the loop of o contributes to the operator |¢;|? of the form
L2k 1 1 1. u
%) ~ — ~ 4—log i— 9.1.20
)~ | Glmrm ~ mrons) ~ e ey 0120

where o is the cutoff. Plugging this in to the definition of the D-term in (9.1.19), one finds that

1 %
effective ™ a_ zl T 9.1.21
to this order, or equivalently
0 1
= — i 9.1.22
0log ,u5 2m ; ¢ ( )



9.2 N=2 superconformal algebra

The conformal algebra in general d spacetime dimensions is s0(d, 2), and for d = 2 this splits as
50(2,2) ~s0(2,1) @ so(2, 1), one factor associated to the left movers and the other associated to
the right movers. Each factor is enhanced to the Virasoro algebra which is infinite dimensional.

We consider N'= (2, 2) supersymmetric systems. This means that we will have a copy of N'=2
super Virasoro symmetry for the left movers and another copy for the right movers. The N'=2
super Virasoro symmetry contains the energy-momentum tensor 7'(z), an s0(2) ~ u(1) current
J(z), and the complex supercharge G*(z). Note that, against to the notation in Sec. 9.1, we use
the indices £ to denote the charge under the U(1) R-symmetry.

They have the following operator-product expansions. First, the energy-momentum tensor 7°(z)
has the standard OPE:

c/2 N 2T (w) N oT (w) N

T(2)T(w) = (z—w)t ' (z—w)? >y — w

(9.2.1)

where c is the central charge. The supercurrent G*(z) and the U(1) current are primaries of
dimension 3/2 and 1, respectively:

3/2 OG(w)
T(NGE () — + . 2.
(£)G*w) = @) + S 022
T(2)(w) = 2 97w) 9.2.3)
(z—w)? z—w
The supercurrent G*(z) has charge &1 under the U(1) current:
o
JGEw) = £ W) 9.2.4)
z—w
The U(1) current J(z) have the following normalization
c/3

and the final nontrivial OPE is
2¢/3 2J(w 2T (w) + 0J
/ (w) (w) (w)

G (2)G~ = 9.2.6
(6 W) = oSt G ap - 9.2.6)
In the N'= (2, 2) literature one also encounters ¢ = ¢/3.
Independent of N'=2 Virasoro symmetry, consider a U(1) current with the OPE
K
J(z)J =+ 9.2.7
(2)J (w) G 9.2.7)
This corresponds to the anomaly polynomial
1 F,
—k(=—)". 2.8
545 9.2.8)
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To see this, consider a complex Weyl fermion ¢)* (2) with charge ¢. This contributes to the anomaly
polynomial by (1/2)(qF/(27))%. Now, the Weyl fermions have the OPE ¢ (2)y~ (w) ~ 1/(z —
w). The U(1) current is then J(2) = ¢y~ (2), whose OPE with ¢ is indeed J(2)y*(w) =
+q*(w)/(z — w). Then we find J(2)J(w) = ¢*/(2 —w)? + - - - . This argument also shows that

k= trleft—movers R2 - tlaright-movers R2 (929)

where the trace is over the labels of complex Weyl fermions in the theory.
Comparing with (9.2.5), this means that if the anomaly polynomial of the R-symmetry is given
by (9.2.8), the central charge of the system is given by

c = 3k. (9.2.10)

This relation between the central charge and the R-charge anomaly is the 2d analogue of the 4d
relation (8.1.7) we studied in Sec. 8.1.

9.3 Landau-Ginzburg models

Let us now consider the following Lagrangian of a single chiral superfield ® [LVW89]:

/ 04’00 + / d*09? + c.c. (9.3.1)
The bosonic potential is then given by V' oc [®471?
low-energy conformal field theory.

Let us determine the central charge of the low-energy theory. The left-moving R-charge of the
chiral multiplet @ is fixed to be 1/d. The expansion of ® into components is of the form

, and one can expect to have an interesting

d=¢+0"p, +0 Y +0M0F, (9.3.2)

and therefore the left-moving fermion v/, has left-moving R-charge 1/d— 1, while the right-moving
fermion ¢)_ has left-moving R-charge 1/d. It means that the anomaly polynomial of the left-moving
R-charge is

1(1 1 F 1 2 F
(5 =1)*= (3?2 (=) ==(1=3)(=—)~ 9.33
5 |G- Gr| o =30- D ©33)
We conclude that the central charge of the low-energy Virasoro symmetry must be
2
c=3(1—- 3) (9.3.4)

For 4d theories, we studied the supersymmetric index on S% x S* in Sec. 7. A 2d analog is the
supersymmetric index on S' x S!. This quantity is known under the name of the elliptic genus.*
For a general N'= (2, 2) superconformal field theory, it is defined by

Zeu(q, y) — tr(_l)FRJrFL e2mizJL e27ri‘r(Lo70/24)62772'7"(?070/24)’ (9.3.5)

“8This is partly because S' x S ~ T2 is also known as an elliptic curve in mathematics. Also note that the plural
of the term ‘elliptic genus’ is ‘elliptic genera’.
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where we regard 7 and 7T to be two independent variables, F ; are the right-moving and left-
moving fermion numbers, and .Jx 1, are the right-moving and left-moving U(1)  charges. We also
used the standard definition

2miT

g =€ and vy :=e’™* (9.3.6)

On the right-moving side, this is the Witten index as in Sec. 2.4, since this is the trace of (— 1)F R

regularized by the right-moving energy L. As such the elliptic genus is automatically independent
of 7. This makes this quantity rigid against continuous changes, and make it computable using the
ultraviolet Lagrangian description.

On the left-moving side, with the insertion of ¢2™*7~ the elliptic genus depends in general on
¢ and y. When one sets z = 0 or equivalently y = 1, the left-moving side also becomes the Witten
index, and the 7 dependence also drops out.

Let us now compute the elliptic genus of the model (9.3.1), following [Wit94]. We simply uses
the Hilbert space of the model where the potential is neglected. A chiral multiplet ® of left-moving
R-charge r contains the following fields:

‘ left-moving right-moving
boson T T 9.3.7)
fermion r—1 r

where the entries denote the left-moving R-charge. Due to the common left-moving R-charge, the
contributions from the right-moving fermions and the right-moving bosons cancel out. Therefore
the contribution to the elliptic genus from ® of left-moving R-charge r is simply

Iz 7“—17
Zano(z,7) = ;E‘?y—q?) (9.3.8)
where .
01(y,q) == —ig"*y? T [(1 = ") (1 = yg") (1 =y~ '¢" ). (9.3.9)
n=1

The elliptic genus of the model (9.3.1) is then given by setting 7 = 1/d. Whend = 2 and r = 1/2,
the elliptic genus is trivial and identically 1. This is as it should be, since with W = ®2, the field
@ is massive, and does not survive in infrared.

Note that the logic leading to this formula is the same as the method we used to compute the
53 x S* partition function for a 4d chiral multiplet in Sec. 7.2. The only difference is whether we
use Fourier modes on S? or Fourier modes on S*, and the computation on S* is definitely simpler.

We will study below how the central charge (9.3.4) and the elliptic genus (9.3.8) stand up
against a direct analysis using the superconformal algebra. For this we need to review basic facts
concerning N'= 2 minimal models.

Before getting there, let us perform a generalization to multi-field models, where we have chiral
fields ®@; fori = 1,2, ... and the superpotential W (®,). We assume that we can assign left-moving
R-charges r; to ®;, so that the superpotential has the transformation law

AW (@1, Bo,...) = WA By, A2y, ... ). (9.3.10)
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b exponents

n/2 |1,2,3,....,n—1
n—1|1,3,5...,2n—1;n
1,4,5,7,8,11

6 1,5,7,9,11,13,17

10 |1,7,11,13,17,19,23,29

type | polynomial | A
An—l Xn+Y2 n
Dy | X"+XY?|2n
Eg X14Yy3 12
E; | X3V +Y3 18
Es X54Y3 30

DD W NN =2
i~

Table 4: Data of the singularities of type A, D, E. See the main text for the significance of
the numbers h, a, b.

The computation of the central charge and the elliptic genus carries over easily to this general case.
We simply have

c=3) (1-2r) (9.3.11)

| | 7 . 9.3 . 1 2

%

A nice subset of such multi-field models consists of those with ¢ < 3. First consider the case
when

W=> &" (9.3.13)

where we assume d; > 3 because those ®; with d; = 2 are massive and do not survive in the infrared
limit. We need tosolve ) ©.(1—2/d;) < 1. The full set of solutions is given by (d;) = (d) ford > 3,
(d;) = (3,3), (d;) = (3,4) and (d;) = (3,5). Even allowing for more general superpotentials than
(9.3.13), mathematicians have shown that we only get a few more solutions. All such polynomials
for which ¢ < 3 are tabulated in Table 4.

The theory behind the classification is the following. The quantity > .(1 — 2r;) is also known
in mathematics as the singularity index, and the singularities whose index is less than one is known
as simple singularities. The point is that simple singularities have been classified, and they follow
the ADE classification. For more details, see e.g. the textbook [AGLV98].

The cases (9.3.13) we studied above correspond to the following types: (d;) = (d) is of type
Aq_1, (d;) = (3,3) is of type Dy,* (d;) = (3,4) is of type Es, and (d;) = (3,5) is of type Es.

In the table, the fields are renamed from ®; » to X and Y, and we set the number of variables
to two. The central charge is parametrized by a number A so that

2

=3(1- 7). (9.3.14)

and the left-moving R-charges of X and Yare a/h and b/h, respectively.

“9The type D, polynomial in the Table is W = X34+ XY 2 + Z2, whereas (d;) = (3, 3) gives W = X3+ Y3 4+ Z2.
They can be transformed to each other by a change of variables.

105



As is well-known, simply-laced Lie algebras g, namely those Lie algebras whose Dynkin di-
agram does not contain double or triple lines, admit the same ADE classification: g = A,,_ 1 =
su(n), or D,, = s0(2n), or Eg7s. The number h is the (dual) Coxeter number of the ADE type,
for example, and appears prominently in any gauge theory computation.

In the Table, the exponents are also listed. Take £ as an example. We enumerate all monomials
under the relation 9W/9X = OW/JY = 0. The independent monomials are then 1, X, X2, Y,
XY, X%Y, whose left-moving R-charges are 0/12, 3/12, 6/12,4/12, 7/12, 10/12. The subscript
of the type, here 6 of Eg, is the number of independent such monomials. The exponents {e;} are
such that the left-moving R-charge of these monomials are (e; — 1)/h.

The exponents also have significance in gauge theories. Let g be one of those ADE algebras.
We consider a gauge theory g with a scalar field ¢ in the adjoint representation. We then enumerate
gauge-invariant operators constructed from ¢. Then the exponents plus one, {¢; + 1}, are the
dimensions of generators of such gauge-invariant operators. For example, take A, ;. Then ¢ is
simply a traceless n X n matrix, and gauge-invariant operators are generated by tr ¢?, tr ¢3, ...,
tr ¢". As another example, take D,,. Then ¢ is a 2n X 2n antisymmetric matrix, and gauge-invariant
operators are generated by tr ¢2, tr ¢*,.. ., tr ¢*" 2, and Pf ¢.

9.4 AN =2 Virasoro minimal models

Let us now quote basic results in the representation theory of A'=2 Virasoro symmetry. The
readers are referred to Greene’s review [Gre96], or the textbook by Eguchi and Sugawara [ES15]
if they read Japanese.

First, any unitary representation with ¢ < 3 should necessarily has the form ¢ = 3(1 — 2/h)
with an integer A > 2.°Y Note that the central charge (9.3.4) we found above is exactly of this
particular form.

The unitary irreducible representation in the R-sector for a particular % is classified as follows
[Gep88]. They are labeled by £ = 1,2,...,h—1landm = —£,2 —{,---  +{ — 2, +L.>" Letus
denote this representation by V*. When |m/| # /, the representation contains two lowest-dimension
operators, whose L eigenvalue and the U(1) charge () are given by the formula

Z?—-1 m?* 1 1

m
;o omr 1 _m 9.4.1
o= Tm Tty YT T3 ©.41)

These two operators are paired by the action of the zero modes Gac of the supercharge. When
m = {, the primary state with ) = m/h+1/2 drops out, and the primary state with ) = m/h—1/2
is killed by the action of G}, making it a chiral primary. Similarly, when m = —/, it becomes an
anti-chiral primary. In both cases we simply have Ly, = ¢/24, meaning that the energy on a circle
is zero.

Let us denote the character of this representation, with an insertion of (—1)¥, by I’ (7, 2):

151 (7_7 Z) _ trvf;l(_1)F627riT(L0—c/24)627rin. (942)

1t is also often parameterized by k, where h = k + 2.
SlInstead of / it is often parameterized by [ = £ — 1.
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h type A

ho| Ancy | Dal?+ el +-- + Ixaal?

2n Dfﬁr(idd) X1+ Xon-1> + IX3 + Xon—3|> + - + [Xn—2 + Xn+2]> + 2|xn|?

2n | DS | al? + xal? + -+ + [xen—1? + [Xal? + X2Xzn—z + XaXon—d + - + X2n-2X2
12 Es Ix1 + x7* + Ixa + xs/> + Ixs + xu1?

18 E; Ix1 + xa7l? + Ixs + xasl® + [x7 + xu1l? + [xol® + (xs + x15)X9 + c.c.

30 Ex Ix1 + X11 + X19 + Xa20l® + [x7 + x13 + xa7 + x23/?

Table 5: N, for SU(2),_» modular invariants. This also determines /N, for unitary minimal
N=(2,2) models.

It is common to extend the range of m from —¢ < m < +{tom € Zyy, by the rule If;LJrh = —IT’,ZL_K.
The explicit infinite-product formula for I¢, can be found in [Mat87]. We only need the ¢ — 0
limit:

yt/h=1/2, (m =)
I (y,q=0) = { —y=/hH1/2 0 (m = ) (9.4.3)
0 (otherwise).

To have a full 2d superconformal theory with both the left movers and the right movers, one
needs to combine representations of holomorphic and anti-holomorphic copies of the N'=2 Vi-
rasoro symmetry. All possible modular-invariant combinations with ¢ < 3 was classified [Cap87,
GQ87, Gep88], and the partition function in the RR-sector, with an insertion of (—1)72+% has
the following form:

1 -
ZIN =2 Virasoro (T, Ty 2, Z) = 3 E E Nyt (7,2)18 (7, 2) (9.4.4)
f,él mGZQh

where N, are certain non-negative integers and I’, with odd ¢ + m is considered to be zero.
The N, follows the ADE pattern:

e The so-called diagonal invariant of type Aj;_1, for which we simply have Ny ¢y = 6.
e the D, -type invariant, with h = 2n, and
o the L 7 s-type invariant, with i = 12, 18, 30 respectively.

Note that / in each case is the dual Coxeter number of the ADE type.
To describe the D-type and E-type invariants, it is useful to note that the same sets of integers
appear in the modular invariant partition function of SU(2),,_o,

ZSU(2)-2 = ZNM’XE(Ta 2)xe (T, 2) (9.4.5)
2.0
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where ¢/ = 1, ..., h—1now labels the irreducible representations of SU(2),,_». The SU(2) modular
invariants were first classified in [CIZ87a, CIZ87b, Kat87], and have the values given in Table 5.

We see that, in the Table 5 of modular invariants, A is the dual Coxeter number of the type,
and the term Yy, appears exactly for those ¢ which are the exponents of the type. These results
follow from an analysis using /=2 Virasoro algebra and the modular invariance, without using
any Lagrangian description.

Before proceeding, let us compute the elliptic genus of a minimal model. This is obtained by
restricting the arguments of the partition function (9.4.4) by setting z = 0. From (9.4.3), we see
that I£,(7,0) is +1if ¢ = m, —1if £ = —m, and zero otherwise. Therefore we have

Zell = Z Ngg/[é(T, Z) (946)
L

9.5 Minimal models as Landau-Ginzburg models

We have seen that the Landau-Ginzburg models with ¢ < 3 has an ADE classification in Sec. 9.3.
We have also reviewed in Sec. 9.4 that the minimal models, again with ¢ < 3 has an ADE classi-
fication. It is natural to expect that they correspond. Let us check this correspondence.

Let us first consider the single-field model, where the superpotential is simply W = ®". We
saw in Sec. 9.3 that the central charge is ¢ = 3(1 — 2/h), and the elliptic genus is

91 (yl/h71> Q)
O1(y*'",q)
We identify the low energy limit to be the diagonal modular invariant at this central charge, or

equivalently the modular invariant of type Aj_4, for which Ny, = 9, . For this model, the elliptic
genus is, from (9.4.6),

(9.5.1)

> Iq.y). (9.5.2)
¢
For this identification to hold, we should have
0, ( 1/h— L h—1 g
) ; I{(y, q)- (9.5.3)

The equality (9.5.3) can be checked by expanding both sides in terms of ¢. For example, using
01(y,q = 0) = y*/2 — y=1/2 and (9.4.3), the equation (9.5.3) reduces to the well-known equality

th*l o tl*h
— T = e A SRR A o (9.5.4)
where t = y/(?)_ In fact this agreement at ¢ — 0 is enough to prove the equality (9.5.3) for

arbitrary ¢, roughly due to the following. Both sides of (9.5.3) transform in the same manner
under the shift of z by n + m7 and also under the SL(2, Z) modular transformation on 7. Due to
the low value of c, the possible form of such functions is quite limited, and the agreement at ¢ — 0
forces the equality for all q. For details, see [DFY93, KYY94, Kaw12].
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We can generalize this analysis to the multi-field Landau-Ginzburg polynomials of type D and
E, given in Table 4. We expect them to flow in the infrared to the unitary minimal model of the
corresponding type [VW89]. The agreement of the central charge is easy to check. The agreement
of the elliptic genus is more interesting to confirm. The equality to check is the following:

el(th a’ Q) 01 th b7 q 7
E NopoIh( 955
el(t(l7Q) 91 tb 0.0 o g ,q ( )
where ¢ = /() as before; the left hand side comes from the Landau-Ginzburg description and

the right hand side comes from the minimal model expression. In the limit ¢ — 0, this reduces to

the equation
thfa _ tafh th*b _ tb*h

_ h—2¢
te — t—a ’ tb _ t_b - Z t (956)

£:exponents

where ¢ runs over the exponents of the corresponding type. This generalizes the standard formula
(9.5.4) to type D and E, and can be checked by a direct computation. This equation goes back at
least to [Sai83].

For more details of the content in this section, we refer the readers again to [DFY93, KY Y94,
Kaw12]. Before closing this section, we note that these central charges have directly been measured
in numerical lattice simulations, see [KK11, KS12, MS18, Mor18].

10 Calabi-Yau models

Another important class of 2d N'= (2, 2) theories are Calabi-Yau models, which describe type 1T
strings propagating on Calabi-Yau manifolds. Here we will have a brief look, mainly concentrating
on their elliptic genera. For more detailed information, the readers are advised to consult Greene’s
review [Gre96].

10.1 Calabi-Yau sigma models

A large class of 2d N'= (2, 2) supersymmetric models can be constructed by taking a Kihler man-
ifold X and performing the path-integral over the space of maps from the 2d spacetime to X. Let
X be complex d dimensional. Then we introduce d chiral superfields ®!2-9, and consider the
model described by the Lagrangian

/ POPOK (D, D) (10.1.1)

where K is the Kéhler potential of the Kdhler manifold X.
The metric of the target space X gets renormalized. To the one-loop order, one finds

d
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The sign of the coefficient is such that a positively-curved manifold such as S? shrinks as one lowers
the energy scale A; the S? model is known to show the dimensional transmutation and develops
a mass gap. This renormalization group equation was first studied by Friedan in [Fri80, Fri85] in
non-supersymimetric setting.

The renormalization group equation (10.1.2) implies that if the Kdhler manifold X is Ricci
flat, i.e. when R;; = 0, the model is free of renormalization and therefore conformal, at least to the
one-loop order. A Ricci-flat Kdhler manifold is also known as a Calabi-Yau manifold, due to the
following historical reason. Since R;; is the differential form which represents the first Chern class
c1(TcX) of the tangent bundle, R;; = 0 implies ¢;(7cX) = 0. Calabi conjectured the converse
that any Kiahler manifold with ¢; (7 X) = 0 has a Ricci flat metric. This difficult conjecture was
later proved by Yau.

Let us give some examples of Calabi-Yau manifolds. We start from the projective space CP",
parameterized by ratios [x; : g : -+ - : Z,41]. There is a natural line bundle L = O(1) on it, such
that z; can be thought of as holomorphic sections. We now consider L&* = O(k), whose section
f can be thought of as a degree-k£ homogeneous polynomial of x;. The equation f = 0 within CP"
determines a complex (n — 1)-dimensional space X. The restriction of the Kéhler form of CP"
on X makes X a Kéhler space.

A standard computation in mathematics tells us that this Kihler space X is Calabi-Yau if and
only if k = n + 1.° The simplest example is given by a cubic equation (k = 3) in CPP?. This is a
complex one-dimensional space, and is in fact a torus in disguise. It clearly has a flat metric, and
in particular R;; = 0.

The next example is given by a quartic equation (k = 4) in CP?. This is a complex two-
dimensional surface, and is known as a K3 surface.” The N'= (2, 2) sigma-model on a K3 surface
in fact has N'=(4,4) supersymmetry. For physics applications of K3 surfaces, see the review
article by Aspinwall [Asp96].

The third example is given by a quintic equation (k = 5) in CP*. This is the famous quintic
Calabi-Yau manifold, and is the prototypical example everyone always comes back to when one
studies a Calabi-Yau manifold. Arguably, the most famous one is given by the equation

° +as+al+al+al=0 (10.1.3)

within CP* parameterized by [x1 : 29 : x3 : x4 : x5). This manifold is called the Fermat quintic.

We already mentioned that the one-loop running of the metric is given by the equation (10.1.2),
and therefore that the theory is conformal to this order when R;; = 0, i.e. when the manifold
is Calabi-Yau. In fact, it has been shown that a Calabi-Yau manifold X defines a conformal
field theory well-defined to all order in perturbation theory [NS86] and also non-perturbatively
[DSWW86].

32The computation goes as follows. We write the total Chern class of L as ¢(L) = 1+ H, where H is proportional
to the Kihler class. Now, note that TCP" @ C = L®(+1)  Therefore ¢(TCP) = (1 4+ H)"t'. Furthermore,
denoting by NN the normal bundle to X in CP" we have TX |x & N = TCP"|x and N = L®*|x. We conclude that

o(TX) = Ci(TL%P,:)) = (1;“5]3;1 =1+n+1—-k)H+--,ie. 1(TX) = (n+1—k)H. As H is nonzero, the
vanishing of ¢; (T'X) is equivalent to k = n + 1.
31t was named by A. Weil after three mathematicians Kummer, Kihler and Kodaira involved in the early study of

the K3 surfaces, also alluding to the mountain K2 in the Himalayas.
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Let us determine some of the properties of the low-energy conformal field theory. Take a Kéhler
manifold of complex dimension d. Classically, there is an R—symmetry which assigns charge zero

in the adjoint of u(d) has charge —1 under the left-moving R—symmetry, and is neutral under the
right-moving R-symmetry. Similarly, the right-moving fermions 1/* is charged under Fl, is neutral
under the left-moving R-symmetry, and has charge —1 under the right-moving R-symmetry. The
anomaly polynomial is then given by

Fr  Fgp, Fx

d Fr.o, d Fr,

§(§> —Q(E) +(%_§>t o + - (10.1.4)
where F, and Fj are the background gauge field for the left-moving and right-moving U(1) R-
symmetries.

Note that £, and Fp are background fields, but F'y is the curvature of the target space X and is
part of the dynamical operators of the theorys; this is an analogue of the chiral anomaly of a 4d gauge
theory where a chiral symmetry is broken due to the SU(V) gaugeU(l)chiral anomaly. This means
that the right-moving and the left-moving R-symmetries survive as the conserved symmetries only
when tr Fx oc ;5 vanishes, i.e. when X is Calabi-Yau. Assuming this, one can safely identify the
left-moving R—symmetry in the Lagrangian with the left-moving R-symmetry of the low energy
superconformal theory. We find that

c=3d, (10.1.5)

which is an exact answer without any further correction.

10.2 Geometric computation of the elliptic genera

Let us compute the elliptic genus of the Calabi-Yau sigma model, in the large volume limit. Since
the elliptic genus is rigid against continuous deformations, the result we obtain here applies also
to the Calabi-Yau models in deep quantum regimes. A reader can skip this subsection if s/he is not
familiar with basic algebraic geometry and algebraic topology; only the final results will be needed
later.

In the large volume limit, the curvature of the target X is very small, and therefore we can
analyze the system perturbatively. The wavefunction of the zero modes can be identified with the
differential forms on X, and the wavefunctions of non-zero modes are sections of more complicated
bundles on X.

This consideration leads to the formula

/H Hele1 ) (10.2.1)

from zero modes  from non-zero modes

Here, x,—1, 4 are the Chern roots of 7 X, which means that the target space curvature is formally
thought of as diagonalized in the form

Ia
2—X = diag(z1, 22, .. ., Tq). (10.2.2)
T
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Note that the contributions from the non-zero mode is the contribution (9.3.8) from the R-charge-

neutral chiral fields ®; _,; coupled to the target space curvature (10.2.2). We then perform the

zero-mode integral, which is the integral over X after multiplying it with the Euler class [ ] z,.
In the y — 1 limit, one has

Z(y,q)%/xl_[xa =: x(X), (10.2.3)

which is the Euler number of the manifold X. In the ¢ — 0 limit, one has

-1/2 xa/2 _ ,1/2 —xa/2
y~ % y!Pem e
Z(y,q) — /X [ e = (). (10.2.4)

This quantity is known as the x, genus. In terms of the Betti and the Hodge numbers, we have the
formulas

X(X) =) (-DMdimHY(X),  x(X) =y ) (—y)"(-1)"dim HP(X).  (10.2.5)

d p.q

Let us consider in particular the quintic Calabi-Yau X, which is the zero locus of a quintic
polynomial in M = CP*. Note that the equation (10.2.1) has the form S « P(TX) where ¢ is
a multiplicative characteristic class satisfying (V' & V') = o(V)p(V’) for two vector bundles
V and V'. We also assume that for a line bundle L, we have (L) = f(c¢;(L)) for some function
f(z). A geometric quantity of this form is called a genus, and the elliptic genus (10.2.1) is a special
case when f(x) = z0,(e®y ™, q)/61(e*, q). The following computation works for any f(z). For a
general introduction to genera, see e.g. [HBJ92].

We perform the following manipulation:

2= om0 ® [ Sy

@) o( L& p(TCP") ® 1 (L5 p(L®°) @ 1 5 f(H)°
? S L e 7 o™ ey 0029

Here, the equalities (1) and (2) use the fact that X is the zero locus of a section of L®?, the equality
(3) uses the fact TCP* @ C = L®5, and the equality (4) uses ¢(L) = f(H). Now, note that

1 (n=4),

H" = (10.2.7)
CP4 0 (otherwise)
which means p

HPg(H) = = g(2). 10.2.8
[ e =4 ) (10.28)

We therefore find . i f )5

Z z

J = — ) 10.2.9
7 45 160 (1029
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\/

Figure 11: The relation of (10.2.10) and (10.2.11).

For the particular case of the elliptic genus, one finds

Oy =1 ?i dz 61(e”%,q) {91(6@‘1&)]5

_o 2miz By (e~5FytT) 01(e?,q)

We note that the integrand is periodic under z — z 4+ 1 and z — z 4 7, namely it is an elliptic
function. The integrand has an order-5 pole at z = 0, whose residue we took in (10.2.10).

There are other poles in the fundamental region of z — z + 1 and z — z + 7. Indeed, there
are 52 = 25 simple poles when > = y. As shown in Fig. 11, from Cauchy’s theorem, one finds
an alternative expression of the elliptic genus, which is

(10.2.10)

4 ) 5
1 b/ 91 4/5 27i(a+b7) /5 q)
5 Z |: y+1/5€27rz(a+b7—)/5 ) (10211)
a,b=0
From either expression, one finds
Z = —100(y™" +4'%) (10.2.12)

in the ¢ — 0 limit. Further taking y — 1, one finds that the Euler number of the quintic Calabi-Yau
is —200.

We will find in the next section a more physical understanding of both formulas (10.2.10) and
(10.2.11). Before proceeding, we note that the geometric computation of the elliptic genus of
complete intersections within projective spaces leading to (10.2.10) goes back to [KM94, MZ05].
Similarly, the finite-sum form (10.2.11) goes back to [BH95].

10.3 As Landau-Ginzburg orbifolds

Let us proceed semi-historically. Is there an alternative, more concrete way to realize the quintic
Calabi-Yau sigma model? A naive guess would be to consider the Landau-Ginzburg model with
five chiral superfields X 5 with the superpotential of degree 5. In the Fermat case, we simply
have

.....

W=X"+X"+ -+ X5° (10.3.1)
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In the low energy limit, this is just five copies of the unitary minimal model with i = 5.
One finds that it is not completely off the mark. The total central charge is

2
c=5x3(1-2)=3-3, (10.3.2)

which agrees with (10.1.5). However, the elliptic genus of this model is simply given by taking
five copies of (9.3.8) and is

01y "2, Q)} i
7 - . (10.3.3)
{ O (y'/°. q)
This does not reproduce (10.2.11), but it at least reproduces the a = b = 0 term without a prefactor

of 1/5.

Another related problem is that the Landau-Ginzburg model (10.3.1) contains many operators
with fractional R-charge, such as X;’s themselves which have left-moving R-charge 1/5. In the
geometric Calabi-Yau sigma model, there are only operators with integral R-charges. We need to
somehow Kkill the operators with fractional R-charge.

For this purpose, we consider a non-R Z; symmetry which acts on X;’s by

(X1,..., X5) = e¥5(X1,. .., Xs). (10.3.4)

We then gauge this Z5 symmetry. In the spectrum, only the Zs-invariant states survive. As the
fractional part of the R-charge is equal to the Zs-charge, this guarantees that only the states with
integral R-charge survive.

Let us study the gauging process slightly more carefully. Suppose we have a theory with a
Zj, symmetry. On a T with the spatial S and the temporal S*, we can introduce a background
Zy, gauge field, which can be characterized by the holonomy a € Z, around the temporal circle
and the holonomy b € Z; around the spatial circle. Let us denote the partition function with this
background by Z|a, b]. In the Hamiltonian formalism, we can write

Zla,b] = try, g%e "X (10.3.5)

where H, is the Hilbert space of the b-twisted sector, i.e. the Hilbert space on S* with the holonomy
b € Zj, around it, g is the generator of Z;, acting on H,, satisfying ¢* = 1, and H is the Hamiltonian.
Now, the sum over the temporal holonomy a with fixed b,

k
1 1
z g Zla,b] = try, E(g + 2+t ghe P, (10.3.6)

a=1

gives the trace over the Z; invariant states of H, since (g + g2 + -+ - + g*)/k removes all Z;
charged states and keeps only the Z invariant states. To get a modular invariant combination, we
are forced to sum over the spatial holonomy b in addition. This leads us to consider

(10.3.7)

ZZk gauged —

—_

-

-
N
8
<
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Note that we ended up summing over all possible Z; gauge fields over T°. Stated differently,
this is a path integral over the space of Z; gauge fields. Equivalently, this is a Z; gauge theory.
This operation has traditionally been called as the Z;, orbifold procedure in the literature, and the
resulting model is often called the Landau-Ginzburg orbifold.

Let us come back to our Z; gauge theory. We consider the Z; gauge theory of five chiral
multiplets X 5 under the superpotential (10.3.1) and the Zjs transformation (10.3.4). Let us
compute its elliptic genus.

The contribution from a single X with the Z; holonomy specified by a,b € Zs can be found
from the following consideration. The modes of X are now shifted to X,, /5, and each mode of
X gets the phase €2™*/® under the Zj transformation g. The left-moving R-charge of X is 1/5.
Then the contribution from the Fock space is 0 (y~4/°e?™a+t1)/5 q) /0, (yT1/52ma+b1)/5 o) In
addition, we need to compute the the R-charge of the vacuum, Wthh depends on the twist b. After
a standard computation, say using the ¢ function regularization, one finds that the R-charge of the
vacuum is —b/5. Raising to the power 5 and summing over a, b € Zs, we reproduces the geometric
result (10.2.11).

10.4 As gauged linear sigma models

Let us now consider a gauge theoretic realization of the geometric construction we are using.
Firstly, the CP" sigma model can be realized using a U(1) vector multiplet V and n + 1 charge +1
chiral superfield X1, ..., X,,11. We introduce the Fayet-Iliopoulos term &, which we assume to be
positive. Then the D-term equation is

X2+ X2+ | X P =E (10.4.1)

We further need to identify under the U(1) action, i.e. we make the identification

(X1, Xpg1) ~ GW(XL"' , Xnt1)- (10.4.2)

The resulting space is CPP": this is defined as the space of ratios [z : - - - : x,41], namely, one
identifies

(X1, Xogr) ~ (X, -+, Xa) (10.4.3)

under an arbitrary nonzero complex number v € C. To see that the identification (10.4.3) leads
to the same space as the condition (10.4.2) imposed on the subspace (10.4.1), we first use a € R
so that the condition (10.4.1) is satisfied. Then the remaining identification by || = 1 is exactly
what the relation (10.4.2) does.

Now, we pick a degree-k polynomial fi(Xy,...,X,.1). We also introduce another chiral
superfield P of U(1) charge —k. We then add the superpotential

W = Pfu(X1,..., Xn1). (10.4.4)

Let us analyze this model, following [Wit93]. Before proceeding, we note that this model is known
in the literature under the name of the gauged linear sigma model. This is simply a 2d N'= (2, 2)
U(1) gauge theory with a specific matter content and a specific superpotential.
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We first consider the system classically. The D-term equation is modified to be

X012+ | X+ -+ [ X P — KPP =€ (10.4.5)
The F-term equations are
ow ow Ofk
ap — JE T =P = 0. 10.4.6
op ~ =0 ox = Pax, =Y (1046)

If P # 0, these are n + 2 equations for n + 1 variables X 1, and not satisfied for a generic
choice of the polynomial f;, except at the very special point X; = --- = X, ;; = 0.

When ¢ > 0, the D-term condition (10.4.5) forces at least one of X; to be nonzero. We then
have P = 0, and have successfully realized the hypersurface fi(X7, ..., X,+1) = 0 within CP".

When ¢ < 0, the D-term condition forces P # 0. This breaks U(1) to its subgroup Zj. There-
fore we have the Landau-Ginzburg model for the superfield X1, ..., X, with the superpotential
W = fe(X1,...,X,51) which is now coupled with dynamical Z; gauge field. We have thus
obtained the Landau-Ginzburg orbifold.

Therefore, this single model not only realizes the geometric Calabi-Yau sigma model when
& > 0, but also it reduces to the Landau-Ginzburg orbifold when ¢ < 0. It is an ultraviolet
Lagrangian description which reduces to either, depending on the sign of .

A one-loop computation shows that
dé i(n+1— k)+--- (10.4.7)

~—

dlog A T o ——
from X from P

as we reviewed in (9.1.22). Here the sign of the proportionality coefficient is such that & decreases
in the low energy when n+ 1 > k, is constant for n + 1 = k, and increases when n+1 < k. When
n + 1 = k, the Lagrangian is believed to define a superconformal field theory.

The Lagrangian has an obvious left-moving R-symmetry which assigns charge 1 to PP and
charge 0 to X __,4+1. The vector multiplet V' is neutral under the R-symmetry, and therefore it
contains one right-moving gaugino of left-moving R-charge +1. The anomaly polynomial is then

FL 2 FL Fgauge
— 1—- 1 — — 1— k )———= 10.4.8
2(n+ . )(%) +(n+ )27T o ( )
X P gaugino X P

where F7, is the background for the left-moving R-symmetry and Fy,e is the U(1) gauge field.
We see that the left-moving R-symmetry is free of mixed gauge anomaly only when n + 1 = £,
Assuming this, we can identify the left-moving R-symmetry we see in the Lagrangian description
as the low-energy left-moving R-symmetry in the superconformal algebra. We conclude that the
central charge is given by ¢ = 3(n — 1).

Classically, one cannot continuously connect the region £ > 0 and £ < 0, since there is a
singularity at £ = 0. In the quantum theory, the parameter ¢ is combined with the 6 angle to be
the parameter ¢ = £ 4 i /2m which appears in the twisted superpotential | df_df . t3. Tt is known
that the singularity is complex codimension-1 in the space of ¢, and therefore one can continuously
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connect the region £ > 0 and £ < 0, avoiding hitting any singularity, by turning on a non-zero 6
angle.

The elliptic genus can also be computed from the gauge-theoretic description. The derivation
is intricate and the reader is referred to the original paper [BEHT14]. It would be sufficient here
to note the following. The elliptic genus of a chiral multiplet ® of U(1) charge n and the R-charge
r can be found by slightly generalizing (9.3.8) and is given by

01(y"""e*™", q)

s = . (10.4.9)
®;n, 91 (y'r€27rzn27 q>

where 2 parameterizes a constant U(1) background field on 7%, so that z ~ z + 1 and 2 ~ 2 + 7.
We note that Zs.,, , has n? poles as a function of z at the solution of y"e*™"* = 1.

Let us consider now a U(1) gauge theory with chiral fields ®; of U(1) charge n; and the R-
charge r;. The contribution to the elliptic genus from the chiral fields is then

11 Zosn.ri(27). (10.4.10)

From the transformation law of the theta function, one finds that this is periodic under z ~ z + 1
and z ~ z+ 7 only when > | n;(r; — 1) is zero. This condition also follows when one requires that
the left-moving R-symmetry is free of the mixed gauge anomaly. It is reasonable to guess that the
path integral over the U(1) gauge multiplet leads to some form of an integral over z. A somewhat
complicated argument leads to the result that it is given by

01y =114 dz
PR 2o 10.4.11
; 0i(y~".q) f[: 3miz 1 Zeinirz7) (10.4.11)
01(y=1,q) 7{ dz
g _— Z TR 9 5 10'4.12
wzb 91(971>Q) 2=w, 2miz H P4ini, z(z 7_) ( )

where {z,,w,} is the set of the poles of the integrand [[ Zo,.n, (2, 7), such that {z,} is from
chiral fields with positive charge n; > 0 and {w, } is from those with negative charge n; < 0. The
equality of the two expressions (10.4.11) and (10.4.12) is a consequence of Cauchy’s theorem.

The explicit example we have been studying in this section was a U(1) gauge theory with a
chiral field P of U(1) charge —5 and R-charge 2, and five chiral fields X; 5 of U(1) charge
+1 and R-charge 0. It is easy to check that the general formula above reproduces (10.2.10) and
(10.2.11) depending on whether one chooses the pole at z = 0 from the fields X; or the 5% = 25
poles from the field P.

11 N=(0,2) triality

Our last topic is the N'=(0, 2) triality of Gadde, Gukov and Putrov [GGP14b]. We will start by
briefly reviewing the N'= (0, 2) multiplets.
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11.1 N=(0,2) superfields

To introduce N'= (0, 2) multiplets, it is helpful to start from the multiplets of A'= (2, 2) supersym-
metry and decompose them. An N'= (2, 2) chiral multiplet & decomposes as follows:

o Yo & F N=(0,2) Fermi multiplet,

O < 1, K N'= (0, 2) chiral multiplet, (11D

where the horizontal arrows show the action of the left-moving supersymmetry corresponding to
the 6% direction, while the diagonal arrows correspond to the right-moving 6~ direction.
Similarly, an N'= (2, 2) twisted chiral multiplet > constructed from a vector multiplet decom-
poses as
s A & D+l N= (0, 2) Fermi multiplet,

=D VS N'=(0,2) chiral multiplet, (11.1.2)

where the horizontal and the diagonal arrows correspond to the supersymmetries for the 6% and
6~ directions, respectively.

The N'= (0, 2) superspace has bosonic coordinates 2% and fermionic coordinates #* and 6.
An N'= (0, 2) chiral multiplet ® satisfies D, ® = 0 and contains a complex scalar ¢ and a chiral
fermion ¢/, with the expansion

S=¢+0 ), +---. (11.1.3)

An N'= (0, 2) Fermi multiplet ¥_ satisfies D, ¥_ = F(®) where E is a holomorphic function of
all chiral multiplets in the theory, and has the expansion

U =4 +0"E(D). (11.1.4)
The kinetic term of chiral and fermi multiplets is then of the form
/d@*dé+ [P0 0" + W_;U_"]. (11.1.5)
The interaction term can be written in the form
/de_*\lﬂ_Ji(@‘l) +c.c; (11.1.6)
its supersymmetry variation is controlled by
D (V" J(®%) = EY(®)J;(D). (11.1.7)
Therefore we need a consistency condition
E'(®%)J;(®*) = 0. (11.1.8)
The scalar potential is schematically of the form
Voo | BT+ |3 (11.1.9)
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where the E-term and the .J-term appear symmetrically. In fact, we can regard ¥’ ; = W_;
instead of W_? as the fundamental ingredient; then the £-term and the J-term for ¥’ ; is given by
El(®) = J;(®) and J"(®) = E*(®). When an N'=(2,2) chiral multiplet ®?) is decomposed
into an N'= (0, 2) chiral ® and an N'=(0,2) Fermi V_, E(®) = 0 and J(®) = OW/0P.

As for the Fermi multiplet T _ constructed from a vector multiplet, it has the expansion

Y =X +0"(D+iFp)+--, (11.1.10)

the kinetic term is given by
1 _ _
— /al@*al(‘fr trY_Y_. (11.1.11)
g

For a U(1) multiplet one can introduce the term

/demr, (11.1.12)

where t = £ + i /2 is the complexified combination of the Fayet-Iliopoulos term £ and the theta
angle 6.

112 N=(0,2) triality

Gadde, Gukov and Putrov considered the following N'= (0, 2) gauge theory [GGP14a, GGP14b].
We use U(N,) as the gauge group. Then, as matter fields, we introduce:

e NN chiral multiplets ® in the fundamental,

e N, chiral multiplets P in the antifundamental,

e N3 Fermi multiplets ¥ in the antifundamental,

e N; N, gauge-singlet Fermi multiplets I with the superpotential interaction [ df tr [®P.
e and two Fermi multiplets (2, 5 in the determinant representation.

The cancellation of the SU(/N,) anomaly requires N, = (N; + Ny — N3)/2. The U(1) part of the
gauge anomaly is canceled thanks to the Fermi multiplets €2, 5.

There are flavor symmetries SU(/V; 2 3); in addition, we have three anomaly-free U(1) symme-
try under which various fields are charged as follows:

P U M QO
U1 0 0 -1 =Ny 0
U1)2[0 =1 0 1 =N, 0
ULz |0 0 1 0 0 N

(11.2.1)
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Let us denote this theory by the following diagram:

Ny

(11.2.2)

v
Ny

where we introduced n; = N — N; and N = (N; + Ny + N3)/2. Note that N, = ns, and also
that ny + ny + n3 = N. Here, the central circle denotes the gauge symmetry, the squares flavor
symmetries, the solid lines chiral multiplets, the dotted lines Fermi multiplets; the presence or
the absence of the arrow tips at an end of an edge shows that the corresponding matter fields are
fundamentals or anti-fundamentals, respectively; and curvy lines show that the fields are Fermi
multiplets in the determinant representation.

Gadde, Gukov and Putrov noticed that this theory has a triality, namely that this theory in
the infrared is equivalent to the theories given by the following diagrams, obtained by cyclically
permuting the objects:

Ny Ny

(11.2.3)

N

Ny

Let us check that all three theories have the same 't Hooft anomalies. In the original description,

we have
SU(N1)2 . Ny — N2 = —N,
SU(N2)2 . N3 — N1 = —Na, (1124)
SU(N3)2 . —Nng = —ns3.

As the results are cyclically symmetric, the anomaly is invariant under the triality.
Similarly, the anomaly polynomial for U(1); 5 3 is given by a cyclically-invariant expression

1 F 1 Fy 1 F3
— SNN;(5=)> = =NNy(z=)? — ZNN3(==)? 11.2.5
1(52) 5 o 277) 5 3( 27T) ( )
where F; is the background gauge field for U(1);.
Let us determine next c;, and cp of the low-energy theory. cg can be determined once one finds
the low-energy R-symmetry. How should we identify it in the Lagrangian? First, the superpotential
should have the correct charge:

Rp+ Ro + Ry =1 (11.2.6)

and then it needs to be free of mixed gauge anomaly:
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Since we have five unknowns Rp ¢ 1w, and two equations (11.2.6) and (11.2.7), we see that there
is a three-parameter family of conserved R-symmetries.

To identify exactly which conserved R-symmetry is in the superconformal algebra in the in-
frared, we need to use the c-extremization, which is the an analogue of the a-maximization in four
dimensions we reviewed in Sec. 8. In (9.2.10), we saw that the central charge c is three times
the coefficient of the U(1)% anomaly, where U(1) is the R-symmetry in the superconformal al-
gebra. We can extend this formula to define a trial central charge ¢ for an arbitrary conserved
R-symmetry. Then the c-maximization simply says that the low-energy R-charge extremizes the
trial central charge ¢ [BB13].

The c-extremization is in fact rather easy to derive. Suppose we have a U(1) current J which
does not act on the supercharge. In the infrared, this means that the operators Jr(z) and G*(2)
have zero OPE. From supersymmetry, this means that Jp(z) and J(z) have zero OPE. Since the
OPE coeflicient between Jr and Jp is the derivative of the trial central charge c in the direction of
Jr, the c-extremization follows.

In our case, we obtain

n n n:
Rp:NQ, Rézﬁl, RM:ﬁ, Ry = Rq = 0. (11.2.8)
Then we have
CrR 2 2 2 2 o TN2N3
? = ng((RP - ].) N1 + (Rq) - 1) N2 - Rng) — RMN1N2 - 2RQ —Ng = T, (1129)

which is cyclically symmetric. cg — ¢, can also be computed, since it is proportional to the pure
gravitational anomaly, which can be computed in the Lagrangian description by simply counting
the difference of the number of right-moving and left-moving fermions:

cr —cp = nz(Ny + Ny — N3) — NyNy — 2 — nj (11.2.10)
1
— Z(Nf + N3 + Ni — 2N; Ny — 2N, N3 — 2N3N;) — 2. (11.2.11)

The elliptic genus can also be computed as before[BEHT15]; the contributions from a fermi
multiplet, from a chiral multiplet, and from a vector multiplet are
2i—2j

. 01<€ZJQ> . 77((1) N 01 » 4
a Fermi :————, achiral : , U(N) vector : . (11.2.12)
n(q) 01(e?,q) W) H

Then the gauge theory formula for the elliptic genus is

L ey f zpp (e n(g)
4= n_i’)'(n(Q) ) 7{27“1_[ 1(6‘”_2”'761) -

vV
vector P

n(g)  0i(e* . q) O1(e™ ", q) | Os(e” ", q)
\Ql(ezi—bj,q)\ n(q) ) n(q) AR 7(q)

-~ -~

Vv Vv
o] v M Q

(11.2.13)
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where we are supposed to take only the poles coming from the field P. We end up summing over
the subset {21, ..., 2., } C {a1,...,an,}, cancelling the 1/n3! prefactor by the permutation. The
final formula is a gigantic sum over products of theta functions, which happens to be manifestly
invariant under the triality without using any complicated identity of theta functions.

In fact, it is possible to propose a well-motivated complete description of the low-energy limit.
First, from (11.2.4), one knows that there should be an SU(X;) level n; current algebra on the
left-movers. The Sugawara construction says that an SU(N) level k current algebra contributes to
the central charge by
kdim SU(N)

N +k
We also have three U(1); currents, each of which contribute 1 to the central charge. It so happens
that their sum saturates c¢;, = (¢, — cg) + cg computed from (11.2.9) and (11.2.11):

=3 i 11.2.15
cr +Z; N ( )

CSU(N) level k = (11.2.14)

This means that the left-movers consist of the current algebras [ [, SU(N;) x U(1); and nothing
else.

Second, there is a nice N'= 2-supersymmetric right-moving theory which can be combined
with this left-moving current algebra. This is given by the Kazama-Suzuki supercoset [KS89b,

KS89a] based on the coset
U(N)w
_— (11.2.16)
[T Ulni)n
which also made an appearance in [Gail3]. Here, a super U(n)y model consists of bosonic
U(n)n_n together with n? free fermions, with the central charge
(N —n)(n?—-1) n?

= 14+ —. 11.2.17
c N + 1+ 5 ( )

Then the super Kazama-Suzuki coset shown above has the central-charge

n? ninan
_|_1_|__1):3g

N? (N = n)(n? — 1)
Z( N 2 N

CR:(T—l—l)—

(11.2.18)
which magically agrees with (11.2.9). As mentioned above, the super U(n;) contains the bosonic
U(ni)n—n, = U(n;)n,, and its level-rank dual U(XV;),, appears on the left-moving side. This
fact allows us to glue the left-moving side and the right-moving side in a modular-invariant way,
which gives a complete spectrum of the low-energy N'= (0, 2) superconformal theory, which is
manifestly invariant under the triality. One can compute the elliptic genus from this spectrum,
which reproduces (11.2.13).

This is a much more elaborate version of the agreement of the elliptic genus computed from
the Landau-Ginzburg model X? and the elliptic genus computed from the unitary minimal model
of type A4—1 we saw in Sec. 9.5. It would be fantastic if one can understand the low-energy super-
conformal theory of even a single 4d =1 Lagrangian theory, in a way similar to this case of 2d
triality.
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11.3 2d dualities from 4d dualities on S?: generalities

Next, we try to connect the triality of 2d N'= (0, 2) theory we have been discussing so far to the
Seiberg duality of 4d V'= 1 theory we studied in detail in Sec. 4.3. We consider putting a4d N'=1
theory on S? with a unit U(1) R-charge flux, and making the radius very small. In Sec. 11.4, we
study the 2d Lagrangian X4 obtained from putting a 4d N'= 1 theory X4 on S? and keeping only
the zero modes. Then in Sec. 11.5, we see that, by putting Seiberg dual pairs of 4d U(N) gauge
theories on S? and keeping only the zero modes, we obtain three 2d Lagrangians participating in
the triality of Gadde, Gukov and Putrov.

We hasten to add that this does not fully explain the 2d triality from the 4d duality. The 4d
duality is the statement that the low-energy limit of two 4d theories describe the same physics. As
long as we keep the radius of S finite, we expect that the two dual 4d theories give rise to the same
infrared physics. But keeping only the zero modes along S? is too crude. For example, there are
known cases where two dual 4d theories A4q, B on S2, if we only keep the zero modes, give rise
to two non-dual 2d theories A,qy, B,y. For example, if we take a Seiberg dual pair of SU theories
as Ayq, Bag, the resulting 2d theories A,q, B,y have different elliptic genera.

In [GRW15], the supersymmetric index of 4d N'= 1 theory on S? x T? was studied’. It was
observed there that

e the supersymmetric index on S? x T2 is independent of the radius of S,
e two dual /=1 theories have the same supersymmetric index on S? x T2,

e and there is a certain large class of 4d theories X44 where the supersymmetric index of X44
on S? x T? equals the elliptic genus of X,4 on T2, where X, is obtained by keeping only
the zero modes along S2.

The 4d dual pair leading to the 2d triality happens to be in this large class; the N'=(0,4) dualities
of Putrov, Song and Yan [PSY16] is another example. It is fair to say, however, that the physi-
cal mechanism selecting this large class where the naive dimensional reduction works is not yet
understood.

There is a similar issue in deriving 3d dualities by putting 4d dual theories on S*, or deriving 2d
dualities from 3d dual theories on S*. In those cases, there is a satisfactory physical understanding
given in [ARSW13a, ARSW13b] for the reduction from 4d to 3d and in [ARW 17] for the reduction
from 3d to 2d. It would be highly desirable to have a similar analysis for the reduction from 4d to
2d on 52,

In this lecture note, we will be content on presenting 4d dual pairs on S? such that the 2d
Lagrangians obtained by keeping only the zero modes along S? give rise to the 2d N'= (0, 2)
gauge theories related by triality. The reader is welcome to come up with a physical explanation
why this works.

3There was an earlier but not quite complete analysis of the same setup in [HY15].

123



11.4 2d spectrum of 4d N'= 1 theory on S

A generic 4d N'=1 theory on S? will not preserve any supersymmetry. We require that the 4d
N'=1 theory in question has a conserved U(1) R-symmetry. The details of the Lagrangian can
be found in e.g. [CS14, CDFK14, NY14] and we only need its existence. The essential point is
that by introducing a unit flux of U(1)r on S?, the curvature of the spinor bundle coming from
the round metric of S? is canceled against the curvature coming from the R-charge, preserving
2d N'= (0, 2) supersymmetry. Note that we do not have to use the U(1)g in the superconformal
group; rather, we just need to pick a conserved and integrally-quantized U(1) R-symmetry, such
that the supercharges have charge +1.

We are interested in the massless modes in 2d when the radius of S? is very small. They can be
read off from the spinor zero modes on S2. Let us put a 4d Weyl fermion with charge g on S? with
a unit monopole flux. Then there are |g| 2d left-moving (right-moving) complex Weyl fermions
when ¢ > 0 (¢ < 0), while there are no zero modes when ¢ = 0. In either case, they transform in
an irreducible representation of SU(2) rotating 52.

Recall that the chiral supercharge has R-charge —1. From this, we see that there is one complex
right-moving supercharge in 2d, i.e. itis N'= (0, 2) supersymmetric. We also find that when a chiral
multiplet of R-charge r is put on S2, we have the following rule:

e when r > 1, there are | — 1| Fermi multiplets, and
e when r < 1, there are | — 1| chiral multiplets.

Similarly, when a vector multiplet is put on 52, the R-charge of the gaugino is fixed to 1, and
therefore we find one N'= (0, 2) vector multiplet in 2d.

11.5 Triality from duality

Now, let us consider 4d SU(N,) theory with IV, flavors Q° and Qz 1 =1,..., N;. In2d we consider
a U gauge theory rather than an SU theory. This motivates us to gauge the U(1) part in the 4d setup
to start with; we assign charge £1 to * and Q:, respectively. With this matter content, there is a
nonzero U(1)?U(1)z anomaly of strength

L Fuy o Fumr 2 1 Fuw o Fowr

2(R(Q) — 1)N.Ny - —(7) o = —2N7 - 5(7) o (11.5.1)
To cancel it, we introduce a pair of chiral superfields €2 and Q, such that €2 transforms as the
determinant of the fundamental of U(/V,), and Q as the determinant of the anti-fundamental, both
of which has R-charge 2. This charge assignment also guarantees that the U(1)? gauge anomaly
cancels.

We now pick an R-charge assignment that is integral and anomaly-free, so that we can put the
theory on S? preserving the 2d N'= (0, 2) supersymmetry. Let us say the R-charges of individual
components of (); and QZ are r; and 7;. Then the anomaly-free condition is

Z(Tz' +7;) = 2N — 2N.. (11.5.2)
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A nice class of solutions is to take
TZZO, flz]_—NQ, 7:2:1+N3, 771'>2:]_. (1153)

From (11.5.2), we need N, = (N; + Ny — N3)/2. Let us add gauge-singlet mesons M* where
i =1,...,N, but j = 1 only, with the coupling W = M¥Q,(),. We assign the superpotential 1V’
the R-charge 2. Then we see that M has R-charge 1 + N,. Call this 4d theory Ayq.

In this 4d setup, we find the following non-R conserved symmetries: SU(N;) acting on () and
SU(2) rotating S?, together with three U(1)s:

e U(1); acts on (); with charge +1 and on Q3 with charge — Ny,
e U(1), acts on Q; with charge +1 and on (3 with charge —1, and
e U(1)3 acts on Q2 with charge +1 and on Q3 with charge —1.

By applying the rule above, from the theory A4y we obtain a 2d N'= (0, 2) theory with the
following spectrum:

e SU(N.) vector multiplet,

Ni chirals @ in the fundamental representation,

Ny chirals P in the anti-fundamental representation,

N3 Fermis W in the anti-fundamental representation,
e N; N, Fermis I' that are gauge neutral, and finally
e two Fermis €, () in the determinant representation,

with a superpotential coupling [ df, tr '® P coming from the 4d superpotential W = QM Q.
The 2d theory we obtained can be summarized in the following quiver diagram

Ny

(11.5.4)

<
Ny

Here, we used N = (N; + Ny + N3)/2 and n; = N — N; as before; we have N, = n3. This is
exactly the original theory (11.2.2).

The 4d Seiberg dual of theory A,q has the gauge group U(ny) with N; flavors ¢° and ¢, trans-
forming in the conjugate representations of the original SU(N;) x SU(N;). The dual R-charge
assignment can be worked out by comparing the charges of baryons and mesons:

7“7;:0; flz]_—l—NQ, f2:1—N3, ’Fi>2:1- (1155)
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We also have gauge-singlet mesons M;; where i = 1,..., N; butnow j > 1, and two fields (2, Q
cancelling the U(1)g,e anomaly. Call this theory Bj,.
We put the theory B}, on 52, and the following 2d theory is obtained:

N, N,

A

By = /@9” Qs = @ Qs - (11.5.6)
AN AN

N1 N3 Nl N3

Here we used the fact that in 2d N'= (0, 2) theories, having a Fermi multiplet in a representation
R is the same as having a Fermi multiplet in a representation R, after exchanging its .J and E
interaction.

This 2d theory By, is exactly what Gadde, Gukov and Putrov discussed, see (11.2.3). A natural
question is how the triality can be obtained from the duality. The answer is that the 2d theory By,
can be obtained from a 4d theory B, different from the theory B), used above. Namely, consider
a 4d theory Bj, with gauge group U(ny) with N3 flavors ¢;, ¢; with the R-charge assignment

T’Z:O, 7:1:1—N1, /F2:1+N2, fi>2:]-’ (1157)

together with gauge-singlet mesons M;; for j = 1. and (2, Q.

By putting it on S2, you get the 2d theory By, exactly as before, by following the same proce-
dure. Now, we apply the Seiberg duality to the 4d theory Bsy. What you get is the 4d theory C,
which is SU(n;) with N3 flavors, with the R-charge assignment

7”1:0, f1:1+N1, 'F2:1_N2, 7:1'>2:1, (1158)

which gives the 2d theory C5,; given by

Ny
T

Coq = Q1 V‘@ , (11.5.9)

Ny N3

which reproduces C5,; of (11.2.3).
Again, this 2d theory Cs,; comes from another 4d theory Cyq which is U(n;) with N, flavors,
with the R-charge assignment

7“7,:0, f1:1—|—N1, ’F2:1—N3, 7:7;>2:1. (11510)
Its Seiberg dual is the theory A/, which is U(ng) with N, flavors, with the R-charge assignment

7“7;:0; flz]_—Nl, fgzl—{—Ng, ’Fi>2:1- (11511)
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When we put this theory A}, on S?, we find the original 2d theory Aay.

Summarizing, the 2d theory Ay, comes either from the 4d theory Ayq or Aljy, Bay from Byy or
B4, and Cyy from Cyy or Cy,. The 4d Seiberg dual pairs are Ayq <> By, Baa <> Cly, Caa <> Aly.
Therefore, we have the triality Aoy — Bog — Coy — Aoy in 2d.

As already emphasized in Sec. 11.3, this does not fully explain the 2d triality as a consequence
of the 4d duality on S?. Hopefully, one of the readers will get interested and identify the physical
mechanism behind the selection rule presented in Sec. 11.3.
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Part 3: Appendix

12 Supersymmetry in diverse dimensions

In this appendix, we will give a brief summary of the structure of supersymmetry and supercon-
formal symmetry in various dimensions.” Recall that the basic ingredient of supersymmetry is
the anti-commutator {Q,,, @ /5’} ~ Puvg 5 Therefore it is imperative for us to learn the property of
spinors in various dimensions.

12.1 Spinors in various dimensions
12.1.1 Construction of gamma matrices

We need to study spinors of both s0(d) and so(d — 1, 1). Let us start with so(d). We first need the
gamma matrices satisfying the relation

{1V} = 426 (12.1.1)
fori = 1,...,d. This anticommutation relation guarantees that the generators
. 1. .
MY = 5[1“’,1“3] (12.1.2)

satisfy the commutation relation of the so(d) Lie algebra.
Let us show inductively that we can choose such a set of gamma matrices as 2" x 2" matrices
when d = 2n and d = 2n + 1. We start from so0(2), for which we can take

0 1 0 —
1 _ _x _ 2y
["=0"= (1 0), [ =0= <z 0'> (12.1.3)
Now, suppose we already have a set of gamma matrices I'!, ..., I'% for d = 2n. We can define
[t .—jeplip2... 20 (12.1.4)

to upgrade this set to gamma matrices for d = 2n + 1. Note that for d = 2 we have

1 0
3 _ _z _
I?=0*= (0 _1). (12.1.5)
We can combine gamma matrices I, ..., T?" ford = 2nand I, ..., ' for d = 2 to obtain

I, ..., T22% for d = 2n + 27. The explicit formula is the following:

K — i ® 1, (i=1,...,2n)

L = 12.1.6
P2 =2t @ [V (j=1,...,20) (12.1.0

35 Another good reference is Appendix B of Polchinski’s volume 2 [Pol05]. The ultimate reference in the case of
supergravity in various dimensions is [SS89].
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where we remind the reader that for two matrices A, and B,,, their tensor product A ® B is the
matrix whose elements are given by (A ® B)gu1y := AstBu,. This completes the proof that for
d = 2n we can take I'* to be 2" x 2" matrices. At the same time, we have given explicit forms of
gamma matrices.

The 2"-dimensional space on which these gamma matrices act is called the Dirac spinor, for
50(2n) and s0(2n + 1). For so(2n), the generators (12.1.2) commute with I'*"*1. Therefore the
2"~1.dimensional eigenspaces satisfying ['*"*! = +1 are themselves representations of 50(2n).
These two representations are called positive/negative or left-handed/right-handed Weyl spinors.
Indices for the positive Weyl spinor and for the negative Weyl spinors are often distinguished by
using undotted « for the former and dotted £ for the latter.

12.1.2 Reality properties

Let us study the reality properties of spinors of so(d). This can be done in many ways. Here we
use accidental isomorphisms of so(d) with other Lie algebras for low d:

e For s0(1), the Dirac spinor is clearly strictly real, since we can simply take I'' = 1.

e For s50(2), we have s0(2) ~ u(1). Under the identification that the standard 2-dimensional
vector representation of so(2) splits as charge-(41) representations of u(1), the Weyl spinors
of s0(2) are charge-(+1) representations. In particular, the complex conjugate of one Weyl
spinor is the other Weyl spinor.

e Forso(3), we have s0(3) ~ su(2), and the spinor representation is the 2-dimensional funda-
mental representation of su(2), often denoted by 2. This is a real representation in the sense
that 2 = 2. In other words there is a conjugate-linear map * : 2 — 2 which commutes with
the action of s0(3) ~ su(2). Explicitly, it is given by

(u,v) — (—v,1u). (12.1.7)

This map * squares to minus one: ** = —1. Such a real representation is called a pseudoreal
representation.

e For so(4), we have so0(4) ~ su(2) x su(2)’. The two Weyl spinors of so(4) are the two-
dimensional fundamental representations of s1(2) and su(2)’. This tells us that the complex
conjugate of a Weyl spinor is the same Weyl spinor.

e For s50(5), we have s0(5) ~ sp(2), and the Dirac spinor of so(5) is the fundamental 4-
dimensional representation of sp(2), often denoted by 4. This is a pseudoreal representation.
For more on the group Sp(n), see Section 5.1.

e Forso(6), we have 50(6) ~ su(4), and the Weyl spinors of so(6) are simply the fundamental
representation 4 and the anti-fundamental representation 4 of su(4). This means that the
complex conjugate of a Weyl spinor is another Weyl spinor.
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e For so(7), we do not have a good accidental isomorphism to study the Dirac spinor of s0(7),
which is eight dimensional and often denoted by 8. Its reality can be understood by restrict-
ing a Weyl spinor of s0(8) to s0(7). It can be also understood by using the octonion O, since
Im O acting on O provide gamma matrices for so(7). Either way, one sees that the spinor
is a strictly real representation, i.e. there is a conjugate linear map * : 8 — 8 commuting
with the s0(7) action such that xx = +1. In this case the subspace of 8 where * acts by +1
is a 8-dimensional real vector space. This real subspace is also known as a Majorana spinor
representation.

e The algebra so(8) has three eight-dimensional irreducible representations: the 8-dimensional
vector representation of s0(8) is 8 and two Weyl spinors are 8y and 85. These three are
permuted by the outer automorphism S5 fo so(8), which can be seen from its Dynkin dia-
gram:

0o—o0 . (12.1.8)

Since 8y is clearly a strictly real representation, it follows that two Weyl spinors are also
strictly real. In particular, this means that the complex conjugate of a Weyl spinor is the
same Weyl spinor.

Since the spinors of s0(8) are strictly real, it follows from (12.1.6) that the reality properties
of spinors of so(d + 8) and those of so(d) are the same. This is one example of a mathematical
phenomenon called the Bott periodicity.

12.1.3 Spinors of so(d — 1,1)

To understand the spinors of so(d — 1, 1) instead of so(d), we need gamma matrices satisfying
{T# TV} = +2p™ (12.1.9)

where for concreteness we choose the mostly-plus convention for the metric n** of the Minkowski
space. We note that the gamma matrices of so(1, 1) and so(2, 1) can be chosen so that

o (0 —1 L (01 . (10
F_<1O,F_1O,F_01. (12.1.10)

We can then combine the gamma matrices for s0(1, 1) and those for so(d — 2) as in (12.1.6) to
form the required gamma matrices for so(d — 1, 1). Since the gamma matrices for so(1, 1) shown
in (12.1.10) are all real matrices, it follows that the spinors of so(d — 2) and so(d — 1, 1) behave
the same way under the complex conjugation and therefore have the same reality conditions one
can impose.
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Exercise. We often perform the Wick rotation and study systems with so(d) spacetime sym-
metry rather than so(d — 1, 1) symmetry. Should we use the reality properties of so(d) spinors
rather than those of so(d — 1,1)?

Answer. No. The reality condition placed on fields in the Wick rotated spacetime is under the
transformation

¢(x) = ¢(Px) (12.1.11)

where P is a parity action, e.g.
(2, 2%, .. 2% = (=2t 2?2, (12.1.12)

The reality condition on so(d) spinors with this type of complex conjugation involving parity turns
out to be the same with the reality condition on so(d — 1, 1) spinors.

12.2 Possible types of supersymmetry

We can now study the structure of supersymmetry in various dimensions. In odd dimensions,
we have supercharges 0%, in the Dirac spinor representation. When the spinor is strictly real, we
require ', to be Hermitean. When the index 7 runs from 1 to ¢, it is called /= ¢ supersymmetric.

In even dimensions, we can have supercharges @, and Qé in two Weyl representations. When

a complex conjugate of a Weyl representation is a different Weyl representation, Qg is simply

the complex conjugate of ' When the index i then runs from 1 to ¢, it is again called N'=c
supersymmetric.

Otherwise, one can choose the number of @Q°, and Qg independently. Say the index ¢ runs from
1to ¢y and j from 1 to c_. Then the system is called N'=(c,,c_) supersymmetric. When the
Weyl spinor is strictly real, we require )%, and Qfé to be Hermitean.

An R-symmetry is a symmetry which does not commute with the supersymmetry genera-
tors. The maximal R-symmetry one can consider for N'= ¢ supersymmetry is U(c), O(c), Sp(c),
depending on whether the supercharges are complex, strictly real, or pseudoreal, respectively.
In even dimensions where we have N'=(c, c_) supersymmetry, the maximal R-symmetry is
O(cy) x O(c-) or Sp(e4 ) x Sp(c—), again depending on the reality of the supercharges. Note that
the actual R-symmetry group of a specific theory can be smaller than the maximal R-symmetry we
just listed.

For an easy reference, various basic properties of the supersymmetry is tabulated in Table 6.
There, for each spacetime dimension, we listed the type of the minimal spinor representation,
its complex dimension, the type of reality condition which can be imposed on it, and the real
dimension of the smallest spinor; then the types of supersymmetry, and finally the maximal R-
symmetry allowed.

The concept of the total number of real component of supercharges is also useful; this number is
often just called the number of supercharges.”® For example, a 3d N'= 6 theory would have 6 x 2 =

6Superconformal theories have S-supercharges in addition to Q-supercharges, as we will explain soon below. For
the number of supercharge, we do not usually count the S-supercharges.
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spacetime | type of dimc of  typeof  dimg of | types of maximal
dimension | spinor  spinor reality spinor susy R symmetry
s0(1,1) | Weyl 1 strictly real 1 N=(ci,c_) Ofey) x Ofc)
s0(2,1) | Dirac 2 strictly real 2 =c O(c)
s0(3,1) | Weyl 2 complex 4 N=c U(e)
s0(4,1) | Dirac 4 pseudoreal 8 N=c Sp(c)
s0(5,1) | Weyl 4 pseudoreal 8 N=(cy,c_) Sp(cy) x Sp(c-)
50(6,1) | Dirac 8 pseudoreal 16 N=c Sp(c)
s0(7,1) | Weyl 8 complex 16 N=c U(c)
s0(8,1) | Dirac 16 strictlyreal 16 N=c O(e)
50(9,1) | Weyl 16 strictlyreal 16 | N=(cy,c-) Ofeq) x O(c-)
$0(10,1) | Dirac 32  strictly real 32 N=c O(c)
so(11,1) | Weyl 32 complex 64 N=c U(e)

Table 6: Basic data of supersymmetry in various dimensions.

12 supercharges. The usefulness comes from the fact that supersymmetric theories with the same
number of real component of supercharges behave quite similarly across spacetime dimensions.’’

As an example of this behavior, let us consider the spin of particles contained in a massless
representation of supersymmetry. Let us say a massless particle in d > 4 dimensions has the

momentum
Pt = (E7E,0,...,O), (12.2.1)

or in the lightcone coordinates, P™ = E, P~ = 0, P' = O where i = 1,2,...,d — 2. Ind > 4,
the number of supercharges is automatically a multiple of 4, so let us denote it by 4k where k is an

integer. We denote the supercharges by Q™ and ()¢, each Hermitean and 7 = 1, . .., 2k, with the
anticommutation relation

(Q*, Q1) = Ptoi, {Q7,Q77} = P 6Y. (12.2.2)

We see that Qs form k pairs of fermionic oscillators, whereas Q~%’s are simply zero. Since each
fermionic oscillator change the helicity by +-1/2, any supermultiplet would contain a particle such
that |helicity| > k/4.

For example, when there are 16 supercharges (and therefore £ = 4), the multiplet with the
smallest |helicity| has the helicity content

-1, —=, 0, 4=, +L (12.2.3)

Tthe author has mainly been an 8-supercharge person.
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Therefore, any massless theory in d > 4 with at least 16 supercharges will automatically have a
massless vector field and will be a gauge theory. This is true in particular for all supersymmetric
theories in d > 7.

Similarly, when there are 32 supercharges, any massless theory will automatically have a mass-
less field of spin 2, and will contain dynamical gravity. In particular, any supersymmetric theory
in d > 11 will be a gravitational theory. When we go one step further, we find that when there are
64 supercharges, any massless theory will automatically have massless higher-spin particles. This
is forced on us in d > 12, which is one reason why such theories are not usually considered in the
literature.

12.3 Possible types of superconformal symmetries

Let us next briefly study the superconformal symmetries. In d spacetime dimensions, the Lorentz
algebra is so(d — 1,1). The conformal algebra is then so(d,2). Its generators are commonly
denoted by M, for so(d — 1,1) generators, P, and K, for translations and special conformal
transformations, and D for the dilatation.

In the superconformal case, we first have the ordinary supercharges (). Its commutator with
K, is denoted by S, and known as the superconformal supercharges. The anti-commutator of @),
and S* will involve not only so(d, 2) generators but also R-symmetries.

The entire superconformal algebra is of the form

s0(d,2) ® R-symmetry @ (Qq, S%) . (12.3.1)
S o

All possible superconformal algebras were classified in [Nah78]. Here a short summary will be
presented.

We restrict attention to d > 2, because the d = 2 case is very special in that the non-
supersymmetric conformal algebra itself is enhanced from s0(2,2) to the infinite-dimensional
Virasoro @ Virasoro algebra. We demand that all R-symmetry generators do act nontrivially on Q
and S. Then the superconformal algebra is simple.”®

Now we can quote the classification of simple super Lie algebras [Kac77]. The bosonic part
of the superconformal algebra is reductive® since it is a direct sum of s0(d, 2) and R-symmetries.
Therefore we only need to consider simple super Lie algebras whose bosonic part is reductive.
Their classification is taken from [Kac77] and shown in Table 7.

Now, we require for superconformal algebras that the fermion part is a spinor representation of
s0(d—2,2) algebra. However, the Table 7 does not explicitly have spinors of so algebras, except for
the exceptional case of F'(4). In other cases, we need to use accidental isomorphisms for low d to
convert a spinor of an so algebra into something else. This means that the superconformal algebras
only exists for low enough d. We find only the possibilities listed in the Table 8. In particular, the
superconformal symmetries exist only up to d = 6, and one can only have N=1in d = 5.

381n the technical sense of not having a nontrivial ideal.
3This means that it is a direct sum of simple Lie algebras and u(1)’s.
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boson fermion

su(N|M) | su(N)dsu(M) @ u(l) NeoMoMe® N
0sp(N|2M) | so(N)dsp(M) N ®2M

D(2,1;a) | su(2)®su(2) & su(2)” 22 ®2"

G(3) gobsu(2) 7®2

F(4) s0(7)Bsu(2) 8 ®2

P(N) su(N + 1) sym. Gantisym.

Q(N) su(N +1) adj.

Table 7: Data of simple super Lie algebras whose bosonic part is reductive. More precisely,
su(N|N) needs to be replaced by psu(N|N) which is obtained by removing the u(1) part.

dimension boson fermion total algebra susy
3 50(3,2)®so(N) 4N osp(N|4) |N=N
4 50(4,2)®s5u(N) [ 4@ N4 @ N | su(4|N) |N=N
5 50(5,2)® su(2) 8®2 F(4) N=1
6 50(6,2)® sp(N) 822N osp(8]2N) | N= (N,0)

Table 8: Data of superconformal algebras in d > 3. Again, for d = 4 and N = 4, one needs
to remove the u(1) part.

The definitive reference of superconformal multiplets is [CDI16]. There, it is also shown that
for d = 6 and d = 4, there are no superconformal theories with more than 16 supercharges, while
for d = 3, there are superconformal theories with more than 16 supercharges but such theories are
necessarily free.

12.4 Summary

The information obtained so far is summarized in the big Table 9. When referring to the table, it
should be noted that:

e Only those supersymmetries which allow non-gravitational multiplets are listed.

e In3 < d < 10, all possibilities are listed, up to the exchange of N=(c,,c_) <> N=(c_, cy).

In d = 2 there are many more possibilities.

Those with superconformal algebras are shown in bold green.

Those with 16 supercharges have blue background .
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d=12 automatically higher spin theory

d=11 automatically contains dynamical gravity
d=10| N =(1,0)

d=9 (N=1

d=8 |N =1

d=7 |(N=1

d=6 |N=(1,1) (2,0) (1,0)

d=5 (N =2 1

d=4 |(N=4 3 2 1
d=3 |N =8 765 4 3 2 1
d=2 | N =(8,8) (4,4) (2,2)

Table 9: Supersymmetries in various dimensions.

e Those with 8 supercharges have yellow background .

e Those with 4 supercharges have red background .
We also have a couple of comments:

e The dimensional reduction on S* of a theory in d = D dimension with a supersymmetry
given in an entry will result in the theory in d = D — 1 dimension in the entry just below
the original entry, with the understanding that both 6d A'= (1, 1) and 6d N'=(2,0) reduce
to N'=2 in 5d.

e In the 5d supergravity literature, what we refer to AV'=c supersymmetry is often called N'=2¢
supersymmetry.

12.5 Minimal supersymmetric Yang-Mills theory

Now let us ask in which dimensions one can have a supersymmetric Yang-Mills theory which only
contains the gauge field A} and a spinor A7, where a is the index of the adjoint of the gauge group.
The on-shell degree of freedom in a vector field is d — 2, while the on-shell degree of freedom in a
spinor is a power of 2. Therefore we need to have d — 2 = 27 for some integer p. Moreover, as we
discussed, any supersymmetric theory in d > 11 contains dynamical gravity, so we need to have
d < 10.

This leaves us withd =2+2° =3, d =2+2' =4, d=2+22=6,andd =2+ 2% = 10. A
priori, there is no guarantee that the reality condition on spinors are such that there is a spinor field
with the required number of on-shell degrees of freedom, but it happens that the minimal spinor of
each dimension does the job, by consulting our Table 6; note that the number of on-shell degrees
of freedom of a spinor field is half the number of real off-shell components in the field.
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Somewhat surprisingly, the simplest Lagrangian one can think of,
tr F,, F* +itr X;D)\ (12.5.1)

is actually supersymmetric [BSS77] and its supersymmetry can be checked uniformly [KT83,
Eva88], by re-formulating the d = 4 case we already presented at the end of Sec. 2.1.

”w
For this purpose, let us define o# = I'* for d = 3, and ['* = 0 @ ) for d = 4,6, 10. The

at 0
only supersymmetry variations allowed by the compatibility with Lorentz transformations are then

0A, x eo A\ + c.c., N o Fy6t0". (12.5.2)

Then the supersymmetry transformation of the action has the following structure:

tr FF tr APA

h\ 5)/ \%1 (12.5.3)

€l oto" A+ c.c. fave (€T, AT (NETHAE) + c.c.

The variation linear in A can be canceled by appropriately choosing the proportionality coef-
ficients in (12.5.2). The variation of the form f..(€0,A%)(A\?c#)\°) needs to vanish alone. This
follows if

Ouao"s) =0 (12.5.4)

where the parentheses in the subscripts and the superscripts mean separate symmetrization.

The essential relation (12.5.4) can be checked explicitly, but a more conceptual explanation
goes as follows, as in the case d = 4. Note that this identity follows if p*p,, = 0 for p* = vo*v for
arbitrary bosonic spinors v. Now, for d = 3,4, 6, 8, the minimal spinor can be thought of a column

2-vector
v = (”l) (12.5.5)
(%)

where the entries v o are in the division algebra K given as follows:

d|3 4 6 38
KR C H O

(12.5.6)

where H and O are the quaternion algebra and the octonion algebra, briefly reviewed in Sec. 5.1.
The sigma matrices can be chosen as

10 1 0 ~ 0 e
0 __ 1 _ 1+ 7
o’ = (O 1) , o0 = (0 _1> , o= (ei 0) (12.5.7)

where e; with i = 1,...,d — 2 = 27 are the real basis of K. The standard properties of the
algebras K guarantee that the 0 matrices defined above satisfy the required properties. For details,
see e.g. [Bae02].
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In particular, o#’s form a basis of Hermitean 2 x 2 matrices with entries in K, i.e. matrices of
the form

(a “’) . abcR wek. (12.5.8)
w b
We define for such a Hermitean matrix its determinant by
det <a w) = ab — |w|*. (12.5.9)
w b
In particular, we have
det(p,o") = —pup". (12.5.10)
Now, for p* = vo*v, we have
Z VU1 Ul 12.5.11
p O—H x (1711)2 1_)2’112.) ( 5 )
We see that
oo VU1 VU1 g o2
p!'p, = det (1711}2 @21]2) |v1]*|va] |v10s] 0. (12.5.12)

This is what we wanted to show.

12.6 Comments on theories with 16 supercharges

Finally let us make some comments on theories with 16 supercharges.

12.6.1 Super Yang-Mills theories and their R-symmetries

We can start from the 10d minimal supersymmetric Yang-Mills theory. As we saw already in
Sec. 12.5, it consists of the gauge field A}, and a gaugino A. To obtain the maximally supersym-
metric Yang-Mills theory in dimension D, one simply compactifies the 10d theory on 7'~ and
only keeps the modes which are constant along 7'°~". This produces a D-dimensional gauge field
77777 o- The 50(10— D) rotation of the scalars is the R-symmetry
of the maximally supersymmetric Yang-Mills. The results are explicitly listed in Table 10.

Note that the actual R-symmetry of the maximal Yang-Mills theory is almost always the maxi-
mal R-symmetry allowed as tabulated in Table 6, thanks to the accidental isomorphisms of s0(10—
d) with other algebras. When d = 3, the actual R-symmetry so(7) is smaller than the maximally
allowed s0(8). But it enhances to 50(8) in the infrared superconformal limit.

The form of the Lagrangian of a maximally supersymmetric Yang-Mills theory is uniquely
fixed once one fixes the spacetime dimension d and the gauge algebra, up to the choice of the global
form of the gauge group and the choice of the discrete theta angle. It might be worth mentioning
that

e for high enough d, it is known that not all gauge algebra is allowed quantum mechanically.
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actual maximal
dimension | scalars R sym R sym. susy
d=291 ¢ s0(1) ~ so(1) N=1
d=28| ¢s9 s50(2) ~ u(l) N =1
d=T|¢d789 s0(3) =~ sp(1) N=1
d=16|¢6789 so(4) =~ sp(l)@sp(l) | N =(1,1)
d=5 ¢5,677,879 50(5) 7 5]3(2) N =2
d=14| bas6789 s50(6) ~ su(4) N =14
d=3 ¢3,4,5,6,7,8,9 50(7) g 50(8) N =8

Table 10: R-symmetries of maximally supersymmetric Yang-Mills in various dimensions.

e for low enough d, there are known 16-supercharge theories which are not super Yang-Mills
theory.

As a final topic of this set of lecture notes, let us briefly review these points below.

12.6.2 Allowed gauge algebras for super Yang-Mills

In 10d, only Ejg x Eg and s0(32) are allowed due to the anomaly cancellation, assuming the presence
of the gravity multiplet [GS84]. Both gauge algebras arise as part of the low-energy effective theory
of heterotic string theories [GHMRS5]. In the older literature, a possibility of Fg x u(1)%*® and
u(1)%9% were often mentioned, but they are now known to be impossible [ADT10]. The global
structure of the gauge group will be interesting to study. For s0(32), the string theory chooses
Spin(32)/Zy, where the Z, quotient is chosen so that it kills the vector representation while it
keeps one of the spinor representation. It would be interesting to study whether this choice is
forced from a low-energy perspective.

In 9d, nobody seems to have studied in detail which gauge algebra is allowed. By dimensionally
reducing the 10d theory on S* with a holonomy, one can realize subgroups of Eg x Ej or 50(32)
of rank 16.

In 8d, there is a known string/M theory realization except for so(odd), F; and G5. Recently a
field-theoretical argument was found for the non-existence of so(odd) and F; [GEHO"17]. The
status of (55 is not clear yet.

In 7d, a string/M theory realization is known for any simple gauge algebra. For simply-laced
cases, this is done by considering in M-theory the geometry C?/T" where I' C SU(2) is the finite
subgroup of type ADE. For non-simply-laced cases, one introduces a discrete torsion flux |, 3T Cs
[dBDH 02, Tacl6b].

Therefore, alsoin d < 6, the maximally supersymmetric Yang-Mills theory exists for any gauge
algebra, by compactifying the d = 7 theories. Of course this conclusion can be obtained without
the use of string/M-theory for d < 4, since the Lagrangian defines a quantum field theory in these
dimensions.
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12.6.3 16-supercharge theories which are not super Yang-Mills

It does not seem likely that there are 16-supercharge theories which are not super Yang-Mills in
d > 7. This is because in these dimensions there are no superconformal group, and therefore we
expect any theory has a weakly-coupled Lagrangian description. Then any 16-supercharge theory
will be a theory of vector multiplets.

In 6d, in addition to the maximally supersymmetric Yang-Mills theory which has N'= (1, 1)
supersymmetry, one can also consider N'= (2, 0) theories. They are believed to follow an ADE
classification, and can be realized e.g. by considering type IIB string on C?/T". They form a very
interesting class of superconformal theories in six dimensions.

In 5d, we expect to find only N'=2 supersymmetric Yang-Mills theory. This follows from the
same reasoning as in d > 7: there is no A'= 2 superconformal symmetry in 5d, and we expect any
theory to be a Lagrangian theory. This is in accord with the fact that the S* compactification of 6d
N'=(2,0) superconformal theory is believed to give the 5d maximally supersymmetric Yang-Mills
theory of the corresponding gauge group.

In 4d, there is no known principle which says that all 16-supercharge theory is an A'=4 super
Yang-Mills theory. However, no explicit non-super-Yang-Mills example is known at present. We
mention in passing that there are known A= 3 theories, constructed first in [GER16].

In 3d, there are known 16-supercharge theory which is not immediately an N'= 8 super Yang-
Mills theory.®’ The most classic one is the Bagger-Lambert-Gustavvson (BLG) theory [BL07,
Gus07] which is a Chern-Simons-matter theory which has A/'=8 at the Lagrangian level. Another
is the Aharony-Bergman-Jafferis-Maldacena (ABJM) theory [ABJMO08] at level £ = 1, 2. This is
again a Chern-Simons-matter theory which generically has N'=6 at the Lagrangian level, which
enhances to A= 8 in the infrared limit. The Aharony-Bergman-Jafferis (ABJ) theory [ABJO8] of
the special form U(N + 1) x U(N)_5 is also known to enhance to N'= 8. For the details of the
enhancement, see [BK11b]. We note that the U(/N); x U(N)_; ABJM theory is believed to be
equal to '=8 U(N) in the infrared limit [KWY 10], the U(N)s x U(N)_5 ABJM theory to N'=38
O(2N) theory, and the U(N + 1), x U(N)_5 ABJ theory to N'=8 SO(2N + 1) theory [GKLP11].
The BLG theory at low value of k& was also shown to be equivalent to the infrared limit of N'=8
super Yang-Mills [BK11a], but the status of the BLG theory at generic value of k£ seems to be
open, to the knowledge of the author. It might provide an N'=8 theory which is not the infrared
limit of an N'=8 super Yang-Mills. Finally, we mention that all N'=7 theories in 3d are known
to automatically enhance to A'=8 [Bas11, Bas12].

0The author thanks G. Zafrir for the information contained in this paragraph.
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